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Abstract The equivalence of two x2? forms for linear function fit is proved. The two forms of x? are

applied on a simplified R-value measurement to test the equivalence.
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1 Introduction

In physics experiments, the covariance matrix is
used to construct the x? estimator for correlated data.
The matrix is minimized to acquire the best estimates
for measured parameters[l]. Usually the experimental
data are affected by overall systematic errors, such as
the error of luminosity or efficiency in scan experi-
ment. Without loosing generality, let n; be the num-
ber of selected events for certain final state at the i-th
energy point, and & the corresponding efficiency for
all measured points?, the number of measured events
is calculated as

n;
Yi= Z
Since all y;’s contain the same ¢, they are correlated
and € here could be treated as a normalization fac-
tor. Under such circumstances, the n x n covariance

matrix V for n measurements are to be constructed

as follows: the diagonal elements are given by
vi =0} +yiot

where o; is the statistic uncertainty of n;, o is the
relative uncertainty of € and the quantity y;o; is the
normalization uncertainty due to the factor ¢ for the

variable y;. The correlation between data points @
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and j contributes to the off-diagonal matrix element

v, which is the product of two normalization uncer-

179

tainties, i.e.
_ 2
Vij = YilY;0¢ -

The convariance matrix is expressed explicitly as®

ol +yiof Y07 Y1YnO7
2 2 2 2 2
YoUY107 05 +Y50F -+ YaYnO,
v=| U T T o
Yn¥107  YnY207 -0 0n+Y207

We want to minimize®

Xau=n"V"'n, (2)
where
Y1 —kq
Y2 — ks
’)’]:
Yn _kn

is the vector of the residuals between experimental

observations y; and theoretical expectation k;.
Apart from the matrix method, another alterna-

tive way to handle correlation is the so-called factor

method™ *. In this method, a normalization factor

* Supported by National Natural Science Foundation of China (10491303) and 100 Talents Programme of CAS (U-25)
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2)This is a good approximation for the efficiency at continuum region, where no resonance exists.

3)The convariance matrix is derived formally by the error propagation forumla with details in Ref. [5].

4)In this paper, chi-square minimization is adopted to obtain the best estimated value. For experimental data minimization,

the MINUIT package is used. More on chi-square minimization technique and MINUIT package are found in Ref. [2].
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f is introduced and to be fitted as a free parameter
to take the correlation into account

X? _ Z (fyzU—ka)Q + (f _21)2 ' (3)

O

where o; and o; have the same meaning as in the
matrix method clarified before.

Actually, we can comprehend Eq. (3) from an ex-
perimental point of view. We treat the efficiency &
also as a measured variable and introduce a fitting pa-
rameter €y as its expected value. Then we construct
a chisquare form for n+1 uncorrelated measurements

as follows:

7

2 (yi—ki)*  (e—eo)?
= 4
X Z e P (4)
where 8¢ is the uncertainty on efficiency and y; =
n;/€o. The latter can be rewritten as
i €
Yi=—=——=1Jv
€o € &o
Here we define f =¢/e,. At the same time, we change
the form of the last term in Eq. (4), viz.
(e/e0—€0/20)? _ (f-1)
(02/e0)? (8c/e0)*

Exprimentally, €, could be replaced by the measur-

able quantity &, so d¢/ey ~ 8¢ /e = oy. Thus we imme-
diately recover Eq. (3).

Now there are two x2? forms, as expressed in
Egs. (2) and (3) respectively, which treat the cor-
related data. As a matter of fact, the equivalence
between these two Y2 forms was first discussed by
D’Agostini in Ref. [5].

thor pointed out the biasness of these two estimators.

At the same time, the au-

Nevertheless, D’ Agostini’s study was restricted to the
two-variate and constant fitting case. It is natural to
raise the following questions:

1. Is the equivalence of the two x? forms a general
conclusion?

2. Does the biasness of two x? forms always exist?

As to the first question, their equivalence has
been proved in the case of multi-variate and constant
ﬁtting[G’ T, Recently, efforts have been made to ex-
tend the proof to the case of non-constant fitting. In

this paper, first, the case of linear dependence is con-

sidered, and the equivalence of the two x? forms is
proved in the vigor of mathematics. So far as the
second question is concerned, the following study in-
dicates that for linear function fit, the biasness still
exists. Fortunately, by virtue of factor method, the
biasness due to fit can be corrected through the fitted
factor.

Besides the experimental requirement, from
statistic point of view, the analytic formulas are de-
sirable for it could provide qualitative understanding
towards more complicated problems and bring new
clues for advanced study. In the following sections, we
first derive the minimization starting from the two x?
forms, and demonstrate that they lead to exactly the
same expression and so are equivalent. Then the two
x? forms are applied on some simplified experiments

to test their equivalence quantitatively.

2 Proof of equivalence of two x? forms

We will study the two x? forms in Egs. (2) and

(3), where k; depends on i linearly, i.e.

However in actual experiments, the physical attribute
is often indicated by a physical variable instead of the
sequence of the experiments. For the i-th experiment
at energy FE., = x;, we usually use x; instead of i to
denote such experiment. So we write the linear form
of k; as

ki=a-x+ 5. (5)

With the above expression, Eq. (2) reads explicitly

X = Z Z[yz — (@i +B)]- Aij [y; — (ax; +B)] . (6)

i=1 j=1
Here, the symbol (V!

Ai; for the convenience of notation. For the factor

)i; has been changed into

method, chi-square has the relatively simpler form:

SN

O

2 :Z [fyi—(ifri‘ﬂ)]z I

In the above equations, subscripts M and f indicate

the matrix and the factor methods respectively.
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2.1 Expectation and variance from covari-

ance matrix method

For simplicity, we introduce the matrix notation

Xk N
, dada  dadf | (Tm Tz>
P P T. T,
dfda d3dp3
With the minimization condition
I XA
=0
Jda ’
a 2
XM — O,
a3
we have

)
p T,
In the above equations, we have defined
Too=> TNz, Tp= Z:v Aij = Z/\L]xj,
ij
T, = ;xi/\ijyj, T,= ZZ:/\ijyj, and Ty = ZZ:)\U.
J J J (9)

Solving Eq. (8), we obtain

<d>:T1<ﬂw>:;L. TyTwy —T.T,
8 T,) DPr\r.,1,-1.1,

and covariance of o and (8
O'gc o 1 T()
O'E ~ Dy T,. )’

-1, T, .

with

With the variables defined in Egs. (9) and (10
well as by formulas (A2) and (A3) in appendix, we

), as

yield the following results
N TiYi — LilY;
a2270202 J/(S~DT) )
5 T}y — Ty, (11)
=" W [(S.Dy)
boy Tl [(5. D

1 yl %y
0§=<§:§+0f2 E J)/(S'DT%
(z—z—)/ (50,

i ’ (12)

where
1 2 —x,x;
— — i ey
DT_S Z 0202 +
. i9j
ij

2 Z (27 — 2325 Yp — T3Y; Yk — T35+ 2095 T Yk

o5
f 2.2 2
;050

ijk

(13)

2.2 Expectation and variance from factor
method

For simplicity, we introduce the matrix notation

I Fx N
dada dadf dadf
) ) 2 g D &
A 1 a Xf a X a Xt = @ % _y
21 dBda 9BIB 9B0
f(l e I
D G
ofda dfdB dfof
According to the minimization condition
IXi _
0
OXi _
E
IXi _
a7 O
we have
@
Al =10 (14)
f A

In the above equations, we used the definitions
x; 1 1 y;
”:Zﬁ’ ‘@:ZF C=mt
N e L

A= —

5 -
O

Solving Eq. (14),
Eq. (15

and utilizing the definitions in

), we obtain

_Z Z; yz Z; %/ ’DA)
5 X2y — 3,25y,
522#/@2.9”, (16)

ij




2

SRS PR 52 TR P 143

and the corresponding covariance of the above quan-

tities

1 Y —YiY;
- (St ) Sy,
i H ij g
o2 = ZI_?_FUz.Z‘T??J?—CCiinj% (02°D )
B\ L=z ' f ojo; AL

ij

2
T, —T;X;
oi=|>_ 57|/ Das
o;o;

ij

(17)

where

Dy=|A|=ABC —~CD —BE* —od F*+2986F =

2
1 T; — ;T
2 ——= 2t
o7 — 0707
¥}

r77

o2 Z (2 — 232y — TTY; Yk — TiYs ;Y5 + 20,455 Yy,
f L o020}
ijk vJ
(18)
By virtue of Eqgs. (13) and (18), S-Dr=07-D,. Then
comparing Egs. (11) and (12) versus Egs. (16) and
(17), the equivalence of the two methods can be seen

directly.
2.3 Discussion

If we denote f;(r) as a function at the i-th point of

any measurements r = r(z,y,z,---) with uncertainty

o;, the weighted average of f;(r) is defined as

T =ot 3 2

1 "1 "1

Using the above definition, we can write the opti-

with

mized quantities of Egs. (16) and (17) in other forms.

For example, we have

e (%;}%%) /(af-DA) . (19)

and

1 22 T =

et (AE-22) firny.

It is interesting to notice that from Egs. (19) and (20),

we obtain the following relation
of= feo?. (21)

Furthermore, taking advantage of the forms as dis-

played in Eqgs. (19) and (20), we acquire the relation
fg=p+a7. (22)

At the same time, from Eq. (5), we have
k,=pB+ax . (23)

Here subscript denotes the dependence of k on z. So

combining with Eq. (22), we get

];35 = f K (24)
Comparing with the results in Ref. [7], we find the re-
lations expressed in Eqs. (21) and (24) hold for both

cases of constant and linear fitting.

3 Experimental test

For illustrative purpose, in this section we apply
the formulas to a simplified R value measurement.

In high energy physics, R is defined as the ratio of
the hadron production cross section via single photon
annihilation to the lowest order point-like QED putu~
cross section o,, = 47a?/3s. In the naive quark-
parton model it is expressed as R =33 QZ, where
@ is the electric charge of each quark flavor, and the
summation runs over all the produced flavors. Taking
the lowest order QCD correction and the electro-weak
effect into consideration, R value would be larger than
the naive value (10/3), and the correction term is a
slowly varying function of the center-of-mass (C.M.)
energy in the region without any resonances. There-
fore, R is well approximated by a linear function.

In experiments, many factors must be considered
in R value measurement®. As a pedagogical example,
here we take a comparatively concise R expression[4]

_ (N - M bg)
Le(140)-0p
where N is the number of the multi-hadronic events
detected, Ny, is the estimated number of background

events, L is the integrated luminosity, £(1+4) is the

1) The R value measurement at BESII is published in Refs. [9, 10] where the detailed calculation about experiment R value

could be found.
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acceptance for the multi-hadronic events with radia-
tive effect included and (14 4) is the radiative cor-
rection factor. Table 1 lists R values measured at
thirty eight energy points[g]. For a study of data
taken at different times at the same C.M. energy, the
estimated systematic point-to-point errors are given
to be +3%. For the R value used here, the system-
atic uncertainty in the detection efficiency (+8%), the
luminosity measurement (£6%), the event selection
procedure (£2%), and the background substraction
(£3%) yielded a common systematic error of +£10%,
which should be considered as the normalization er-
ror. Now these thirty eight R values will be used to
test the foregoing conclusions. For minimization, the
MINUIT package from CERN library® is utilized.

Table 1. Values for R™. The errors quoted are
point-to-point systematic errors.

Eem/GeV R AR Eem/GeV R AR
560 4.08 0.32 6.60 450 017
570 4.09 0.16 6.65 425  0.16
575 412 0.20 6.70 463 015
580  4.13 0.16 6.75 438 015
585 413 0.19 6.80 444 0.16
590  4.09 0.14 6.85 450  0.13
595  4.17 0.16 6.90 441 015
6.00  4.17 0.09 6.95 423 017
6.05 4.16 0.18 7.00 410 012
6.10  4.04 0.15 7.05 431 0.09
6.15 4.34 0.16 7.10 432 0.14
6.20 4.05 0.08 7.15 429 0.11
6.25 3.96 0.14 7.20 4.27 0.11
6.30  4.27 0.14 7.25 439 011
6.35 4.47 0.17 7.30 4.29 0.11
6.40  4.31 0.13 7.35 433 0.09
6.45 4.23 0.14 7.40 4.46 0.08
6.50  4.40 0.15 7.45 451 0.14
6.55  4.66 0.16 7.50 418 0.59

In the x? construction, the following substitutions

are made:

yi— R, 0,— AR

7
€Ty —E exp . exp. ?

cm )

BHR07 and a—1,

so Egs. (7) and (6) become

(AR, ) of '

exp .

R, —(Ro+nEi )]
X? :Z[f exp . ( o1 cm)] +

X3 = Y IRL, —(Ro+nEL,)] x
ij

(V71is (Rl — (Ro+nEL,)]

where oy = 10% is the overall error of the normal-
ization factor f, and the element (v;;) of matrix V
reads

vy =05+ (AR,

) +oi-RL, -R!

exp . exp. °

The fitting results are summarized in Table 2. At
the same time, using Eqgs. (16) and (17), we compute
the corresponding values theoretically, which are also
given in Table 2. We can see that the two different
methods lead to the same results up to the signifi-
cant digits listed in the table. In addition, with these
values, we can also test the simple relation given in
Eq. (21).

Table 2.
calculated values of parameters and relevant

Experimental fitted and theoretical

information.
matrix factor theoretical
parameter

method method calculation
Ro 2.2895+0.3772 2.2895+0.3772 2.2895+0.3772
n 0.1241+0.0421 0.124140.0421 0.1241+0.0421
f — 0.7282+0.0853 0.7282+0.0853

x?/d.o.f 27.18/35 27.18/35 —

The fitted values of Ry and 7 in Table 2 demon-
trate that the two x? forms give consistent results
after minimization. Next we turn to another aspect
of the two x? forms, i.e. the fit biasness, which has
been noticed in previous papers[5’7’u].

Fig. 1 shows the fitting result, where the solid line
represents the best fitted k£ value. It is obvious that
the fitted line is far below all data points. With the
matrix x? fit, there is no way to correct this devia-
tion. On the contrary, the factor x? fit provides us
with a normalization factor f which just manifests
the magnitude of the biasness. In fact, what we want
to know is the weighted average of experimental data,
i.e. y. This value should not contain the biasness due
to common uncertainty. Eq. (24) gives the relation
between k and 7, from which we obtain § by scaling
k with the factor f. The dashed line in Fig. 1 de-
notes the expected y which is obtained by rescaling
k by the normalization factor f. We can see that
the re-scaled line fits the experiment data well. After
rescaling, Ry/f = 3.14 which is consistent with the

naive expectation 10/3 =3.3.
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Fig. 1.
to-point systematic errors. The data points
are taken from Ref. [8]. The solid line repre-
sents the best fitted k value, while the dashed
line is the expected y which is obtained by

The R value, error bars indicate point-

rescaling k£ by the normalization factor f.

4 Summary

For linear function fitting, two x? forms have been

constructed to handle correlated data. The equiva-
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Appendix A _1+Z aib;+6 45 ZZ a;b; —alb

i — a;b; i —asb;)(xj —a;b;
l 1Y i= 1] 1 U7 (j jj)

Matrix formulas
In addition, its determinant is

Some formulas on matrix are collected in this ap-
140 aibz+0 -+ arb,+96

pendix, as to the knowledge of matrix, see Ref. [12].
Let’s consider a special square matrix A, azbi+0 x2+d oo azba+0 s [ﬁ(x b ):|
. . ' . =1
z1+0 aiba+0 -+ a1bn+6 anb1 46 anbo+8 -+ x40
asb1+96 x2+d5 - azbn+4
A= . . . . - (A1) As a matter of fact, the error matrix given in Eq. (1)
is just a special form of the one in Eq. (Al). So with the
anb1+6 apnba+6 -+ T+ .. . .
above formulas, it is easy to acquire the corresponding

If its matrix element reads results of matrix V. If the element of V reads

s (w3 . vij = 0407 +yiy;of
aij =0;5+(xi —aib;) +asb; +0 ,

o .. then the element of its inverse matrix is
then the element of its inverse matrix is expressed as

8. o2 o
—1 ) f Yiy
ool O aibj +6 _ A=y :_;_g'gf;yz‘ 7 42
Y T; —ab; S(ml — aibi)'(mj - ajbj)
with

Iy (ai —ax)(b; —by) N

S = (wi—aibi)(x; —a;b;)«(ve —arbr) ’ SZIJFUFZ;U_%‘ (43)
with
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