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Design optimization of a tapered mirror for

microfocusing optics
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Abstract A facile microfocusing optical design is presented which is optimized for less slope error against the

traditional tapered mirror. The essential idea of the innovation is based on the characteristics of the slope-error

curve for the prototype. The relationship between the mirror shape of the improved model and the driving

moments is established. Analytical results have been compared with the results of the prototype. The design

demonstrates theoretically that smaller slope error is obtained with longer active length.
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1 Introduction

With the recent availability of high-brilliance

third-generation synchrotron sources, there is an im-

mediate need for efficient X-ray microfocusing op-

tics. Efforts are currently underway to produce mi-

crofocusing optics by a variety of means including ta-

pered capillaries, Bragg-Fresnel optics, Fresnel Zone

plates, compound refractive lenses and Kirkpatrick-

Baez (KB) mirrors[1].

Dynamical bending devices for X-ray focusing op-

tics in synchrotron radiation applications are getting

more and more attractive. Such devices can be used

to change the mirror surface shape easily to meet

the focal distance variability requirement. Mechani-

cal benders have mostly been used for this purpose. A

cylindrical shape can be achieved by using a mechan-

ical or a pneumatic bender with identical moments

applied at the end of a rectangular mirror substrate[2].

The ideal mirror surface shape for point-to-point fo-

cusing is an ellipse. Elliptical bending X-ray mirrors

can be produced by applying unequal moments to

the two ends of a mirror of variable width or variable

thickness. Two elliptical mirrors arranged in KB[1]

geometry will be used as the microfocusing device for

the hard X-ray microfocusing beamline at SSRF.

A major obstacle to the use of KB mirrors is the

need to create elliptical surfaces with an X-ray quality

figure and roughness. As a small focal spot is often

required, it is more and more difficult to apply the

moment or force with sufficient accuracy. The mir-

ror with high precision of surface-shape, longer active

length and lesser slope error, will meet the require-

ment well.

There are several methods to produce an ellip-

tical mirror. Traditional elliptical benders employ

a polynomial width mirror[2] substrate. And ellipti-

cal mirrors with bent-polishing methods[3] have also

been fabricated for microfocusing by the KB configu-

ration. As illustrated earlier, differential deposition[4]

on the cylindrical substrate is also used to produce

small monolithic elliptical mirrors for X-ray microfo-

cusing. Since the mirror is shaped permanently, this

approach is suitable for applications when the dis-

tance between the source and mirror is fixed, and less

tolerant to manufacturing errors.

Another different bender employs a tapered mir-

ror substrate[5]. A tapered substrate with a laterally-

graded multilayer[6] is also used to produce an ellip-

tical mirror. The manufacturing requirements of this

mirror substrate are within the capabilities of current

technology. The shape and slope error of the KB mir-

ror could be controlled by two applied moments and

a tapered angle.
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This paper deals with the theoretical analysis of

the improved model in terms of the tapered mirror

characteristics. The improved design, based on the

slope error curve of the prototype, is made to obtain

lesser slope error and longer active length.

2 Principle and method of the new de-

sign

2.1 Tapered mirror

Ideally, the perfect ellipse surface shape can be

represented by the following Eq.

ze(x) =
(p+q)sinθ

4pq+(p−q)2 cos2 θ
×

{

2pq−2[(pq)2−pqx2
−xpq(p−q)cosθ]1/2

−

xcosθ(p−q)
}

(1)

or by a high order polynomial[2]

ze(x) =
∑∞

i=2
aix

i , (2)

where ze is the surface height of an ideal ellipse mir-

ror, x is the coordinate along the mirror surface and

its origin is on the mirror centre, p and q are the

source and image distance, respectively and θ is the

grazing incident angle (Fig. 1). The coefficients ai
[2]

are

Fig. 1. Working condition and coordinate defi-

nition of the elliptical focusing mirror.
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· · · . (3)

Approximating the mirror as a beam, the bending of

the mirror fits in with standard mechanical beam the-

ory. The shape of the actual mirror surface under the

action of two different moments M1 and M2 is defined

by the following Eq.[7, 8]

EI
d2zr

dx2
=

M1 +M2

2
+

M2−M1

L
x , (4)

where zr is the surface height of the actual mirror, E

is Young’s modulus of the mirror substrate material,

I is the moment of inertia of the rectangular beam

cross section (I = bt3/12, b and t are the width and

thickness of the mirror) and L is the distance between

the two moments being applied.

The tapered mirror can also be viewed as a trun-

cated triangle (Fig. 2). This mirror width can be

defined by Eq.[5, 9]

b(x) = b0(1+kx) , (5)

where b0 is the width at the mirror centre, k is a

constant correlated only with p, q and θ.

Fig. 2. The side view and top view of the ta-

pered mirror.

Following the idea of Padmore et al.[7, 8], the ex-

pression for the moments needed to produce the el-

lipse shape is[7]

M1 = EI0(2a2−3a3L+2a2a4L/a3),

M2 = EI0(2a2 +3a3L−2a2a4L/a3).
(6)

The constants k, c, d are defined as

k =−2a4/a3 , c = 2a2 ,

d = 6a3−
4a2a4

a3

. (7)

So, the shape of the actual mirror surface zr(x) is the

following Eq.[5]

d2zr

dx2
=

c+dx

1+kx
(8)

or is represented by another Eq.[5]

zr =
d

2k
x2 +

ck−d

k3
(1+kx)×

[

ln(1+kx)−1
]

+
ck−d

k3
. (9)

It is shown (Fig. 3) that all values of the curve of

slope error are positive except the zero value at the

mirror centre. For a smaller microfocusing spot and
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high brightness, lesser slope error and longer active

length are absolutely necessary. It is obviously noted

(Fig. 3) that the active length is only several centime-

ters with the value of the slope error below 0.1 µrad.

Fig. 3. Slope error of the tapered mirror

(p=5 m, q=0.2 m, θ=4 mrad, k = −2a4/a3 =

−6.2×10−2).

2.2 Improved model of the tapered mirror

From Fig. 3, the value of the slope error curve

except at the centre is positive, and there is only a

short active length of the prototype which accords

well with the rigorous requirements on the precision

of the mirror surface at the microfocusing beamline.

Based on the characteristics of the slope error curve

of the original tapered mirror, the value of the slope

error can be minimized by an improved model of the

tapered mirror in which the constant k is variable at

the right point on the mirror (shown by Fig. 4). The

top view of the new design looks like a combination

of several tapered parts. The middle part of the new

design accords with the original model.

Fig. 4. The top view of the improved tapered

mirror model.

The width of the new mirror can be defined by

Eq.

b(x)

b0

=















(1−∆k1xA)+(k+∆k1)x x 6 xA < 0

(1+kx) xA < x < xB

(1−∆k2xB)+(k+∆k2)x 0 < xB 6 x

(10)

where xA (xA < 0) and xB (xB > 0) are the inflexions

at two sides of the mirror.

The shape of the new design part (x < xA < 0 or

x > xB > 0) is the following Eq.

z′′

∆ =
d

k+∆k1

+
c(k+∆k1)−d(1−∆k1xA)

k+∆k1

×

1

(1−∆k1xA)+(k+∆k1)x
, (11)

or by the following Eq.

z∆ = ϕx+
d

2(k+∆k1)
x2 +
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×

{
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}

×

[(1−∆k1 ·xA)+(k+∆k1)x]+φ , (12)

where ϕ and φ are two coefficients:
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(

d

k
−

d
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)

xA +

[
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k2
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(k+∆k1)2

]

ln(1+kxA),

φ = −ϕxA +
1

2

(

d

k
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d
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)

x2
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[
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]

×
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ck−d

k3
.

Fig. 5. The slope errors of the improved ta-

pered mirror and the original model in the

configuration of p=5 m, q=0.2 m, θ=4 mrad,

k = −6.2 × 10−2, xA = −3.9876 cm, ∆k1 =

2.28×10−3, xB = 3.1346 cm, ∆k2 = 1.54×10−3.
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It is shown (Fig. 5) that the active length, with the

slope error value below 0.1 µrad, approaches 20 cm

which compares intensively with the prototype.

2.3 The results from the software shadow

The mirrors are in the configuration of p=500 cm,

q =20 cm, θ = 4 mrad, the lengths of the mirrors are

18 cm. The spot sizes of microfocusing of the original

tapered mirror and the new design are calculated by

a software shadow (Fig. 6). The spot size of the mi-

crofocusing of the perfect ellipse shape is calculated

by the software shadow (Fig. 7).

Fig. 6. The beam distribution at the focal spot of the improved tapered model and original mirror in the

configuration of p = 500 cm, q = 20 cm, the grazing incident angle θ = 4 mrad, and the length of the mirror

is almost 18 cm.

Fig. 7. The beam distribution at the focal spot

of the perfect ellipse mirror.

It is shown (Fig. 6 and Fig. 7) that the smaller fo-

cusing spot which is close to the result of the perfect

ellipse is obtained with the improved tapered mirror,

compared enormously with the original tapered mir-

ror. It is deduced that the new design of the tapered

mirror meets suitably the rigorous requirements of

microfocusing.

3 Conclusions

A theoretical analysis and parameters study of the

improved design of the tapered mirror have been pre-

sented. The relationship between the mirror shape

of the improved model and the driving moments is

established. Analytical results have been compared

with the results of the prototype. The design demon-

strates theoretically that, by changing the constant

k suitable at the right place on the mirror, smaller

slope error is obtained with longer active length. The

manufacturing requirements of the improved mirror

substrate are within the capabilities of current tech-

nology like the traditional tapered mirror.
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