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Comments on the Bosonnization Technique
*
of Fermions
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Abstract The conventional way for the bosonnization of fermions has been
based on the Jordon and Wigner scheme. In this paper, we show that this
scheme is not correct for k= k. Therefore the bosonnization of fermions
cannot be complete.

Key words Jordon and Wigner scheme, bosonnization technizne of fermion,
canonnical commutation relation, completeness.

In reference [1], the bosonnization of fermions was traced back to the wrok by
Jordon and Wigner ®. Their theory can be summarized as following: if the boson
satisfies the canonical commutation relations

la,,a, =06, -
la, a]=0, (1)
[a;,a;]=0,
then by defining
d = exp(iny. N)a,, )
qg=k

o0
ot . ot
dk—akexp(——mz N),N, =aa,,
g=k

it is easy to prove the anticommutation relations

{d ,d.}=3¢,.
{d ,d.}=0 (3)
4/, d.}=o0.
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This bosonnization technique is usually called Jordon and Wigner scheme.
But as a matter of fact, this conclusion is not tenable. For example, multiplying d,
by d, of Eq.(2) it gives

d, di = exp(inZM)aka ,: exp( — inZN‘I);
g=k g=k

while according to Eq.(1),
akaz=1+azak=1+Nk 4

[N, N]=0. &)
Thus

d.d, = exp(in ). N)(1 + N) exp( — in > N))
g=k g=k
t
=1+N,=aa (6)
or d d, = a,a;; while multiplying d' by d, of Eq. (2) it gives
dd, = a exp(—inY N)exp(in > N)a,=ala,, 7
q=k qg=k
or d;d, = aja, Combining Eq. (6) with (7) yields

dd,+dd =aal+ala,=1+2a,, (8)
$0 d, and d,: do not satisfy Fermi statistics as Egq.(3).
However Eq. (6) and (7) can yield
dkd:—dldk= akaz—azak= 1 )
which satisfies Bose statistics indeed. This statement contradicts with
Eq. (3). Therefore, Jordon and Wigner scheme is not tenable.
On the other hand, multiplying d, with d_of Eq. (2) it yields

d; = exp(inZ]\(I)akexp(inZM a, =
q=k g=k

aa, exp[inZ(Nq =0,,—96,,)] exp[inz(Nq -6, )]
g=k

q=k
where

2.0,=1, exp(—iny d)=e "= —1. (10)
9=k g=k

Then & = — a, a exp(2in Zqu).
=

Because the eigenvalues of N, are 0,1,2,---i.e.

N, = , (1)

SO
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exp(2inN,) = [1,e™"e*",---1 = 1. (12)
and
@y = -(a)" (13)
By taking Hermitian conjugate of Eq. (13), it provides
@y = - (@)’ (14)
The combination of Eq. (8), (13) and (14) gives
t t +
dd,+dd =1+2aa,
&£ = -a’ (15)
t +
(dk)2 = - (ak)2 i
which is not Fermi statistic. In fact, Eq. (15) contradicts with Eq. (3).
dd, +dld =1
4 =0 (16)
@y=1.
Therefore, Fermi operator defined by Eq. (2) is not complete.
In general, multiplying d, by d,t, of Eq. (2) we get
dkdz, = exp(inZNq)aka ,: exp( — inZN,I) =
g=k g=k
akaz, exp[inz(Nq -6,+ 8, ) exp( —in Z N) .
g=k g=k’
By Eq.(10) we obtain
dkd:, = — akaL exp(inZNq —in Z N, + i‘nz&q’,{).
g=k q=k g=k
According to Eq. (1) we have
a7

dde =0, — aLakexp(inZNq —in Zk N, + inzkéq‘y),
q=k g=k q=
Then multiplying dTH by d, of Eq. (2) we can also get

d;dk = a;, exp( —im Z Nq)exp(inZNq)ak =
q=k

g=k
aLakexp[ —im Z W\, — 6‘1’,‘) + inz(Nq - 6,” )],
g=k’ q=k

By applying Eq. (10) we yield

dld= - aLakexp(inZqu ~in Zk,Nq +im Zklaq,k). (18)
q= q= q=

The combination of Eq.(17) and (18) gives
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dd,+d, d = O — ak,akexp(mZNq —in Zqu)
g

g=k
[exp(ingkéq,y) + exp(inq;pq,k)], (19)
where
o 1, k<k’ - (_1, k<k/
Zéq,k' =10, k>k” exp(inzaq,l() = 1, k> K ,
" L k=¥ ok | -1, k=¥
. 0, k<W . [ 1 k<¥
Zaq.kz ls k>k/ ,exp(in Z}(Sq,k) =1 _19 k>lg .
¥ l, k=K ot 1, k=K
Thus
) ) 0 k<k
exp( Z )+exp( in Z 5%,() = 0 k>K . (20)
=k =k —2k=¥K
or

exp(inz 6[1’,() + exp(in Z 3, k) = —-26,. . @2n
qg=k g=k’
Substituting Eq. (21) into (19), we obtain

dd, +dyd =(1+2aa)s, (22)

Then multiplying d, by d, of Eq. (2) we get

dd, —exp(mz N)a exp(lnzN)a,( =
q

q=k

aa exp[mZ(N S, ]exp[lnz (N, - ] ,

q=k

By applying of Eq. (10), we yield

dd,. =aa, exp(inZMI+inZ ]\"I—i‘rrz&q‘k,), (23)
g=k g=k' g=k
By interchanging k and ¥, we get

d.d,= ak,akexp(in z N, + inZNq —im Z;qu,k)’
g=k' g=k q=

From Eq. (1) we obtain
d.d,=aa, exp(in Z N, + inZNq —im Z 3, k). (24)
g=k’ qg=k g=k’

The combination of Eq. (23) and (24) yields
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dd, +d.d, =aga, exp(inZl\Q+ in Z ]\74)

g=k g=4k

[exp( - ini 5an> + exp( —in i 6qk)] ) 25)

Taking the Hermitian conjugate of Eq. (21) which is

exp( - inz 6q,k,) + exp( —in Z 6q,k) = —26,, . (26)
g=k g=k'
Eq. (25) can be simplified as

dd, +d,d = —2a, exp(ZinzM) Opr-

g=k
From Eq. (12) we get
dd, +dyd = — 24,8, > (27
Again taking its Hermitian conjugate, we obtain

did, +dld = -2(a)6, . (28)

The combination of (22), (27) and (28) yields
dd} +dyd, = (1+2aa)6,
dd, +dyd = —2a, 5, , (29)
dld, +d d = —2(a)6,
Let k=K in Eq. (29), we find
dd +did =1+2aa,
(30)
£=-d, @y=-@)y,
which is exactly Eq. (15). In this case, Fermi statistic cannot be satisfied. In Eq.
(29), by setting k =+ k', we get
dd} +d, d,=0
dkdl( + d’(dk = 0 (31)
didl, +dldl = 0.
So dk,dk,,dz and dz, satisfy Fermi Statistics.

The Bosonnization technique is one of the theoretical bases of the two dimension
quantum field theory. From above discussion, we conclude that Jordon and wigner
scheme is tenable only when k+ K. However, it fails when k= k' . Therefore, our
discussion provides at least such an indication, i.e., one should be careful and
cautious when using Jordon and wigner’s bosonnization formula in order to avoid the
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non—physical effects. At the same time, we point out that a rigorous theory for the
bosonnization technique is the beginning of a new research field. It is, of course, not
at all an easy job.
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