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Abstract: We have developed a path integral formalism of the quantum mechanics in the rotating frame

of reference, and proposed a path integral description of spin degrees of freedom, which is connected to the

Schwinger bosons realization of the angular momenta. We have also given several important examples for the

applications in the rotating frames.

Key words: path integral, spin, rotating frame of reference, field theory

PACS: 03.65.-w, 11.10.-z, 03.70.+k

1 Introduction

The Quantum mechanics in the rotating frame of
reference has many important applications. For ex-
ample, Rabi oscillation is crucial for cavity quantum
electrodynamics [1] and for designing the qubit cir-
cuit of a scalable quantum computer [2-4]. And the
analysis of Coriolis effect is very important in the re-
search of unified geometric phase and spin-Hall effect
in optics [5].

The main purpose of this paper is to develop a
path integral description of the non-relativistic quan-
tum mechanics in the rotating frame. We investigate
a charged particle in the rotating frame with a uni-
form external magnetic field applied to it, and use
the path integral description to explain some related
experiments, e.g. the Sagnac effect [6, 7] due to the
coupling between the orbital angular momentum of
the particle and the rotation of the reference frame
(see Ref. [8] for more specific introduction of this ef-
fect), the spin-rotation coupling analog of the Sagnac
effect, and the Neutron interference [9-14] (especially
in Ref. [15] for the experimental observation of the
phase shift via spin-rotation coupling). We also show
the application in the Rabi oscillation problem which
was traditionally solved in the Hamiltonian formula-
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tion [16].

By using the spin path integral description [17]
and connecting it to the Schwinger bosons realization
of the algebra of angular momenta J , we can intro-
duce the part of the action for the spin degrees of free-
dom of a charged point particle in a rotating frame
of reference, and develop the corresponding spin path
integral description. Combining the path integral de-
scription with coordinate variables [18], we can de-
velop the full path integral theory of a point particle
in a rotating frame. We can then derive the phase fac-
tor due to the spin-rotation coupling and its orbital
angular momentum counterpart (the Sagnac effect),
give a path integral solution for Rabi oscillation prob-
lem, and extend the Coriolis force from classical me-
chanics to quantum mechanics, by using the quantum
action principle [19].

The paper is arranged as follows. In Section 2,
we present the total action for the charged particle
in a rotating frame of reference and formulate the
path integral description for the corresponding non-
relativistic quantum mechanics of the point particle.
The spin-orbital coupling is also discussed. In Sec-
tion 3 we give some applications on some well known
quantum mechanical effects, the Sagnac effect and its
spin-rotation coupling extension, the Rabi oscillation

* Supported by National Natural Science Foundation of China (10875129, 10525522)

1) E-mail: tongchen @mail.ihep.ac.cn
2) E-mail: wun@mail.ihep.ac.cn
3) E-mail: yuyue@ihep.ac.cn

©2011 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute
of Modern Physics of the Chinese Academy of Sciences and IOP Publishing Ltd



140 Chinese Physics C (HEP & NP)

Vol. 35

and the operator equation for the Coriolis force. In
these examples, the rotating frame formulations are
more convenient. Finally, we end with some conclud-
ing remarks.

2 The path intergal formalism of
quantum mechanics in the rotating
frame

2.1 Spin path integral and the Schwinger
bosons

To describe the spin degrees of freedom of a non-
relativistic spin s = n/2 particle (with mass m and
electric charge e), we introduce the action [17]

d
ISpin:Jdt |:1¢T&¢_)\(¢T¢_n) ) (1)

where ¢ is a two components bosonic variable, ¢ =
(@', $?) is its Hermitian conjugation, and \ is a La-
grange multiplier. The action (1) is invariant under a
U(2) transformation U : ¢ — U, where U € U(2). To
realize the SU(2) symmetry of spin, one can consider
operations of multiplication modulo some U(1) fac-
tor from U(2), i.e. ¢ —e ¢, ¢ — €' @, by requiring
that all the physical observables be U(1) invariant.
Furthermore, N(¢) = ¢'¢ is the conserved charge
of this U(1) transformation, and is also a physical
observable. Other fundamental physical observables®

= 1
are the conservation charges S(¢) = §¢TE¢ of the

SU(2) symmetry, where & are the three Pauli matri-
ces. In the quantum theory, S(¢) will realize SU(2)
symmetry algebra, which we identify with the spin.
Thus ¢ is a Pauli spinor. In the path integral quan-

tization, S (¢) can be inserted into the path integral
D¢DyDAexp(il /h).

To see the connection between the above spin path
integral and the SU(2) spin algebra more clearly, we
now perform the canonical quantization procedure.
Firstly, i¢! is the canonical momentum of ¢, and the
Hamiltonian for the free spin is trivial. Then ¢ is
now realized as the Schwinger bosons with the com-
mutators [¢*, ¢7] =hs*®, where a, B=1, 2 are the
indices of the spinor ¢. The constraint equation as-

sociated with A will restrict us to the Hilbert space
of n Schwinger bosons (¢T¢p—n) ) = 0, where |¢)

is an arbitrary state of the Hilbert space H; of spin
wave functions, [¢) € H,. The basis of H, can be con-
structed by acting n creation bosons ¢ on the Fock
vacuum?, |ajay - o) = @1 g2 -+ - pon |0), where |0)
is the Fock vacuum which satisfies ¢*|0) = 0. The
spin operators S are realized as

o1,

The action of § on H, turns out to be the s = n/2
representation.

2.2 Spin in the rotating frame of reference

We consider a non-inertial frame of reference S,
which rotates with angular velocity &(¢). Firstly, we
note that in terms of the variables in S, the time
derivative of the spinor ¢(t) should be

do i

E—Qw(t)'&% (3)

this result is the generalization of the similar ordi-
nary dv'/dt+d(t) x ¥, where ¥ is a vector in S frame.
If 7 is the general generator of the SU(2) group, in
the spin-1 representation , we can rewrite J as L:
(Ck)é = —ieyy, here I, 7, k=1, 2, 3. Our general-
ized form (3) is motivated by noticing that under an

infinitesimal rotation (1—i8-7 ), a vector U trans-
forms as®: ¥ — v —1i (567 E) 7= 7+ 60 x v. However,

a spinor ¢ transforms as: ¢ — ¢ — %(55 oo.
Thus, in frame S, the action of the spin is given
simply by replacing the (d¢/dt) of Eq. (1) with d¢/dt

_%wuya¢

i

k<_JM{MTQ%—566)6)¢—AQﬂ¢—nﬁ

d 1
= Jdt [iqﬂ&qsﬂ?(t) . 5¢*5¢—/\ (¢T¢—n)] . (4)
In terms of the path integral quantization, spin in
the rotating frame is described as an insertion S(¢) =
1 _
5([)*6‘(1) in JD¢D¢DA exp(ils/h).
To compare with the Hamiltonian formalism, we

then canonically quantize the action (4). The Hamil-
tonian Hg can be easily got?,

Hs=-&(t)-S . (5)

1)1t is easy to show that an arbitrary physical observable can be written as the function of S(¢) and N(¢).

2)In the full Fock space, one can also construct the spin coherent state |z) by defining it as the eigen-states of ¢, with

#%|z) = 2%|z). The mean value of the spin operator $ on the spin coherent states is (z|5|z) = EZTEZ.

3) The transformation of components is: v! — v! —150% - (Ek)é-vj .

4) The quantization relation of the Schwinger bosons, the constraint equation and the spin Hilbert space Hs are all the same as

mentioned above.
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This result is consistent with Refs. [6, 16].
In the static should

exp [ig,ujdtg-g((b)/h] into the path integration

frame, one insert

to account for the spin-magnetism coupling, where
w=e/2me, g is the g-factor of the particle, and Bisa
uniform magnetic field. The total effect is to change
the action from I for the free spin to I for the spin
in the B field, where Iy is given as

d L
IB=jdt[i¢*&¢—x<¢*¢—n>+gu3-s<¢> -

From action (6), one can easily get the equations
of motion of the Pauli spinors ¢,

dp 1 =

i—+—-guB-cdp=0

g tgomB a9

and its complex conjugation. By using these equa-
tions, one can get the equation of motion of the spin

in magnetic field B

g—i—gngg:O. (7)

Now we can consider the spin-magnetism coupling
in S frame. For brevity, we assume that the angular
velocity & is time independent. B denotes the mag-
netic field in the rotating frame S. To write out the
explicit form of the magnetic field gi,,e, (t) in the static
inertial frame, we first decompose B into the part EH,
which is parallel to &J, and the part B 1, which is per-
pendicular to &. The magnetic field in the static frame
can then be written as By (t) = B+Be“+B e !,
where the additional factors e and e™'“! are due to
the rotation of SV. Now, actions (4) and (6) should
be jointed together into the action Igg,

Ips = Jdt [W%Gﬂ (@+guB)-S(6)—No'¢—n)| .
(8)

In terms of the canonical quantization, the Hamilto-
nian in S is Hgg:

Hps=—gpB-5-3-S, 9)
which is in agreement with the previous results [16].
2.3 Include the position variables

In a uniform magnetic field, the spatial part I, of
the total action can be written in terms of the vari-
ables of S:

L= [a ]t df+ﬂx* 2 V(Z)
. = 2m & OX T T

—EJdt/f(:E’)- (% +(;xf), (10)

c

where V(%) is the potential energy of the particle in
the static inertial frame, the vector potential A(Z)

R 1~
can be written as A(z) = —=B x & for the uniform

magnetic field that we are considering. Thus, I, can
be rewritten as

I —J'dt Lo (4 2+ (*+ é) iy 47
T 2"\ 1 T T
—Jdt

—mu(ﬁxf)-(ﬁxf)]. (11)

V(&) - %m((ﬁxf)z

Furthermore, in the path integral quantization, one
should include the factor JDf exp(il, /h).

In the canonical quantization to (11), we take &
as the canonical coordinates, the canonical momenta
of & can be easily gotten:

dz -
ﬁ_m<d—f+wxf+u3xf). (12)
Finally, the Hamiltonian reads
(s
sz——(B *)-L Vi (Z) 13
o +& ) L4 Vese (7) (13)
where L = 7 x p is the angular momentum opera-
tor, and the effective potential Vi (Z) is given by
1 . .
Vs (7) :V(f)+§u2m(3 xa?) : (Bxf).

Thus, after including the part I, for the position
variable, the action I for the spin s =n/2, mass m,
charge e particle in rotation frame S with an external
magnetic field B can be written as

The corresponding Hamiltonian is H = Hgs+ H,,.
2.4 Spin-orbital coupling

We now discuss the coupling between the spin and
the spacial variables by treating it as a perturbation
to I.

In the static frame, the simplest term that pre-
serves the parity is

. A7 -
mé(7)8(¢)- [:E‘x (d—f B x fﬂ . (15)
where the small factor (%) is an arbitrary function
of . For the hydrogen atom,
. 1
E@) =5 =

2m |Z|

[y

dVo(Z)
djz| -

1) To get the expressions of éir and éi explicitly, one can choose the coordinates to make the plane which is perpendicular to

& being z-y plane, then Bj_ = éi —i—iéi and Ei = éi —iéi’_.
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where V(Z) is the Coulomb potential.
frame, we have the perturbation term:

dz . .
(16)
Thus in path integral quantization, we should
exp(ilsps/h) into the path integration
JD¢D$D,\D5 exp{il/h}. In the canonical quanti-
zation, the contribution of spin-orbital coupling is
just the usual perturbation Vis=&(Z) L-S.

Then, in §

insert

3 Applications

We now apply the general formalism on some well-
known quantum mechanical effects or experiments
concerning rotating frame of reference to give some
unified interpretations of the formalism.

3.1 Neutron interference

In the neutron interference experiment, earth is
the rotating frame S. The coupling between the an-
gular momentum and rotation of the frame will give
rise to a phase shift Ap. The relevant terms of the ac-
tion are the kinematic term I, plus the term I, which
contributes to the inertial force, where

A_Fﬂl C§)+w*¢ A6 ﬂ,an

I = Jdt [m (:v x %) +S(¢)] (18)

In the interference experiment, the term exp(il,/h) in
the path integration brings a phase factor

exp <i§-7§dw> -exp { 2”;“’ : ; 7{3 (T x dx)} (19)

1 -
where the term 3 $(F x dT) is just the area Ac sur-

rounded by the moving path of the neutron, and § d¢w
equals 27'W, where T is the flying time of the neutron.
Thus, the total phase shift

2 — -,
Ap= ﬁ(mAc +T5) -, (20)

in which the first term is the so-called Sagnac effect
[6]. In terms of the Hamiltonian formalism, the rel-
evant terms are H, = —dJ- (E+§), which has been
derived to explain the interference experiment done
before.

3.2 Rabi oscillation

In the nuclear-magnetism resonance experiment,
a magnetic momentum gu is coupled to a control-

lable magnetic field §|| and a transverse rotating field
Bte'4+BTe ' in the static frame. The problem can
be solved more easily in the frame S rotating along
the direction of EH with the angular velocity &. The
relevant terms in the action are the kinematic terms
Isy, plus Ig,:

@k_JwLw b6 6 )} (1)

— Jdt (ﬁ+gu1§) S(o). (22)

At the resonant frequency & = —gugu, the factor
exp {h J'dt(guBL S)] will cause the state of the spin

to oscillate between the up and down state with os-
cillating frequency
gp|B.|
2h
In the more general case the oscillating frequency (2
is given by (22 = [(J)’—&—gugu)ﬂh}z +wi. All these
results can also be derived from the Hamiltonian
HBsz—gug-g—J-g.

(23)

WRr =

3.3 Coriolis force in quantum action princi-
ple

We now discuss the equation of motions in the ro-
tating frame S derived by using Schwinger’s quantum
action principle to see the quantum extension of the
ordinary non-inertial force in the classical theory, i.e.
the Coriolis force.

The relevant term I of the action is

1 /dz\* . (. dF
Ic = J'dtlgm<g> +mw-<zxa)

1
V(@) + Em((ﬁ X 95’)2] . (24)
The quantum action principle [19] tells us
(¢)8Ic|th) = 0. In virtue of the variation of Io we
find the equations of motion:

wi> = 07

<wf ¢7 A IV ()
(25)

2m— X & +mw’F
dt2 dt + i or
which is just the quantum mechanical generaliza-
tion of the ordinary Newton equation in the rotating

-

d
frame. The term Jdt mo- <:E’ X d—f) is the origin of the

A7
Coriolis force 2ma x —. In terms of the Hamiltonian

formalism, the Coriolis force comes from the term
(_w : E) of the Hamiltonian H = 52 /2m—a-L+V (Z).
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4 Concluding remarks

We have shown the path integral formalism of
the non-relativistic quantum mechanics of a charged
point particle in a rotating frame of reference, and
give some discussions on the applications of the for-
malism. There are many kinds of rotating frames
in both nature and technology, especially in many

spin systems. To show the quantum properties of
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