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Á� ïÄ
��?�lÑ�Å, JÑ
�ïÄ��Å¼ê�nØ��{, ¿±λ= 3,4�~äN�ï


�Å¼ê. é��?��Å�©)�{Ú£E�{?1
nØíy, ¿�éλ= 3,4��¹äNïÄ


C�Ý
¯K. JÑ
�©¤�(J3pU-EïÄ¥�­�A^cµ.

'�c �Å©Û ��?��Å pU-E �Å¼ê

1 Úó

þ ­ V 80 c �, Marlet Ú Arens � < Ä g J Ñ


“�Å”(wavelet)�Vg. �Å©Û�ÑyÚuÐ,


uØÓ�Æ+�&Ò?n�I�, �Å©ÛJø


�«g·A���Úª�Ó�ÛÜz�©Û�{. �

��«êÆóä, �Å©Û®2�/A^u&Ò©

Û!ã�?n!ê�©Û��¡, Cc5®�^uÔ

n!zÆ¯K�NõïÄ+�. 
3ù
A^¥�)

�¯K?�Ú-u
<�ïÄ�Å©Û�,�.

U���½Â
[1]

, ¼ê8Ü

ψa,b(x) = |a| 12 ψ(ax−b), (a,b∈R, a 6= 0), (1)

¡�ëY�Å, ¡ψ(x)�Ä��Å¼ê. 3ê�O�

¥, ~~I�rëY�Å9ÙC�lÑz, 3~��

lÑ�Å©Û¥
[2]

, ���a= 2j, b��k, Ù¥j,k�

��ê, =

ψj,k(x) = 2j/2ψ(2jx−k) (2)

ùÒ´�?�lÑ�Å.

��Å©ÛA^uØÓ�Ôn¯K�, I�éÑ

T��!Ü�Ôn¯K�¦��Å¼ê. 3A^u

pU-Eõ­�)�ïÄ¥�, ~À^Haar�Å¼

ê
[3–6]

, ù«�Å´�{ü��?�lÑ�Å. pU-

Em�y��?�ÚïÄL², k7��Ä©�êλ

�u2��¹
[7]

. ��r�Å©Û�{A^uù«�

¹, ÒI�ïÄ��?�lÑ�Å. Cc5, �
ïÄ

ó�®�9�
ù�¡�SN
[8–10]

. �©ÁãÏLé

��?�lÑ�ÅÄ�¼ê�ÀJ!VºÝ�§��

ï!õ©E©Û¥�©)!£E�{!C�Ý
±9

3pU-E"���m©Û¥�A^��¡�?Ø,

��é��?�lÑ�ÅXÚ�ïÄ, ù«ïÄéÿ

°�Å3�«ïÄ¥�A^kXÈ4�¿Â.

2 �?�lÑ�ÅÄ�nØ

3�Å©Û¥, �φ(x)�Ä�IÝ¼ê, ψ(x)�

Ä��Å¼ê. ����?�IÝ¼êφj,k(x)Ú�Å

¼êψj,k(x)�dφ(x)Úψ(x)ÏLØ ²£��

φj,k(x) = 2j/2φ(2jx−k), (3)

ψj,k(x) = 2j/2ψ(2jx−k). (4)

Ä�IÝ¼ê±9Ä��Å¼ê�m÷vVºÝ�§

φ(x) =
∑

n

hnφ(2x−n), (5)

ψ(x) =
∑

n

gnφ(2x−n), (6)

Xêhn �gn kXe'X

gn = (−1)nh1−n. (7)

� � & Ò ½ � � ¼ ê f(x) � 3 Ø Ó � � Å

º Ý � m Ð m, ± � N T ¼ ê Ø Ó � g � [
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!. e ^Vn = span{φn,k(x)|φn,k(x) = 2n/2φ(2nx −
k), k ∈ Z}L « n� � Å º Ý � m, Wn =

span{ψn,k(x)|ψn,k(x) = 2n/2ψ(2nx− k), k ∈ Z}L«

n��Åf�m, K�ÅºÝ�m�k�©)�

Vn+1 = Wn⊕Vn =

Wn⊕Wn−1⊕Vn−1 =

· · · · · ·
Wn⊕Wn−1⊕·· ·⊕W0⊕V0. (8)

¼êf(x)�±CqÐm�fN (x)

fN(x) =
∑

k

cN
k φN,k(x) =

∑

k

cN−1
k φN−1,k(x)+

∑

k

dN−1
k ψN−1,k(x) =

· · · · · ·
∑

k

c
j
kφj,k(x)+

N−1
∑

m=j

∑

k

dm
k ψm,k(x) =

· · · · · ·

c00φ0,0(x)+

N−1
∑

m=0

∑

k

dm
k ψm,k(x). (9)

3þª¥1���ª¡�f(x)�1L«, �����

ª¡�f(x)�IL«.

�Å3^u�DÚêâØ �¡�, ÙÌ�$�

�9��Ò´©)$�Ú£E$�
[11–13]

. ©)�{X

ê4íúª

cj
n = 2−1/2

∑

k

c
j+1
k hk−2n, (10)

dj
n = 2−1/2

∑

k

c
j+1
k gk−2n. (11)

£E�{�4íúª�



























c̃j+1
n = 2−1/2

∑

l

c
j
(n−l)/2hl

˜̃cj+1
n = 2−1/2

∑

l

dj
(n−l)/2gl

cj+1
n = c̃j+1

n +˜̃cj+1
n

. (12)

éuHaar�Å, IÝ¼ê�

φ(x) =







1 0 6x6 1

0 Ù¦
, (13)

�âφ(x)���5Ú (5)ª, d

∫1

0

φ(x)φ(2x−n)dx=

∫ 1

0

∑

k

hkφ(2x−k)φ(2x−n)dx

�(½Ñ

hn =







1 n= 0, 1

0 Ù¦
, gn =



















1 n= 0

−1 n= 1

0 Ù¦

. (14)

dd�Ñψ(x) =φ(2x)−φ(2x−1), =

ψ(x) =



















1 0 6x<
1

2

−1
1

2
6x6 1

0 Ù¦

. (15)

U � § (3) Ú (4) Ï L Ø   Ú ² £ ) ¤ �φj,k(x) Ú

ψj,k(x)kXe5�

∫1

0

φj,k(x)φj,l(x)dx=







1 k= l

0 k 6= l
, (16)

∫1

0

ψj,k(x)dx= 0,

∫1

0

ψj,k(x)ψj′ ,k′(x)dx=







1 j= j′, k= k′

0 Ù¦
.

(17)

3 ��?�lÑ�Å�Ä��Å¼ê

3 (1) ª ¥, X J aØ � 2j � / ª, 
 ´ � �

a = λj , Ù¥λ���u2��ê, ~Xλ = 3, 4�

�, b��k (�ê), =���?�lÑ�Å.

3.1 Ä��Å¼ê��ï

�λ > 2�, r/ª� (5), (6)ª�VºÝ�§?

U�

φ(x) =
∑

n

hnφ(λx−n), (18)

ψ(1)(x) =
∑

n

g(1)
n φ(λx−n), (19)

· · · · · ·
ψ(λ−1)(x) =

∑

n

g(λ−1)
n φ(λx−n). (20)

φj,k(x)�ψ
(λ−1)
j,k (x)�½Âaqu (3)Ú (4)ª, Ù��

5Ú8�5aqu (16)Ú (17)ª.

k�Äλ= 3��¹. IO��IÝ¼ê��

φ(x) =







1 0 6x6 1

0 Ù¦
, (21)

d (18)ª9φ(x)���5��

hn =







1 n= 0, 1, 2

0 Ù¦
, (22)
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g(1)
n Úg(2)

n ©O�ï�

g(1)
n = (−1)nh1−n =



















1 n= 0

−1 n= 1

0 Ù¦

,

g(2)
n = (−1)[

n
2 ]n!

2
hn =



















1

2
n= 0, 1

−1 n= 2

0 Ù¦

.

(23)

dd��λ= 3���ÅÄ¼ê
[8]

ψ(1)(x) =























1 0 6x<
1

3

−1
1

3
6x6

2

3

0 Ù¦

,

ψ(2)(x) =



















1

2
0 6x<

2

3

−1
2

3
6x6 1

0 Ù¦

.

(24)

λ=4��IÝ¼ê���(21)�/ª, Ón�í

Ñ

hn =







1 n= 0, 1, 2, 3

0 Ù¦
, (25)

��ï

g(1)
n = (−1)nh1−n,

g(2)
n = (−1)nhn−2hn, (26)

g(3)
n = (−1)[

n
2 ]hn.

dd��
[8]

ψ(1)(x) =



























1 0 6x<
1

4

−1
1

4
6x6

1

2

0 Ù¦

,

ψ(2)(x) =



























1
1

2
6x<

3

4

−1
3

4
6x6 1

0 Ù¦

,

ψ(3)(x) =



























1 0 6x<
1

2

−1
1

2
6x6 1

0 Ù¦

.

(27)

3.2 Ä��Å¼ê�nØ©Û

éu½Â3 [0, 1]«mþ���¼ê

f(x) =



























a 0 6x<
1

3

b
1

3
6x<

2

3

c
2

3
6x6 1

, (28)

Àλ = 3 � � Å ¼ ê, f(x) � 1 L « � f(x) =

aφ(3x) + bφ(3x− 1) + φ(3x− 2), �ÙIL«
[5, 6]

�

f(x) =Aφ(x)+Bψ(1)(x)+Cψ(2)(x). Kd (24)ª�k

Xe�5�§|¤á



























a=A+B+
C

2

b=A−B+
C

2

c=A−C

, (29)

dd)ÑIL«Xê�



























A=
a+b+c

3

B=
a−b

2

C =
a+b−2c

3

. (30)

Ó�, éu½Â3 [0, 1]«mþ���¼ê

f(x) =











































a 0 6x<
1

4

b
1

4
6x<

1

2

c
1

2
6x<

3

4

d
3

4
6x6 1

, (31)

Àλ= 4��Å¼ê, f(x)�1L«�

f(x) = aφ(4x)+bφ(4x−1)+φ(4x−2)+φ(4x−3),

�IL«�

f(x) =Aφ(x)+Bψ(1)(x)+Cψ(2)(x)+Dψ(3)(x).

d (27)ª�kXe�5�§|¤á































a=A+B+D

b=A−B+D

c=A+C−D
d=A−C−D

, (32)
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dd)ÑIL«Xê�



































A=
a+b+c+d

4

B=
a−b

2

C =
c−d

2

D=
a+b−c−d

4

. (33)

¼êf(x)æ^λ��Å�1L«�IL«�, 1

L«Xê�IL«Xê�m�÷vλ��5�§|.

dd�í�, ��?�lÑ�Å�Ä��Å¼êAk

λ−1�, X (24)Ú (27)ª. �±òÙ�ï¤λ−1��

�m¥þ

ψ(x) = (ψ(1)(x), ψ(2)(x), · · · ψ(λ−1)(x)), (34)


�Å¼êψj,k(x)dψ(x)²Ø Ú²£��, /ª

�

ψj,k(x) = (ψ(1)
j,k(x), ψ(2)

j,k(x), · · · ψ(λ−1)
j,k (x)), (35)

ψ
(i)
j,k(x) = λj/2ψ(i)(λjx−k), (i= 1,2, · · · ,λ−1). (36)

¼êf(x)�±CqÐm�fN (x)

f (N)(x) = c00φ(x)+

N−1
∑

j=0

λj
−1

∑

k=0

d
j
k

•ψj,k(x) (37)

Ù¥d
j
k = (dj(1)

k , dj
k
(2), · · · dj(λ−1)

k )� c00 �å¡�IL

«Xê.

4 Mallat�{9C�Ý


3�Å�õ©E©Û¥, Mallat�{´�«êi

�¯�4í�{, �)©)�{Ú£E�{. ©)�

{´d��¼êf(x)�1L«íÑÙIL«��{,

£E�{´d��¼ê�IL«íÑÙ1L«��

{.

4.1 ©)�{

éu©�ê�λ���?�lÑ�Å¼ê, Ù©

)�{�4íúªíyXe:

�

f j+1(x) =
∑

k

c
j+1
k φj+1,k(x), f j+1(x)∈Vj+1, (38)

f j(x) =
∑

k

cj
kφj,k(x), f j(x)∈Vj , (39)

wj(x) =
∑

k

d
j
k

•ψj,k(x), wj(x)∈Wj , (40)

�âφj,k(x)���5��

cj
n = (f j(x),φj,n(x)), (41)

dVj⊥Wj ��

cj
n = (f j(x)+wj(x),φj,n(x)), (42)

Ï�Vj+1 =Vj ⊕Wj , ¤±

cj
n =

(

f j+1(x),φj,n(x)
)

=
∑

k

cj+1
k (φj+1,k(x),φj,n(x)) =

∑

k

cj+1
k (λ(j+1)/2φ(λj+1x−k), λj/2φ(λjx−n)) =

∑

k

cj+1
k λ1/2(φ(λy+λn−k), φ(y)) =

∑

k

c
j+1
k λ1/2

∑

m

hm(φ(λy+λn−k),φ(λy−m)) =

λ−1/2
∑

k

cj+1
k hk−λn. (43)

�âψ
(i)
j,n(x)���5Ú8�5,

d(i)j

n = (wj(x),ψ(i)
j,n(x)), (44)

dVj⊥Wj ��

d(i)j

n = (wj(x)+f j(x), ψ(i)
j,n(x)) = (f j+1(x),ψ(i)

j,n(x)),

(45)

�ì (43)ª�í���

d(i)j

n =λ−1/2
∑

k

cj+1
k g

(i)
k−λn, i= 1,2, · · ·λ−1, (46)

(43)ªÚ (46)ªÒ´©)�{�4íúª.

4.2 £E�{

d (38)ª�

cj+1
n = (f j+1(x),φj+1,n(x)), (47)

Ï�Vj+1 =Vj ⊕Wj , ¤±

cj+1
n = (f j(x)+wj(x),φj+1,n(x)), (48)

A^ (39)Ú (40)ª�

cj+1
n =

∑

k

cj
k(φj,k(x),φj+1,n(x))+

∑

k

d(1)j

k(ψ
(1)
j,k , φj+1,n(x))+ · · ·+

∑

k

d(λ−1)j

k(ψ
(λ−1)
j,k (x),φj+1,n,(x)). (49)

� âφj,k(x) Úψ
(i)
j,k(x) � ½ Â 9 Ù � � 8 � 5

��
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(φj,k(x), φj+1,n(x)) =
(

λj/2φ(λjx−k),λj+1/2φ(λj+1x−n)
)

=

λ1/2

∫

R

φ(y)φ(λy+λk−n)dy=

λ1/2
∑

m

hm

∫

R

φ(λy−m)φ(λy−n+λk)dy=

λ−1/2hn−λk, (50)

(ψ(i)
j,k(x), φj+1,n(x)) =

(λj/2ψ(i)(λjx−k),λ(j+1)/2φ(λj+1x−n)) =

λ1/2

∫

R

ψ(i)(y)φ(λy+λk−n)dy=

λ1/2
∑

m

g(i)
m

∫

R

φ(λy−m)φ(λy−n+λk)dy=

λ−1/2g
(i)
n−λk, (i= 1,2, · · · ,λ−1). (51)

ò (50)Ú (51)ª�\ (49)ª, �

cj+1
n = λ−1/2

∑

k

c
j
khn−λk +

∑

k

d(1)j

kg
(1)
n−λk + · · ·+

∑

k

d(λ−1)j

kg
(λ−1)
n−λk , (52)

- c(0)
j+1

n = λ−1/2
∑

k

cj
khn−λk,

c(1)
j+1

n = λ−1/2
∑

k

d(1)j

kg
(1)
n=λk,

· · · · · · ,
c(λ−1)j+1

n = λ−1/2
∑

k

d(λ−1)j

kg
(λ−1)
n=λk ,

K cj+1
n = c(0)

j+1

n +c(1)
j+1

n + · · ·+c(λ−1)j+1

n , (53)

ùÒ´£E�{�Xê4íúª.

4.3 C�Ý


�â4íúª (43)Ú (46)ª, �íÑ¼êf(x)3

Vj+1 �m�1L«�ÙIL«�m�'X. �ρ´d

f (j+1)(x)1L«Xê cj+1
0 , cj+1

1 , · · ·cj+1

λj+1
−1

����¤

��Ý
, ρ̃´dÙIL«Xê

c00, d
(1)0

0,d
(1)1

0, · · · ,d(1)1

λ−1, · · ·d(1)j

0 · · ·d(1)j

λj
−1, · · ·

d(λ−1)0

0,d
(λ−1)1

0, · · · ,d(λ−1)1

λ−1, · · ·d(λ−1)j

0 · · ·d(λ−1)j

λj
−1

����¤��Ý
, §��m�3��C�Ý
W ,

'Xª� ρ̃=Wρ, W �λj+1×λj+1 �Ý
. §�(�

�W = Ã(1)Ã(2) · · · Ã(j)A(j+1), Ù¥

Ã(i) =

[

A(i) 0

0 I

]

, (54)


A(i) �λi ×λi �Ý
. Ã(i) �λj+1 ×λj+1�Ý
, I

��A�ü Ý
.

�²(å�, e¡�Ñ
λ = 3,4ü«�¹e�

A(j+1).

éuλ= 3

A(j+1) =
1√
3































































1 1 1 0 0 0 · · · 0 0 0

0 0 0 1 1 1 · · · 0 0 0

. . .

0 0 0 0 0 0 · · · 1 1 1

1 −1 0 0 0 0 · · · 0 0 0

0 0 0 1 −1 0 · · · 0 0 0

. . .

0 0 0 0 0 0 · · · 1 −1 0
1

2

1

2
−1 0 0 0 · · · 0 0 0

0 0 0
1

2

1

2
−1 · · · 0 0 0

. . .

0 0 0 0 0 0 · · · 1

2

1

2
−1































































,

(55)

éuλ= 4

A(j+1) =
1

2

















































































1 1 1 1 0 0 0 0 · · · 0 0 0 0

0 0 0 0 1 1 1 1 · · · 0 0 0 0

. . .

0 0 0 0 0 0 0 0 · · · 1 1 1 1

1 1 0 0 0 0 0 0 · · · 0 0 0 0

0 0 0 0 1 1 0 0 · · · 0 0 0 0

. . .

0 0 0 0 0 0 0 0 · · · 1 1 0 0

0 0 1 1 0 0 0 0 · · · 0 0 0 0

0 0 0 0 0 0 1 1 · · · 0 0 0 0

. . .

0 0 0 0 0 0 0 0 · · · 0 0 1 1

1 1 −1 −1 0 0 0 0 · · · 0 0 0 0

0 0 0 0 1 1 −1 −1 · · · 0 0 0 0

. . .

0 0 0 0 0 0 0 0 · · · 1 1 −1 −1

















































































.

(56)

5 (Ø�?Ø

ÏL�©�ïÄ, ��
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¥þ¼ê, ©)�{!£E�{�4íúª, C�Ý
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^. e¡±3pU-Eõ­�)�¡�A^�~\±

?Ø.

3pU-E"�©Û¥, ~~¦^©�êØ�u

2�α�., |^�©�(J, �é"���m�AÇ

ÝCq!�¦ÝFq �©�I�êM�'X?1©Ûï

Ä
[7–9]

. 3^�?��Å?1©Û�, �¦"�I�ê

�½´M = 2ν , k
��?��Å�|±Ò�°
ù

�¡���. 3α�.¥, ���
����AÇ©Ù

�, ^�Å©Û�©)�{, �é�B/�ÑAÇÝ

Cq!�¦ÝFq �©�I�êM �'Xã, BunØ

þ�?�ÚïÄ.

A^�ÅC�Ý
, �é"���m�'é¯K

?1ïÄ. Q��)ÛO�, ����[©Û. (Ü�

��Å'éÝ�", ���Å'éÝ�ké���Ø

�"�(J
[8]

, ��B/?1I�AÇ'é�¡�ï

Ä. k'ù�¡�ïÄó��3?1¥.
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A Study of Non-binary Discontinuity Wavelet *

LIN Hai1;1) LIU Lian-Shou2

1 (Yanbei Normal Institute, Datong 037009, China)

2 (Huazhong Normal University, Wuhan 430070, China)

Abstract This paper gives a study of non-binary discontinuity wavelet, put forward the theory and method of con-

stituting basic wavelet functions, and has constituted concretely a wavelet function using λ=3.4 as an example. It also

conducts a theoretical inference on the decomposition algorithm and reconstruction algorithm of non-binary wavelet, and

gives a concrete study of the change of matrix in connection with λ=3.4. In the end, it shows the future of application

of the result to the study of high energy collision.

Key words wavelet analysis, non-binary wavelet, high energy collision, wavelet function
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