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Abstract: By following the Foldy-Wouthuysen (FW) transformation of the Dirac equation, we derive the exact ana-

lytic expression up to the 1/M" order for general cases in the covariant density functional theory. The results are com-

pared with the corresponding ones derived from another novel non-relativistic expansion method, the similarity

renormalization group (SRG). Based on this comparison, the origin of the difference between the results obtained
with the FW transformation and the SRG method is explored.
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1 Introduction

The Foldy-Wouthuysen (FW) transformation, also
called the Pryce-Tani-Foldy-Wouthuysen transformation
[1—-4], was initially formulated around 1950 to describe
the non-relativistic limit of relativistic electrons. A great
advantage of the FW transformation is the simple form of
operators corresponding to classical observables. This
transformation for spin-1/2 particles was soon extended
to the cases of spin-0 and spin-1 particles [5], and later
generalized to the case of arbitrary spins [6]. Recently,
the exact form of the exponential FW operator for a
particle with an arbitrary spin was given in Ref. [7].

The FW transformation is also an elegant method for
non-relativistic expansion of the Dirac equation [8]. One
milestone of its applications in atomic physics was that,
using the FW transformation in the presence of external
fields, the fine structure [9, 10], describing the splitting of
spectral lines of atoms due to the electron spin and the re-
lativistic corrections to the non-relativistic Schrodinger
equation, was successfully testified [8].

Due to its elegant and powerful scheme, the FW
transformation has been applied in very diverse areas,
such as electrodynamics [11, 12], atomic physics [13,
14], condensed matter physics [15—17], optics [18—20],
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acoustics [21], quantum chemistry [22—27], nuclear phys-
ics [28, 29], quantum field theory [30], gravity [31-34],
in the theory of the weak interaction [35, 36], and even in
the scheme of supersymmetric quantum mechanics [37].
In recent years, the FW transformation has also been dis-
cussed in a gravitational wave background of the general-
ized Dirac Hamiltonian in the non-relativistic limit
[38—-40].

Nevertheless, in most of the above studies and applic-
ations of the FW transformation, only the leading-order
terms were derived and treated, such as the relativistic
correction to the kinetic energy appearing up to the order
of 1/M? (with M the bare mass of the particle), and the
correction due to the spin-orbit coupling and the Darwin
term appearing in the order of 1/M? [8]. Recently, the FW
non-relativistic expansions have been carried out up to
the order of 1/M7 [41], and even 1/M'* [42]. Neverthe-
less, such derivations are valid only for a family of poten-
tials with certain properties.

For systems of atomic nuclei, the covariant density
functional theory [43—45] is one of the state-of-the-art
methodologies. During the past decades, it has achieved
great success in describing various nuclear phenomena in
both stable and exotic nuclei. In this theoretical frame-
work, the equation of motion for nucleons is described by
the Dirac equation which includes not only the strong

* Partially supported by the JSPS Grant-in-Aid for Early-Career Scientists (18K13549), the JSPS-NSFC Bilateral Program for Joint Research Project on Nuclear
mass and life for unravelling mysteries of the r-process and RIKEN Pioneering Project: Evolution of Matter in the Universe

1) E-mail: haozhao.liang@riken.jp

©2019 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese

Academy of Sciences and IOP Publishing Ltd

114105-1



Chinese Physics C Vol. 43, No. 11 (2019) 114105

vector potential V(r) , but also the strong scalar potential
S(r), whose typical values are V(r)~300 MeV and
S(r) ~ =350 MeV, while the mass of nucleon is M =939
MeV. As a result, the non-relativistic expansion of the
single-nucleon Dirac equation is non-trivial, and its high-
order terms have to be derived and verified carefully.

In 2012, Guo [46] applied the similarity renormaliza-
tion group (SRQG) [47, 48], instead of the FW transforma-
tion, for the non-relativistic expansion of the single-nuc-
leon Dirac equation up to the 1/M?> order for investigat-
ing the nuclear pseudospin symmetry [49]. Using the
SRG method, the Dirac Hamiltonian is gradually trans-
formed into a diagonal form with the evolution con-
trolled by the flow equation. As a result, the eigenequa-
tions for the upper and lower components of the Dirac
spinors are decoupled at the end of the flow. Also, the
non-relativistic reduced Hamiltonian thus obtained is
Hermitian, and can also be expanded into the series in
terms of 1/M'. To achieve the accuracy of single-particle
energies at the 0.1 MeV level, we demonstrated recently
that the 1/M*-order terms are needed, and presented a de-
tailed derivation and results in Ref. [50].

Both the FW transformation and the SRG method
provide a systematic way to carry out a non-relativistic
expansion of the Dirac equation up to an arbitrary order.
However, the FW transformation employs finite steps of
unitary transformation, while the SRG method employs
infinite infinitesimal unitary transformations along the
flow. Therefore, it is interesting and important to invest-
igate the similarities and differences between these two
approaches.

In this paper, we perform an exact non-relativistic ex-
pansion of the single-nucleon Dirac equation up to the
1/M* order by using the FW transformation. We also in-
vestigate the difference between such results and those
obtained by the SRG method.

The paper is organized as follows. In Section 2.1, the
SRG method is first recalled and the expansion up to the
1/M* order is shown. The new expansion up to the same
order using the FW transformation in a general case, such
as the inclusion of the scalar potential, is derived in Sec-
tion 2.2. The specific form of the result in spherical sym-
metry is presented in Section 3.1, and the difference
between the SRG and FW results, as well as the origin of
the difference, is investigated in Section 3.2. Finally, a
summary and perspectives are given in Section 4.

2 Theoretical framework
2.1 Non-relativistic expansion by SRG

In the theoretical framework of covariant density
functional theory [43—45, 51-56], the Dirac Hamiltonian
for nucleons reads

H=a-p+BM+S)+V, €))

where @ and B are the Dirac matrices, M is the mass of
the nucleon, and § and V are the scalar and vector poten-
tials, respectively. In this section, we recall the technique
of SRG [47, 48] and show the results up to the 1/M* or-
der [46, 50].
The basic idea of SRG is that the Dirac Hamiltonian
in Eq. (1) is transformed by a unitary operator U(J) as
H() = UHU(l), H(0)=H, )

with a flow parameter /. While U(/) is not known expli-
citly, an anti-Hermitian generator n(/) related to U(l) as
n(l) = dU(I)U (D) i1s chosen, and the Hamiltonian H(l)
evolves Wlth the differential flow equation
dH(l
LD — i, o, 3)

One of the convenient and appropriate choices of n(l)
reads [48]
n() =[BM,H(D)], “4)
which transforms the Dirac Hamiltonian into a diagonal
form.

For solving Eq. (3), the Hamiltonian is first divided
into two parts:

H() = () +o(D), (5)
according to the commutation and anti-commutation rela-
tions with respect to B, i.e., [¢,8] =0 and {0,8} =0. As a
result,

D _ smpoo, (6)

S
2D = 2mpto), (01, (6b)

with the initial condltlons
e0)=BM+S)+V, 0(0)=a-p. 7

Equations (6a) and (6b) can then be solved with the
expansion into the series of 1/M' [48], which gives

&) _ i £i(A)

Moo ou &
o(d) = 0(A)
PR @b

=1
while the flow parameter is replaced by a dimensionless
parameter 1 = [M>. The solutions are obtained as [46]

A n—1

£n(D) = £2(0) +4B Zok(a Jonk()dA, (%)

A n—1

0n(A) = 0,(0)e ™! +2pe™ f D [e o), 0k (1)1,
0 =

k=1 9b)

with the initial conditions,
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£0(0) =B, if n>2,

010)=a-p,

£1(0)=p5+V, €(0)=0

on0)=0 if n3>2. (10)

Therefore. at the end of the flow A — co. all the off-di-

agonal parts vanish, i.e., 0,(c0) =0 for all n. The diagon-
alized Dirac operator up to the 1/M* order is not difficult
to obtain as [50]

Hsrg =&(00) = Meg(e0) +£1(0) + 82(00) * 831\5[020) 835120) * 85]\51(10) +
1 1
=Meo(0)+£1(0)+ mﬂ(ﬁ(o) + 8M2 23 [[010),£1(0)],01(0)] + 32M3'8(_40?(O) +[[01(0),£1(0)],£1(0)]01(0)

+01(0)[[01(0),£1(0)],£1(0)] = 2[01(0),£1(0)][01(0), £ (0)]) +

1
Taap (~Oll010),£1(0)1,0](0)] +3[01(0),£1(0) &1 0)

+381(0)[01(0),£1(0)]> = 6[01(0), £1(0)]e1(0)[01(0),£1(0)]
+3[01(0)[01(0),£1(0)]01(0),01(0) + [[[[01(0),31(0)],.91(0)],81(0)],01(0)]) +

2.2 Non-relativistic expansion with the FW transforma-
tion

In this section, we perform the exact non-relativistic
expansion of the single-nucleon Dirac equation up to the
1/M* order by using the FW transformation for a general
case, in particular for the scalar potential.

According to the FW transformation in the presence
of external fields [2, 4, 8], the corresponding operators
are defined as

i
O=a-p.  e=pS+V. A=-5-p0.  (12)
where the operators O and & satisfy OB=-BO and
&B = Be, respectively. The Hamiltonian (1) reads
H=pM+0+e. (13)

Based on the above definitions, the Dirac Hamiltoni-
an is transformed by a unitary operation into [8]
2

H' =eMHe N = H+i[A, H] + %[A, [A,H]]
++£[A,[A7,[A’H]]]+ (14)
where
i" nn nn=l) ﬁ” 7 n+1
n: —————
1
+5[0’ [07 : 9[0a8]]])
~— ———
(15)

Keeping all the terms up to the 1/M" order, the unit-
ary transformed Hamiltonian reads

n+l
G-k fe— 1
H o _ﬂM+s+Z( 1)) AT

+Z( )

,Bk_ 1 Ok

k(k=1) ﬁk

2k Mk e 219

k

-,[0,&]---1]. (16)

(11)

For example, the corresponding result up to the 1/M*
order is
1

l/M4 =M +¢e+ _,802 3M2 8M31804
NETT ﬁﬁ[o’g] g Mz —510.10.¢]]
! 1
= 2P0 10.10.61ll + 2 510.10.[0.10.£111).

(17)
In the unitary transformed Hamiltonian, e.g., Eq. (17),
the off-diagonal parts are not zero but raised by one or-

der from O to —p[0, ] (plus higher-order terms). In or-

der to make the off-diagonal parts vanish, more precisely
speaking to make them higher than a given order, one
should repeat the FW transformation until the accuracy is
achieved [8]. For that purpose, the operators O and & can
be redefined according to Eq (17), and one has

_ [P 1 4
& =&+ B0 - 8M2 o\010.ell - =50
0,[0,[0,[0, 18
384M4[ [0.10,[0.e]111, (18a)
0 =—p[0,¢] - L 0,10,[0,
ZMﬁ[ €l EYYe 48M3’8[ elll
1
0, 18b
" 300 (18)
i
N =-—p0'. 1
52780 (18¢)
The corresponding FW transformation reads
H = eiA’H/e—iA" (19)

It can be seen that the off-diagonal parts in /" are of
the order of 1/M?. Therefore, one should repeat this pro-
cedure to H””” to make the off-diagonal parts of the or-
der of 1/M°. Of course, to get the resultant diagonal parts
in " up to the 1/M* order, a recursion technique makes
the calculation less complicated than it looks.

As a result, the non-relativistic expansion with the
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FW transformation up to the 1 /M4 order reads

Hrw =BM + &+ Lﬁ02 - —[0 [0,e]] - —/304

SM?
-2 M3/3[0 £1[0. ]+

1
eapr O010:10:10.2]111]

[0,€]]0,¢e]e

+ [03,[0,€]]+

12Mm* 32M*

[0,€]e]0,e]l+ ——€]0,€][0, £].

1 1
16M* 32m*
(20)

3 Results and discussion

3.1 Results for spherical symmetry

For the systems with spherical symmetry, i.e., for
spherical nuclei, the corresponding radial single-nucleon
Dirac equation reads [43—45]

d «
XnN+M ——+-
LAy (g(r)):E( g(r) ) @
S8 Aam-m VO (")
dr r
where « is a good quantum number defined as

k=F(j+1/2) for j=1x1/2, and ()= V(r)+S(r) and
A(r)=V(r)—S(r) are the sum and the difference of the
vector and scalar potentials, respectively. The single-
particle energy E = &+ M includes the mass of the nucle-
on. The operators ¢ and O read

(=) 0 B P
‘( 0 A ) 0= 4.« ror - @2
dr r

According to Eq. (20), the Dirac Hamiltonian is trans-
formed by the FW transformation as

o e M O(MS) (23)
o) 5]

where the superscripts (F) and (D) represent the compon-
ents of the Dirac Hamiltonian acting on single-particle
states in the Fermi sea and Dirac sea, respectively. It is seen
that the off-diagonal parts are not strictly zero, which is
different from the results of SRG, but are of higher order
than the required one. Focusing on single-particle states
in the Fermi sea which correspond to their counterparts in
the non-relativistic framework, the explicit expansion
of 7{1(:};3/ up to the 1/M* order is worked out in detail as

H' oy = (1), (24a)
1
Hipw = 5777 (24b)
F  _ ’ ’ ”
v = g 457 +4sd rA +37),  (24c)

d
® = (—p4+4S2p2 ~858' - -25%"
r

3 FW — M3
145 A’ N ) (24d)
(F) 4 ’ 2 K
- 14458 p* —288S + [72A -
Hi =Sz | 145 b r
~24(45" +95") - 19283 | p* + [72A’£2
5
//K 2 1273 2¢7 d
_72A" K £ 24387 +4577) + 576828 ]d—
r
1 1
~12(55'-36S )K( KD L aessre 125")’“’“r )
—72A’— +72A” 36A"’ 288S2A’ +335""
+144823” +248 z’(zz’ - 6A')] }
(24¢)
where
d>  k(k+1)
2
=—— 4 , 25
p dr? r2 (25)
and
p4 :d_4_2K(K+1)d_2 4K(K+l)i
drt 2 dr? 3 dr
+K(K+1)(K+3)(K—2). (26)

’,4

In contrast, the Dirac Hamiltonian transformed by the
SRG method reads

HE +m 0
SRG 27)
D) (
0 7{SRG

Its off-diagonal parts strictly vanish up to infinite or-
der. According to Egs. (11), the explicit expansion of
HE up to the 1/M* order reads [50]

Hl oo = (). (28a)
1
F  _ 2
H\'orG = 2Mp (28b)
1 K
() ’ ’ ”
Hy' g = 8M2( 48 p* +4S' — d ~2-A'+X ) (28¢)
HE) U (4t 4 165202 —3255" L —gs5

3SRG “3pp3 \ 7 b dr

H6SA K o2y 42’A’), (28d)
r

1
) 4 r. 2
‘H4,SRG LTIV {48Sp -96S'p Ep

+ [24A' K 24z +35")— 645 3] »?
r

d
+ [24A' B 2475 1 24(8” +57) 4+ 192528 ] =
r r dr
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k(k+1)
3

k(k+1)
2

+|-12(%' - 1257)

FI2(Z" +4S") ~24N' S 12407 5
r r

—1207% _9652A' K 1957 4 48525
r r

+248 /(X - 2A’)]}. (28¢)

3.2 Comparison between FW and SRG approaches
By comparing Eqgs. (11) and (20), it is found that

Ho src — Horw =0, (29a)
Hisrg — Hirw =0, (29b)
Hy sk — Horpw =0, (29¢)
B 2
_ = 2
Hsre —Hapw = - 51107 el e, (29d)
1 2 2
Hasre —Hapw = 711076, 07
1 P
+ oo (185, 0%1-216,0201) .

(29¢)

This result seems to indicate that the FW transforma-
tion and the SRG method agree with each other up to
the 1/M? order, but they lead to different results starting
from the 1/M? order. However, considering the infinite
mass limit M — o, all expressions should be strictly or-
ganized order by order, and thus the difference between
Egs. (27) and (23) in the 1/M° order cannot lead to the
differences of the results in the 1/M> and 1/M* orders.
This puzzle needs to be further investigated.

It turns out that the difference shown in Eq. (29)
comes from an additional unitary transformation, after the
Dirac Hamiltonian is decoupled into the upper and lower
parts. Let

iB i
- 32M3 " 128M°

This is a Hermitian and diagonal operator, i.e., E = =
and BE = EB. Acting an additional unitary transformation
on Hew, it reads

CiE WFW e_’E = WFW + i[E,q‘(Fw] +--e (3 1)
Keeping all terms up to the 1/M* order, the result is
1
32M3 64M*

[([52, 0% -2le, 050]) ,g] ,

—
(en—
—_— =

(0%, €] (12, 0*1-2[£.0£0]).  (30)

&= Hpw e = =Hpw + [[0%,&],&] + [[0%¢1,0°]

1
1280
(32)
which is nothing else but Hsgg.
In the spherical case, the explicit expressions for op-

[[0%,¢l.¢], [[0%,¢],0%)], and

erators

32M3 64 M* 128 M*

[([82,02] -2le, 080]),3] , acting on single-particle states
in the Fermi sea, respectively read
1

—Wz’{ (33a)
d k(k+1) k(k+1)
n2 "= ’ _ ” R~
e [42 i e
(33b)
1 ,
S 2 (33¢)

These equations explain the difference between Egs.
(24d) and (28d), as well as between Egs. (24h) and (28h).

Since e~F is an additional unitary transformation act-
ing on the already decoupled Hamiltonian, it does not af-
fect the non-relativistic expansion of the Dirac equation,
and the single-particle spectra obtained by the FW trans-
formation and the SRG method are the same.

The unitary transformation e "= is equivalent to a rota-
tion in a linear and closed complex space, and in quantum
mechanics, the operation or rotation in such a space
should be associated with a corresponding generator.
However, in the present context, it is nontrivial to write
down a general expression for such a generator, or derive
a conserved quantity that is asymptotically related to a
generator up to an arbitrary order. This is because the
number of unitary transformations from the FW results to
the SRG ones would in principle be infinite, since the
SRG method employs infinite infinitesimal unitary trans-
formations along the flow. Therefore, the physics behind
the introduced unitary transformation is open for future
studies.

4 Summary and perspectives

In this work, we investigated the non-relativistic ex-
pansion of the single-nucleon Dirac equation in the theor-
etical framework of covariant density functional theory
for a general case where the scalar potential is included.
We worked out the exact analytical expansion up to the
1/M* order using the FW transformation. A further in-
vestigation of the difference between Egs. (27) and (23)
explained the puzzle that a disagreement seems to appear
between the results obtained with the FW transformation
and the SRG method, i.e. the non-relativistic expansion of
the Dirac equation is affected, but the single-particle
spectra obtained by the FW transformation and the SRG
method are the same.

The non-relativistic expansion of the Dirac equation
for nuclear systems using the FW transformation has
been extended to as high orders as needed. Similarly to
the SRG method, we anticipate that this novel non-re-
lativistic expansion method will establish in future stud-
ies a potential bridge between the relativistic and non-re-
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lativistic density functional theories. In particular, with
the present FW transformation, all unitary transforma-
tions involved are in an explicit form. This leads in a

straightforward way to the corresponding

transforma-

tions of the other relevant operators, such as the one-body
density operators.
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