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1 Introduction

The computation of correlation functions is one
of the challenging problems in the theory of quan-
tum integrable lattice models [1, 2]. This is a central
question which can both enlarge the range of applica-
tions of some models in the realm of condensed mat-
ter physics and make us understand their mathemati-
cal structures better. Although several important ad-
vances have been made in recent years, to our knowl-
edge there does not exist a general method that could
give exact and explicit manageable expressions for the
correlation functions. In Ref. [3], the representation
theory of Drinfeld twists for the quantum affine alge-
bra in finite dimensional modules was used to obtain
the expression of the adjacent sites correlation func-
tions for the XXZ model. In Refs. [4, 5], by means
of the Drinfeld twists, the determinant representation
of the correlation functions for the gl(1]1) and gl(2|1)
supersymmetric vertex models was derived.

Using the algebraic Bethe ansatz, Bogoliubov,
Pronko and Zvonarev introduced a definition of
boundary one-point correlation functions of the six-
vertex model with domain wall boundary conditions
[6], and these functions were expressed as determi-
nants of N x N matrices. In Ref. [7], Coloman and
Pronko gave two-point boundary correlation func-
tions of the six-vertex model with DWBC, and also
computed them in determinant form. In our preced-
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ing paper [8], we considered one-point boundary cor-
relation functions of the gl(1]1) supersymmetric ver-
tex model with DWBC, and also derived the repre-
sentations for these correlation functions as determi-
nants of N x N matrices by using the algebraic Bethe
ansatz. In this paper we will consider the two-point
boundary correlations of the gl(1]1) supersymmetric
vertex model with DWBC.

The article is organized as follows. In Section 2,
we describe the gl(1]1) supersymmetric vertex model
with DWBC and the algebraic Bethe ansatz. In Sec-
tion 3, we recall the one-point boundary correlation
functions. In Section 4, we derive the expressions
for two-point boundary correlation function H 1(\}”1'7”2) .
Some remarks are given in Section 5.

2 The gl(1|1) supersymmetric vertex
model with DWBC and Algebraic
Bethe ansatz

Let C? be a Z,-graded 2-dimensional vector space
with FB grading, i.e. [1]=1, [2]=0.
We firstly introduce an L-matrix:

Lak()\avyk) ==
< Ao —vie =1 (3ER,) + E) Efey2n )
ER2n Aa Vk_"(Eﬁkl) —E(Q,f,))

(1)
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where Eéi) are the generators of the superalgebra
gl(1]1), acting on the k-th space. Here o and k de-
note a-th copy of C? in H and the k-th copy in V,
the total space of the vertical lines is V= (C?)®" and
the total space of the horizontal lines is H = (C?)®V.
With each vertex of the lattice one associates an op-
erator acting in the full space V®H. The monodromy
matrix 7, (A, ) is defined by

T.(Aa) = Lan(Aa,vn) .- Lai(Aa,v1) =
<A(>\a) B(\.) ) | )
C(A\a) D(Aa)
According to the graded Yang-Baxter relation
ReopLorLgr = Lgp Lok Rag. (3)
The R-matrix is, in the FB grading, given by

c 000

0 abo
Ros(\N)= , 4
s(AN) 0 b a0 (4)

0001

T

Fig. 1.

For the domain wall boundary condition, it im-
plies that all arrows on the top and bottom of the
lattice are pointing inwards while all arrows on the
left and right boundaries are pointing outwards.

Next, we recall the Algebraic Bethe ansatz. Since
the L-matrix satisfies the graded Yang-Baxter rela-
tion, the monodromy matrix satisfies the following
intertwining relation

Raﬁ()‘m)‘ﬁ) T, ()‘a) Tﬁ()‘ﬁ) =

T5(A\s) Ta(Aa) Rap(Aas Ag),  a#B. (7)

With the help of the above relation, one may find the
complete list of the commutation relations. For our
purposes we only write four of them:

CO)CN) = —c(\N)C(N)O(N), 8)

DNC(N) = FOLN)CN)D(A) +
g\, AN CA)D(X), (9)

where the functions ¢(\,X'), a(A, X)) and b(A, ) are

N (A=XN—=2n) N AN
c(/\,/\)—m7 a(A,A)—m,
n_ 2n

In the following, we consider the gl(1|1) vertex
model on a 2-d N x N square lattice. It is a model
that the arrows reside on the edges of the lattice, with
the same number of incoming and outgoing arrows
through each lattice vertex. For this model, there are
altogether 6 possible weights corresponding to a ver-
tex configuration. We give the possible configurations
and their corresponding Boltzmann weights w;. See
Fig. 1.

Here let
Wy =Ag — V41, Wy=A,—V;— 37,
W =Wy =Ny —Vp—1, Ws=ws=21, (6)

then the Boltzmann weights correspond to the ele-
ments of the gl(1|1) L-matrix.

Wy Ws We

The vertex configurations and their Boltzmann weights for the gl(1]1) vertex model.

ANCN) = FON)C(V)AN) +
g\ A)C(NAMN), (10)

With
N1 N2
JAX) = aV, N (V=)
N VA2
g(AvA) - a(}\,7/\)_()\,_)\)' (12)

For the generating vector, it is convenient to use
the state either with all spins up or with all spins
down. Here we have introduced the notation

1
|ﬂ>—®kN_1|T>k—®]kv_1<O> )
(k)
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where the entries of the matrix Z are given by

0
H” —®g—1|l>k_®iv—1<1> . (13)
(k)

a—1
Zok = (A, Vi) =b(Aas Vi) H a(Ay, k),
Applying the elements of the monodromy matrix to =t
these vectors and their dual, we easily obtain a,k=1,...,N. (19)
CNIM) =0, BAN) = 3 One-point boundary correlation

(14) functions

(1B =0, ($CK)

In this section, we will review two kinds of one-

Il
=

AN ) A=ve=n) 1), point boundary correlation functions GE\],W) and HI(\}”)
M=t (which have been given in Ref. [8]). These can be
lN_[ . (15) defined by
P Gy = Zy (hC ().
Thus, all vectors are generated by multiple action of C(/\M+1)E(1) C(An).-.C(M) ), (20)

operators C'(A\,) on the state || )
Ny HYD = Z3 (1| CO) ... C(Aarsr) B C(Aar) X
1;[1 Aa) [4) = CO) - CO ), MSN. (16) E(212) C(Arr—1)---C(A) [V), (21)

where E(l) and E(l) are the projectors on the spin up

In Ref. [9], the partition function Zy = Zx (A4, and the spin down state. Due to B} +E2 = I, these

. . 1=
ANV, Vy) onan N ox N square lattice with correlation functions H(M) and G(M) are related by
DWBC can be written in the form

GV = HYV+HY V4 HY,  (22)
ZN:<ﬂ|C(/\N)"'C(/\1)|“>' (17)
HD =g —aM—, (23)

The determinant representation is given b
P & Y In the following, we will directly give the main re-

Its. Two reduction formulae can be expressed as
Zn = [Ta (i, v;,)det Z({A}, {v}), (18) st . P
kl:[J | (introducing d(A) = Hfj:l(/\—l/k +n))
M—1 N
HM =z 2 H(Aa—ul—n) H (Ao —v1 —31m) X
a=1 a=M+1
52t M—1
Zd2 o) d )\ \ )( DM T ey h0) Hf As: M) Zn1 ({Aa} i asi i ia) - (24)
By AM _
= 76
M N
GEVM) = Zl?fl H(Aa_yl_n) H ()‘a_yl_?”?)x
a=1 a=M+1

ZMW) TL 7oA (1 T el da)Zas (Yt (3 (25)

y=B+1

Accordingly, the determinant representation for these boundary correlation functions may be represented as

N M-1 N
2n[Ti—v) IT Qa—vi=n) II (Aa—v1—3n)
gon _ _i=2 a=1 a=M+1 dety'H (26)
N N detNZ,
H (i —v;+2n)

Jj=2
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M N
[Te—v) [T Aa=vi—n) I (Aa—r—3n)
qun _ =2 a=1 a=M+1 detn G (27)
o dety 2

e

Jj=2

4 Two-point correlation

functions

boundary

In this section, we will use the algebraic Bethe
ansatz to calculate the two-point boundary correla-
tion function HY 172) - which describes the probabil-
ity of finding vertices of type i =5 both at the r;-th
position (counted from the right) of the first row and
at the ro-th position of the last row, (see Fig. 2).

" €<— 1
Y Y ¥ Y Y Y Y Y
—t et P
Y Y Y Y V¥ KA VY Y
+_.... as _+
+_.... .. _+
+_‘..‘ . _+
+_ ........ _.+
+_‘..‘ s _+
A A Y A A A A A
A A K A A A A A
" <€ 1

Fig. 2. The two-point correlation function H 1(\71“).

If r; <7y, this correlation function can be defined
by

HY' ™ = Z3H A C W) - C(Aryi1) B C(r,) %
E(2]%f) C()‘T'zfl)'"C()‘T'1+1)E(111) X
CA)EE C(Ary—1) - CA). (28)

It is worth pointing out there are has analogous ex-
pressions for r; =7, and r; > ry. Similarly, the cor-
relation function GS\T,I’”) describes the probability of
finding arrows pointing left on the first and the last
rows. Moreover, the functions H{""™ and G\
are related to each other just as relations (22) in the
one-point case, so we shall mainly consider the func-
tion H"" . The result for G{*" can be obtained

by its obvious relation with H{"™).

(1 —v; +21)

In the following, we will express the correlation
functions of the model on an N X N square lattice
through the sum over partition functions of the mod-
els on (N —2) x (N —2) square sublattices. In order
to derive the reduction formulae for the correlation
functions HY 172) they must be witten in a form suit-
able for applying commutation relations (9), (10) and
(11). The monodromy matrix T, (A,) can be decom-
posed into the matrix product of three monodromy
matrices in the a-th space [2]:

To(A) =TanAa)Ta(Aa)Tor(Ma), (29)

with

Tun(Aa) = Lan(Aayvn) = <C

N(Aa) Dn(Aa)
(30)
- N A(\) B
Ta()‘a) = HLa,k()‘aayk): <5E)\ i EE)\ ;) s
k=2 « 7/ o)
(31)

Toi(Aa) = Lat(Mas1) = <‘é
(32)

The entries of T, x(\) and T, (\) act nontrivially in
the last and in the first “vertical” space, and depend
on the “vertical” variable vy and the “vertical” vari-
ables v, respectively, while Ta(/\a) act in the rest
N — 2 “vertical” spaces and depend on the °
cal” variable v,,...,vn_;. Because they act nontriv-
ially in different spaces, each set of operators enter-
ing the monodromy matrices satisfies the commuta-
tion relations (9), (10) and (11). Accordingly, the
generating vectors | 1}) (| {)) can be represented as
the direct prodNuct of three generating vectors, e.g.,
1) = [ ) ®[F) @ | 1), where [f1) = ©5| 1)« and
[fin) = [ T)n | 1) =1 1)1 The states [f) (|7)).
[fix) (| 4x)) and [ 1) (| ) have the same proper-
ties, so the eigenvalues of operator D, () and Ay(X)
on the state ) are

‘verti-

2

A= =) ),

2

AN =

k
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N-1
I ~ A (A) = A—vy —n(3EL +E2), (35)
D) = [TO-wetnld).  (33) 1 LT
k=2
Cn(A\) = E/22
Due to (30), (31), (32) and (2), in particular, one v (=1
gets Dn(\) = X—vn —n(E{y) — ER,)- (36)
C(N) = Dy(N)DANCI () +Cn (M)A A1 (V) +

Dy(NCA)A (N +Cxn (NBNCi(N).

According to L-operator (1), the operators C;(\),
A;(N), Cn (M) and Dy (N) are expressed as

(34)

In the following, we shall express the correlation
function H{"" in terms of partition functions on
(N —2) x (N —2) lattices. We use Eq. (34), (35) and
(36) to reduce the problem of calculating the scalar
products in the right hand sides of expressions (28)

Ci(\) = Ef2n, | and get the expression
N r1—1 N ro—1
Hz(\:ln) = Zy' (29)? H (Aa =11 =3n) H (Ao =11 — H (Aa—vn—n) H(AQ—VNH?)X
a=r1+1 a=1 a=rg+1 a=1
(FCA) - Cra 1) A) Crs 1)+ Oy 12) D) C sy ) - COW) ) (37)
Acting first the operator lN)(/\Tl) on the right, using
r—1 r N-—1 r—1
D()\T)H ZH )‘ _Vk+77 )T ot H c()‘ﬁv)‘a)x
a=1 a=1 k=2 B=a+1
g )\avAr - L
fEA L 0w [T E0ID), (38)
ay /\r B=1 B=1
BFa BFa
and next acting the operator g()\r.z) on the right, using
" r—1 " r N-—1 r—1
AT = > I Oa—ve=m=)t I e ra)
a=1 a=1 k=2 B=a+1
90\ o o T
Hf )\au)‘ﬁ HC()‘ﬁ)"U% (39)
f(/\ )\ 501
575!1 B#a
one can get the expression
N ry—1 N ro—1
a7 =250 2n)” [ Ca—mi=30) [[Ca—n—n) J] Qa—va—n) ] Qa—va+n)x
a=r1+1 a=1 a=rg+1 a=1
1 T2 N-—1 r1—1 r1
Aa; Ary
S TTCe—m+n 0= ] C(M,)\a)]gf(()\ X )Hf(/\a,)w)x
a=1pB=1 k=2 y=a+1 @y iy ~y=1
Ba v#a
N-1 ro—1 T2
—B— )\ 7)\7'2
Ns—v—m) (=1 ] c(Ay,Aﬁ)% F(As,Ay)
k=2 y=B+1 ByAr2) =g
yFo y#o,B
Zy -2 (s et (RS- (40)

If 7, > 7y, then one should first act the operator A(A,,) on the right and next the operator D(A,,). Thus it
can be easily verified that the result has the same expression with (40), which shows that Eq. (40) is valid for

T1 #TQ.
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If r, =7y =7, one can get the following formula instead of (37) in this case:

HG? = 250 @ [T Oe—1 =3 O — o — 1) [T = 21— 1) (ha = 1) x
<ﬁ|6()‘1\r) : "5()\7%1)%()\70)6()\#1) T CN'()\l)HNl) (41)

With the help of (11), one can get the expression

N r—1 r N-1
HJ(\:VT) = Z;fl (277)2 H ()‘a_yl_?”?)()‘a_VN_n)H(Aa_yl_n)()‘a_VN'i'n) Z ()‘a_Vk+77)x
a=r+1 a=1 a,f=1 k=2
a#f
N-1 r—1 r—1
—a—G— 9Aa; Ar)g(Ass Ar)
Mo —ve—m) (=172 T e ha) T e 2s) X
k=2 y=a+1 =B+1 f()‘av/\r)f()‘ﬁv/\r)
TFa
£t TT F O d)F o) Zas (0} s 1), (42)
y=1
y#ao,B3

Comparing (42) with (40), one has no trouble in finding that the expression (40) is valid for all values of r,
and 7.

Next, by substituting the determinant representation (18) for the partition functions Zy and Zy_, in the
right hand sides of relation (40), respectively, and canceling the resulting common factors, we can get exactly
the equation

HI(\;I’W) _ Ji_[l( (Vl_yj)(yj_VN)(Vl_VN)

io ATV 2n)(v; —vn +20) (V1 —vn +21)

r1—1 N ro—1 N
(2n)? l_[1 (Aa —v1—17) H+1(/\ —3n) H1 (Aa —vn+m) H+1(/\a —vn—1)
a= a=ry « a=ro
detNZ %
N\ r1 (Aa) @, (A
Z(_l)m+r27afﬁf2w 1( )w 2( /3) detN,QZ(a BN (43)
a=1p=1 e(Aa’AB) o
B#a

Here, Z(a,p.1,n), denotes the (N —2) x (N —2) matrix obtained from Z by eliminating the a-th and 8-th rows
and the first and the last columns. The functions w,, (A,) , W, (Ag) and e(Aq,Ag) are defined as

ry—1

T Oa=nctn T =2a=20) 10 = A t20)

wy, (o) = = : (44)
H ()"y - )‘a)
~y=1
TFa
N—-1 ro—1 B
(As—ve—n) I (A =As—=2n) [T (A =As+2n)
k=2 «/:ﬁ;rl y=1
UN]Tz (/\ﬁ) = . Iz ) (45)

H ()W - /\ﬁ)
Yo

e(Aa,Ag) = (Aa—Ag+2n). (46)
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Obtaining the Eq. (43) for two-point boundary
correlation functions H 1(\}”1'7”2) is our main aim for the
present paper.

5 Conclusion

In this paper, we have proposed the gl(1]|1) super-
symmetric vertex models with the so-called domain
wall boundary conditions. The reduction formulae
and the determinant representation for the one-point
boundary correlation functions G%m and H](\,M) are
simply reviewed. Moreover, we consider the two-
point boundary correlation functions and get the re-

duction expression for the correlation Eq. (43).

Here we should point out that, contrary to the for-
mulae for the partition function and one-point bound-
ary correlation function, the two-point boundary cor-
relation function cannot be expressed as a determi-
nant in the inhomogeneous model. However, the two-
point boundary correlation function can be expressed
as a determinant in the homogeneous limit, which we
may consider in the future.

We would like to thank Prof. Rui-Hong Yue
and Prof. Shao-You Zhao for useful discussions and
warm-hearted help.
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