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Abstract In this paper, by using the “frequency up-conversion” principle with a high gain harmonic genera-

tion free electron laser and an external seed laser, we consider the possibility of modulating a relativistic electron

beam on the attosecond scale, so that it can produce coherent spontaneous radiation from the deep ultraviolet

to the hard X-ray spectral region with a very short radiator. Analytical estimation and three-dimensional

numerical modeling show the great potential to reach ultra-high harmonics up to several thousand. For an

electron bunch with the typical quality as in the free electron laser scheme and a seed laser with 800 nm wave-

length, 0.8 nm attosecond trains with alterable duration and GW scale peak power are modeled. The output

radiation exhibits good shot-to-shot stability, full coherence and perfect tuning ability between the discrete

harmonics of the seed frequency.
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1 Introduction

The availability of short wavelength radiation is
of great interest in the free electron laser (FEL) com-
munity. One of the most feasible ways for delivering
FEL to the hard X-ray is self amplified spontaneous
emission (SASE) [1, 2]. However, SASE radiation
starts from shot noise of the electron beam, and re-
sults in a poor temporal coherence and a long un-
dulator system. With the growing interest in com-
pact and fully temporal coherent sources, various
seeded FEL schemes [3-5] have been proposed for
short wavelengths on the basis of harmonic genera-
tion and seeding of external lasers. A typical scheme
is high gain harmonic generation (HGHG), which has
been demonstrated in the visible and ultraviolet re-
gion [6, 7]. Since HGHG pursues the exponential
growth in the long radiator, it suffers from a limited
frequency multiplication factor to avoid large beam
energy modulation [8]. Recently, modifications to the
standard HGHG have been proposed to improve the
efficiency of frequency up-conversion [9-11]. How-
ever, the essential obstacle has not been overcome
and the harmonic number is still in the range of 10
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In parallel, high brightness electron beam devel-
opment has been dramatically driven by FEL appli-
cations in the last decade. A state-of-the-art photo-
cathode gun can generate electron beams with a lo-
cal energy spread of less than 6 keV and normalized
emittance of 1 pm-rad [12]. Even when the effects
on the energy spread induced by further acceleration,
the bunch compression and laser heater [13, 14] are
taken into account, the relative sliced energy spread
of the electron beam can still be 107° level at the
entrance of an X-ray FEL undulator. Moreover, the
electron beam quality can be significantly enhanced
in low charge operation, which is now considered by
many FEL projects [15, 16].

In this paper, by using a state-of-the-art electron
beam, the ultra-high order harmonic generation of in-
tense laser via FEL mechanism is investigated. The
harmonic generation scheme used the same basic el-
ements as in the standard HGHG, but the key as-
pect is that the period number of the radiator in
this discussion is much less than the harmonic up-
conversion number. Thus, no exponential growth is
expected in the radiator and large energy modulation
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in the modulator is acceptable. Under such circum-
stances, the radiator radiation is highly relevant with
the local micro-structure of the electron beam over
one seed laser wavelength. However, the local micro-
structure over one seed laser wavelength is averaged
and smeared in the existing analytical and numerical
model. Thus, appropriate analytical estimates and
a three-dimensional numerical model are developed
to investigate the ultra-high order harmonic gener-
ation in the quasi-HGHG scheme. Studies indicate
great potential of reaching ultra-high harmonic gen-
erations up to several thousand, and the output radia-
tion shows good stability, plus transverse and longitu-
dinal coherence. As we shall explain in the following,
one by product is the generation of attosecond X-ray
trains, which is another important goal of the FEL
community [17-20].

2 Density modulation of the electron
beam

The ultra-high order harmonic generation scheme
of using two-stage undulators and an external seed
laser is shown in Fig. 1. A seed laser with wave-
length A, interacts with a relativistic electron beam
with average energy yomc? in the modulator with the
resonant wavelength tuned to A;. Generally, the pulse
length of the electron beam is much larger than the
laser wavelength, and the beam current variation over
the distance of several laser wavelengths can be ne-
glected. Thus, the longitudinal distribution of the
initial beam can be written as Eq. (1),
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where o, is the rms energy spread of the electron
beam. After passing through the modulator, the
beam energy is modulated to (7', §’)
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Fig. 1. Ultra-high order harmonic generation

scheme using two undulators and an external
seed laser.

where A+ is the maximum energy modulation at
the end of the modulator, which can be calculated
from the modulator length and the seed laser power.
The dispersive section changes the energy modula-
tion to density modulation. In a radiator resonant
at wavelength of A;/n, the longitudinal rotations are
given by the new coordinate (v”, 6"),

,Y// — ,}//

a6
0" = 0+ —(~ —

with the total dispersive strength d6/9~ contributed
from the modulator, the dispersive section and the

; (3)

radiator:

97 )

Here, the first and third terms are the dispersions
in the modulator and the radiator, respectively, with
N; and N, the undulator periods passed by the elec-
tron bunch. The harmonic number n is present in the
third term because the electron phase in the radiator
is n times that of the modulator. Since the energy

30 4 (N N.
——(—1+Nd+—2>.
2 n

modulation approximately increases linearly with the
modulator length, the phase advance, obtained by in-
tegration, contributes a factor 1/2 to cancel the factor
2 in the FEL phase equation when compared with the
other two terms [14]. Ny is the equivalent strength
of dispersive section [21], and Ny = 0 is assumed all
through the discussion for simplicity. The longitudi-
nal distribution function is shown in Eq. (5):
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Integration of f over " expresses the longitudinal
distribution of the beam density:
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FEL radiation is highly relevant to the longitudi-
nal distribution of the electron beam, especially the
beam current and the bunching parameter. After
the modulator, the attosecond scale micro-structures
come out over one seed wavelength [22], instead of
the original uniform distribution. Moreover, the elec-
trons in [0, 27t] in the modulator are transformed to
[0, 2n7t] in the radiator, and the bunching parame-
ter corresponding to A,/n in the radiator is no more
uniform over the distance of ;. Thus, we uniformly
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divide the electrons over the distance A, into n slices
and define the local current factor I and the local
bunching factor B as follows:

Op+1/n
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where A;/n is the longitudinal length and 6, is the
centre of each slice. After some brief calculations,

one obtains
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For a harmonic generation scheme with low n, just
as an HGHG, when the radiator radiation slips for-
ward, the electron beam over the distance A, the lon-
gitudinal beam distribution varies slightly. Thus, the
local current factor and local bunching factor can be
averaged over A,. Then Egs. (9) and (10) will reduce
to the universal results reported in Refs. [14, 21].

3 Ultra-high order harmonic genera-
tion

For ultra-high order harmonics, Bessel function
Jm(mz) has the maximum at x ~ 1. When appropri-
ate parameters are chosen for the modulator and the
seed laser, strong coherent ultra-high order harmonics
are expected in the radiator. With a group of opti-
mized parameters (as seen in Table 1), Fig. 2 shows
an example with the frequency up-conversion factor
n = 1000. When strong energy modulation A~y =
62.5 is induced at the modulator exit, many electrons
are modulated to the position around 6, = 7, where

the local beam current is enhanced to 103 times the
initial uniform current and the local bunching fac-
tor remains 0.32. This indicates significant harmonic
generation in the radiator.
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Fig. 2. The analytical estimate of the local cur-

rent factor and local bunching factor at the
modulator exit.

Since large energy modulation far beyond FEL
pierce parameters [2] is introduced in the modula-
tor, there is no exponential growth in the radiator.
Then, for the case of a short radiator discussed here,
longitudinal dynamic of the electrons is mainly de-
termined by the undulator magnetic field, and the
effects due to the radiation can be neglected. Thus,
in the radiator the radiation caused by the coherent
enhancement process is

27t
as2(907N2) = Qg2 (90—771\[2—1) +

Teau2Au2)\sIO [JJ]2
ny,ecx

Dn(907N2)7 (11)

where ag, and a,, are the dimensionless amplitude of
the radiation field and the magnetic field of the radi-
ator, respectively; 7. is the classical electron radius;
Auz is the period length of the radiator; [JJ], is the
polarization modification factor for a linearly polar-
ized planar undulator; I is the initial uniform beam
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current; ' is the transverse beam area; c is the speed
of light in vacuum and D,, is the local driving factor
leading to the radiation, which is defined as:

Dn(eo,NQ):In(eo,Nz)Bn(eo,Ng). (12)

Using Eq. (11), one can analytically calculate the
time structure and spectrum of the ultra-high order
harmonic generation. However, Eq. (11) is too com-
plicated for analytical optimization and qualitative
discussion. In the following, we present a first ap-
proximation result. As shown in Fig. 2, the local
current factor and the local bunching factor can be
treated roughly as the § function at the entrance of
the radiator, thus

D,y (00, N2) ~ D, (71, N2)8 (6 — 7). (13)

If the electron bunch in one seed wavelength radiates
as a point charge, and accumulation of coherent har-
monic generation will be absent in the short radiator.
Thus, the radiation is determined by the local driving
factor of the electron beam in the radiator:

Psg(eo,Ng)O(n2ai(90,N2)O(Di(7T,NS) (14)

N, is the radiator position where the radiation a,,(6y,
N,) is emitted. This obeys the law of causation, thus

Oy—m
0<N,=Ny——<N,. 15
< 2 27t/n< 2 (15)

To explore the ultra-high order harmonic genera-
tion, we study the optimal D, (1) at the entrance of
the radiator. The analytical dependence of the local
current factor, the local bunching factor and the local
driving factor on the frequency up-conversion factor
is plotted in Fig. 3. When n < 103, the local driving
factor increases for the sake of the enhancement of
the local beam current. After that, the local driving
factor decreases quickly due to the reduction in the
local bunching factor. The driving factor is in the
same order for n = 10* and n=1. This means that,
when passing one radiator period, the peak radiation
power of n=10% is similar to that of n=1. However,
one should notice that the average power of n = 10*
is much less than that of n=1 for the micro-structure
over the distance Ay, and there is no coherent en-
hancement after passing more radiator periods for
ultra-high order harmonic generation, as explained
above.

10*

1077 —— B, N
— D”
10*4 PR PR PR " T
10° 10 10 10° 10*
harmonic order n
Fig. 3. Variation of the local current factor, the

local bunching factor and the local driving fac-
tor at 6o = 7 with the increasing of the fre-
quency up-conversion factor.

4 Soft X-ray example

To be specific, in this section we consider a soft
X-ray example where n = 1000. Here we use a
state-of-the-art electron beam with a peak current
of 4 kA, energy of 4 GeV, relative energy spread of
1x1075, small emittance of 1 um-rad and beam ra-
dius of 50 wm. An 800 nm seed pulse with 108 GW
peak power, 0.7 mm laser waist and longitudinal uni-
form profile of 200 fs pulse length is injected into a
20-period modulator. The main parameters are sum-
marized in Table 1. The 0.8 nm output soft X-ray
radiation is investigated below.

Table 1. Main parameters of soft X-ray example.
parameters value

seed laser wavelength/nm 800
seed laser power/GW 108
seed laser duration/fs 200
seed laser waist/mm 0.7

electron beam energy/GeV
peak current/kA

normalized emittance/(pm-rad)

local energy spread/keV 40
modulator period length/m 0.20
modulator period number 20
radiator period length/mm 50
radiator period number 1-100
radiator resonant wavelength/nm 0.8

The beam dynamics in the modulator are simu-
lated by FEL code GENESIS1.3 [23], which has been
widely used in the simulations of many FEL projects
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10% macro-particles are applied
to represent the electrons over the distance A;. The

around the world.

longitudinal phase space of the electron beam shown
in Fig. 4. After the modulator, the initially uniform
electron distribution becomes strongly disturbed, and
a significant fraction of the beam is compressed into a
sheet that is thinner than the radiator resonant wave-
length. Thus the ultra-high order harmonic bunching
builds up.

100
50
T 0
&
—=50
,100 1 1 1
0 0.5 1.0 1.5 2.0
6y/m

Fig. 4. The longitudinal phase space of the
electron beam at the modulator exit from 3D
simulation.

To compare the analytical estimate with 3D sim-
ulation, we first consider the optimal energy modu-
lation induced in the modulator. In the analytical
model, the optimal energy modulation is Ay=62.5,
while in the simulation the optimal seed laser pro-
duces an energy modulation of Ay=85.7. Then we
plot the local current factor and local bunching fac-
tor in Fig. 5. At the position of 8, = 7, the local
current factor is about 96 and the local bunching fac-
tor is 0.28. Considering that crude approximations
have been taken in the analytical estimate, there is
good agreement between the analytical estimate and
numerical simulation. Several comparisons for differ-
ent cases have been carried out. The agreement is
generally good within a factor of 2.

For ultra-high order harmonic generation, in cur-
rent state-of-the-art numerical modeling, the evolu-
tion of radiator radiation is on the basis of the average
over one seed laser wavelength. When the harmonic
number is up to 1000, to our knowledge, the radiator
radiations with micro-structure cannot be appropri-
ately simulated by publically available 3D code. To
extend the computation, the electron beam distribu-
tion generated by GENESIS1.3 is posterior processed

after each integral step, and the modified particle dis-
tribution is implanted to the next standard run of
GENESIS1.3. With such a loop, more realistic 3D
numerical modeling is developed [24].

120

0.4
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0 0.5 1.0 1.5 2.0
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Fig. 5.
bunching factor at the modulator exit from

The local current factor and local

3D simulation.
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0 0.5 1.0 1.5 2.0
6y/n
Fig. 6. The simulated micro-structure of the ra-

diation after passing 1 radiator period.
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According to the simulation results, a set of at-
tosecond trains are observed after passing one ra-
diator period. The distance between two trains is
one seed laser wavelength. In our case, it is 800 nm
(i.e. 2.7 femtosecond). One of the radiation trains is
shown in Fig. 6. The pulse duration is 3.3 attosecond.
This is slightly larger than the oscillation duration of
0.8 nm radiation. In more detail, the radiation power
is about 1.32 GW, corresponding to an electric field
of 10 GV/m on the radiator axis. In contrast, the
radiation power from shot noise is about 10 kW. The
ratio of signal to noise is about 10°. This is highly
consistent with the analytical estimate.

5 Stability and coherence

The main jitter source for ultra-high order har-
monic generation is the power fluctuation of the high
intensity seed laser. The fluctuation in the seed laser
power can be well controlled below 0.5%, which leads
to a 0.25% jitter in the energy modulation. These
jitters can be compensated by the dispersion of the
radiator. As variation of the local driving factor at
0y = 7 in the radiator given in Fig. 7, where n =
1000, the local driving factor has a stable performance
within 100 radiator periods. Therefore, according to
Eq. (14), relatively stable radiation may be expected.

12 T T
10 4 —es—— Ay=62.35
— Ay=62.50
—a—— Ay=62.65
o 87
<
z
’Zﬁ 6 4
g
S
2t
0 1 2 3

Ny (x10%)

Fig. 7. Variation of the local driving factor of
the electron beam at 6y = 7t in the radiator,
The results are analytically from Eq. (12).

Figure 7 also indicates that, due to slippage ef-
fects, the output pulse duration can be adjusted by
changing the period number of the radiator. In the
soft X-ray example, where the wavelength is 0.8 nm,
with the increasing number of radiator periods from 1

to 100, the output pulse duration increases from 2.7 to
270 attoseconds. In order to support our conclusion,
we plot the radiation power at N, = 100 in Fig. 8.
The main pulse duration is about 270 attoseconds,
which is 100 times the oscillation duration of 0.8 nm.
In more detail, the main radiation peak looks like a
saddle. This is because the local driving factor is not
really a § function. The radiated fields between the
two peaks are the averaged result of the local driving
factor around 0, = 7. If we analytically calculate the
radiation power by the accurate Eq. (11), a similar
saddle will be observed.
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Fig. 8. The simulated micro-structure of the ra-

diation after passing 100 radiator periods.

Since the radiation is a set of finite trains with
a periodic duration of 800 nm, its spectrum is ex-
pected to be a number of spectral lines appearing at
the harmonics of the seed laser. Fig. 9(a) shows the
spectrum of the photons radiated after 100 radiator
periods. The envelope of those solid lines is deter-
mined by the pulse duration of coherent harmonic
generation, which performs as the spontaneous emis-
sion spectrum of a single electron. The subtle struc-
ture of one spectral line is illustrated in Fig. 9(b),
which is a characteristic feature of the seed laser as-
sisted harmonic production. The bandwidth of the
0.8 nm radiation is about 3x107°. This is commen-
surate with the bandwidth of an X-ray FEL.

Finally, we consider the transverse distribution of
the radiation. As plotted in Fig. 10, the radiation size
is 51 pum, and the diffraction angle of the radiation
is 15 yurad. Thus, the emittance of the 0.8 nm radia-
tion is about 0.77 nm, which is close to the diffraction
limit of a Gaussian beam. Thus, the ultra-high order
harmonic generation shows a fully transverse coher-
ence.
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100 radiator periods.

The simulated spectrum after passing
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Fig. 10. The simulated transverse radiation
distribution.

6 Conclusions

Using two undulators and an external seed laser,
great potential for ultra-high order harmonic genera-
tion via FEL mechanism is demonstrated. In such a
system, attosecond trains can be produced from the
deep ultraviolet to the hard X-ray spectral regions.
In this paper, a soft X-ray example is presented. We
use the relativistic electron bunch with the typical
quality as in the SASE scheme, and a seed laser with
a wavelength of 800 nm and a peak power of 108 GW.
The 0.8 nm radiation trains with peak power of GW
scale are generated. The output pulse duration is
proportional to the radiator period number, and the
output radiation has a perfect tuning ability between
the discrete harmonics of the seed frequency.

The attosecond structure of ultra-high order har-
monic generation can be further amplified by the FEL
scheme [25, 26]. Compared with high order harmonic
generation (HHG) in rare gases [27-30], the ultra-
high order harmonic generation via the FEL mech-
anism is mainly determined by the “cool” electron
beam. Thus, much better coherence and higher fre-
quency up-conversion efficiency may be observed. In
this discussion, we have assumed that a 200 femtosec-
ond seed pulse with a longitudinal uniform profile and
a set of attosecond trains are emitted. The continuous
progress in laser technology makes possible the gener-
ation of ultra-short and high intensity pulses [31, 32].
If we use a sub-10 fs seed pulse with a peak power
on the terawatt scale, together with the slippage ef-
fects in the modulator and the right parameters, sin-
gle attosecond X-ray pulses can also be emitted in the
radiator.

It is worth stressing that the results are prelim-
inary. In reality, a chicane or dogleg is needed to
separate the electron beam from the seed laser. Then
a strong coherent synchrotron radiation effect may
reduce the quality of the electron beam entering the
radiator. What’s more, the space charge effect is not
included in this study.
provement, which will be addressed our subsequent

There is still room for im-

reports.
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