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Abstract: A production representation of partial-wave S matrix is utilized to construct low-energy elastic pion-nucle-

on scattering amplitudes from cuts and poles on complex Riemann sheets. Among them, the contribution of left-hand

cuts is estimated using the O( p3) results obtained in covariant baryon chiral perturbation theory within the extended-

on-nass-shell scheme. By fitting to data on partial-wave phase shifts, it is indicated that the existences of hidden poles

in S;; and P, channels, as conjectured in our previous paper [Eur. Phys. J. C, 78(7): 543 (2018)], are firmly estab-
lished. Specifically, the pole mass of the S;; hidden resonance is determined to be (895+£81)—(164+23)i MeV, where-
as, the virtual pole in the P;; channel locates at (966+18) MeV. It is found that analyses at the O(p3) level improves

significantly the fit quality, comparing with the previous O(pz) one. Quantitative studies with cautious physical dis-

cussions are also conducted for the other S- and P-wave channels.
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1 Introduction

Pion-nucleon (xN) scattering, as one of the funda-
mental processes of low-energy quantum chromodynam-
ics (QCD), has been extensively studied since the middle
of the last century, see e.g. Ref. [1]. Up to now, there ex-
ists a wealth of long-time accumulated experimental data
on differential cross section and polarizations [2]. To de-
code the inherent physics, efforts have been devoted to
performing partial wave analysis (PWA) of the nN scat-
tering amplitudes by groups: Karlsruhe [3, 4], Matsinos
[5], GWU [6], etc. Pole information about excitations,
e.g. the Roper resonance N*(1440) [7], can be extracted
from PWA, usually relying on various phenomenological
models used in the analyses. However, a modern study of
7N scatterings is no longer restricted to the extraction of
the nucleon excitations, but aims at a precision descrip-
tion of the 7N amplitudes, not only in the physical region
but also in the subthreshold region, and offers reliable in-
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puts for any other related physics, for instance, 7N sigma
term serving as a crucial input for the interpretation of
dark-matter searches [8, 9]. As such, it is necessary to
perform investigations in a model-independent way so as
to gain an overall understanding of the underlying dy-
namics of 7N physics.

At low energies, baryon chiral perturbation theory
(BChPT) is one of such model-independent methods in
the study of 7N scatterings. As an expansion in powers of
external momenta and light-quark masses, BChPT relies
on a hierarchy of the contributions (Feynman diagrams)
known as power counting. The presence of baryon fields
as explicit degrees of freedom introduces new scales that
do not vanish in the chiral limit, leading to the occur-
rence of power counting breaking (PCB) terms [10] in
loop diagrams. In the past thirty years, to remedy this is-
sue various approaches have been proposed: e.g., the
heavy baryon (HB) formalism [11, 12], the infrared regu-
larization (IR) prescription [13, 14], and the extended-on-
mass-shell (EOMS) scheme [15-17] (see also Ref. [18]
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for extension beyond low-energy region). Consequently,
analyses on low-energy as well as resonance region of 7N
scatterings have been done in the various approaches, see,
for example, Refs. [19-29]. In particular, results obtained
in the EOMS scheme has proven to be more suitable for
amplitude analysis in the sense that, compared to the oth-
er schemes, the analytic structure of the calculated phys-
ical quantities is properly kept [30-32]. Though great
achievements have been gained using BChPT with
EOMS scheme, one should still keep in mind that those
results only fulfill the unitarity perturbatively. To restore
exact unitarity, a plenty of unitarization methods have
been developed, but with shortcomings like violation of
analyticity, breaking of crossing symmetry, etc.. Thus,
more rigorous model-independent tools are required.

A rigorous manner is to construct partial-wave aN
amplitudes under the guidance of the axiomatic prin-
ciples of S-matrix theory, such as unitarity, crossing sym-
metry, analyticity and so on. Attempts in this direction
have been performed in Refs. [33-36] by imposing dis-
persion relations. Likewise, the recent Roy-Steiner (RS)
equation analysis in Refs. [37, 38] is an alternative and
has gained great achievements in the description of 7N
physics. More recently, in Ref. [39], a fresh look at low
energy N scatterings has been established with the help
of the Peking University (PKU) representation [40-43], a
production parametrization of partial wave S-matrix on
the whole complex plane for two-body elastic scattering
amplitudes. In this paper, we intend to carry out a more
comprehensive study of the partial wave nN scattering
amplitudes using PKU representation.

The advantage of the use of the PKU representation is
two-fold. On the one hand, it is suitable for pole analysis.
The PKU representation separates partial waves into vari-
ous terms contributing either from poles or branch cuts.
The corresponding phase shifts extracted from PKU rep-
resentation are sensitive to subthreshold poles, enabling
one to determine pole positions rather accurately. Fur-
thermore, each phase shift contribution has a definite
sign, which makes possible the disentanglement of hid-
den poles from a background. On the other hand, it re-
spects causality honestly. In the PKU representation, the
pole contributions are regarded either as hidden poles or
as known poles fixed by experiments, while the cut con-
tribution is estimated from perturbative BChPT amp-
litudes and uncertainties from such an estimation is
known to be severely suppressed. Importantly, the philo-
sophy of the PKU representation is not to directly unitar-
ize the amplitude itself, instead, it unitarizes the left-hand
(and inelastic) cuts of the perturbative amplitude and
hence hazardous spurious poles, violating causality, can
be avoided [44]. In addition, the consistency of that rep-
resentation with crossing symmetry is already examined
in Refs. [45, 46].

In Ref. [39], the application of the PKU representa-

tion to pion-nucleon scatterings has led to very interest-
ing findings: a resonance below 7N threshold (denoted as
crazy resonance for short) in the S;; channelis dis-
covered for the first time, and a companionate virtual
state of the nucleon in the P;; channel is found. Those
findings are drawn with the left-hand cuts ( LA.c.s) estim-
ated by tree-level BChPT amplitudes. That is, only the
kinematical cut (—co,(My—m;)?] and the segment cut
(M3, —m2)* /M3, M% +2m2] due to the u-channel nucleon
exchange are taken into account, where My and m, are
physical masses of the nucleon and the pion, respectively.
In fact, as demonstrated in Refs. [47, 48], the full struc-
ture of the Lh.c.s for 7N scattering contains a circular cut
as well. Thus the motivation of this work boils down to
two aspects as follows. Firstly, we intend to consider the
whole structure of the LA.c.s and verify that the S, hid-
den pole still exists in O(p?) analysis. Meanwhile, the
O(p?) calculation also provides cross-check of the O(p?)
result in the P;; channel. Secondly, since the O(p?) calcu-
lation is expected to determine the contributions from
left-hand cuts more precisely, we try to scrutinize the
minor discrepancies in the other channels, which were not
able to be fitted well in O(p?) case. Note that the one-loop
BChPT amplitudes are renormalized within the EOMS
scheme mentioned above. The utility of EOMS-renormal-
ized amplitudes guarantees the correct analyticity beha-
viour as required by the foundation of PKU representa-
tion, i.e., the principles of S-matrix theory.

In Sect. 2 basic formalisms of BChPT, partial wave
projection and the PKU representation are introduced.
Sect. 3.1 collects the numerical results of the known con-
tributions used in the PKU-representation analysis at O(p*)
level, then in Sect. 3.2 the two hidden states, pointed out
in Ref. [39], are examined and, meanwhile, the other four
S- and P-wave channels are also studied. The scattering
length and effective range parameters for all the S- and P-
waves are estimated in Sect. 3.4. Finally, conclusions and
outlook are made in Sect. 4. Appendices. A.1 and A.2 ex-
hibit the calculations of the chiral amplitudes for tree dia-
grams and one-loop diagrams respectively, while Ap-
pendix. A.3 shows the procedure of renormalization and
EOMS subtraction. In Appendix. B the uncertainties of
the contributions from /. 4.c.s are discussed.

2 Theoretical framework

2.1 Formal aspects of 7N scattering amplitudes

The isospin structure of the 7N amplitude can be de-
composed as

, , 1.
T(x+ N — 7+ Np) = x| (5MT++§[T“,T“JT‘ vis ()

where y; and y¢ correspond to the isospinors of initial and
final nucleon states, respectively. The amplitudes with
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. . 13 .

isospins [ = 725 can be obtained by
T2 =T7% 4217, 2
7= =17, 3)

As for the Lorentz structure, for an isospin index

13
I e {5’5} orl e{+,-},

T =u(p’,s) Al(s,t)+%(q+ 4B (s,0)|ulp,s), (4

where s = W? = (p+¢)?, t = (p’ — p)* are Mandelstam vari-
ables, and ¢ (p) and ¢’ (p’) are the 4-momenta of initial
and final state pions (nucleons), respectively. A and B are
scalar functions of s and .

One can substitute the nucleon spinors u(p,s) and
u(p’,s’) in Eq. (4) by helicity eigenstates in the centre of
mass frame to obtain the following helicity amplitudes

1+z,\:
TL:( ;Z) [2MyA(s,0) + (s —m2 — My)B'(s,1)],

1-z\' _,
Ti_:-( 2Z°) ST (s —m2 + M)A (s,1)

+ My(s+m2— M3)B'(s,0)], (5)

the first and second subscripts refer to the helicities of the
initial and final nucleon respectively, and subscripts "+"
are shorthands for helicity £1/2; z; = cosd with 6 the scat-

tering angle. The partial wave amplitudes for total angu-
lar momentum J can be written as

1 1
1,J
++ = SE B dZSTi+(S, t(ssZs))dil/zw_l/z(Zs) s
1 = L (T (sts. oty . (6)
+— 32, +— 1/2,-1/2

where ¢’ is the standard Wigner d-function. Finally one
can get the six S- and p- wave amplitudes (in Ly; ;5 con-
vention) as follows:

1/2,1/2 1/2,1/2
T(Sy)=TY?2 4212
3/2,1/2 3/2,1/2
T(S3) =T} 2+ 117
1/2,1/2 1/2,1/2
T(Pyy)=TY/2"? -T2

T(Py) = T2 _ 32172

T(Pi3) =T+ 112

T(P33) =T+ 13297 (M
Throughout this work, the partial-wave label Ly;,; is al-
ways suppressed if no confusion is caused.

The branch-cut structure of the partial-wave pion-
nucleon scattering amplitudes is generally discussed in
Refs. [47, 48] with details, which can be shown schemat-
ically in Fig. 1. It is worth stressing that the circular cut
stems from the 7 channel continuum [4m2,4M3,], which is
absent at O(p?) level but starts to appear at O(p?) level.

Fig. 1.

The branch cuts of the partial wave nN elastic scattering S matrix on the s plane (schematic drawing). The cuts are represen-

ted by thick lines and circle. The right hand cut corresponds to the line [sg,+0), and all the others are left hand cuts. The following
abbreviations are used: sp = (My —my)?, sg = (My +my)* and s, = M% +m?. The gray disk indicates the BChPT valid region character-
ized by the convergence radius r,. The intersection of the BChPT convergence circle and the on-axis left-hand cuts is denoted by s..

2.2 Perturbative BChPT description

The A and B scalar functions in Eq. (4) can be calcu-
lated perturbatively by invoking BChPT. In the frame-
work of covariant BChPT of SU(2) case, the nucleon

field is notated as N, and the pion as u-field

u= exp(ﬁ) ,

°F (®)

where F is the pion decay constant in the chiral limit and
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7 stands for Pauli matrices in the flavour space. Relevant
pieces of chiral effective Lagrangians for a calculation up
to the leading one-loop order, i.e., O(p?) level, are shown
as follows [49]:

_ 1
Lo = N(uo—M+5gw5)N, ©)

2
4M
+ %(u"u#)NN— %Ny”yv[u",u"]N, (10)

LE) =c1(¢INN — —= ('’ YN D, D,N +h.c.)

_ di+dy
4M

'LJ(TSI\)7 = {N[u,ushvﬂ](DvN)'Fh.C.}

+ (N[w: [Dy 1) | (D" N) +hc

d3
12M3
ds (. - dis—dis
+m{1N[)(,,uﬂ](D”N)+h.c.}+ 3,

x (iNo*" ([ Dyt |ty = [ Dy 1 ])(DPN) + hoc.

dig - idig -
SNV N + RV [ Dyx-IN . (1)

Here M and g are the mass of the nucleon and the axial
current coupling constant in the chiral limit, while ¢;s and
djs are low-energy coupling constants (LECs); (---)
means matrix tracing in the flavour space. Furthermore,
the relevant building blocks are [49]

D,=0,+T,,
1
T,= E[M(aﬂ —iru+u(@d, —il)u'],
Uy = i[u"'(au —ir u—u(d, - ilﬂ)uf] ,
xe=ulyu' xuytu,
X =2By(s+ip),
ht =[D,,u"]+[D",u,],
D" = DHDYDP + - - (all permutations of{u,v,p}), (12)

with [, 7, s, p being external sources and By a constant re-
lated to quark condensation. Finally, the interaction ver-
tex of four pions is also relevant to the O(p?) calculation,
and the following pion-pion interaction Lagrangian [50]
in pure meson ChPT is needed

o _F
Lz = T(uﬂuu +X+) - (13)

With the above Lagrangians, it is readily to derive the
aN scattering amplitudes up to O(p?), which are neces-
sary for estimating the contribution of the Lh.c.s in the
PKU representation to be discussed in the next subsec-
tion. Though the leading one-loop BChPT amplitudes can
be found in Refs. [26, 32], for the sake of easy reference,
here we demonstrate in Appendix A the details of the
leading one-loop calculation within the framework of
BChPT using EOMS scheme.

The tree and loop amplitudes are collected in Appen-
dices. A.1 and A.2 respectively. As pointed out in Ref.

[10], the loop amplitudes contain both ultraviolet (UV)
divergences and PCB terms, i.e., the terms in lower chir-
al order than the naively expected order. For the UV di-
vergence, the dimensional regularization method is em-
ployed to pick out the relevant pieces (see Appendix.
A.2). We use on-shell renormalization scheme to handle
the self-energy of the nucleon, which maintains the cor-
rect analytical behavior at the point s= M3, see Ap-
pendix. A.3.1. On the other hand, to remedy the power
counting breaking problem, we use EOMS scheme to
separate the PCB polynomials, which are then absorbed
by the LECs appearing in the chiral effective Lagrangi-
ans. Those procedures are shown in Appendix. A.3.2.

The analytical expressions for all the involved loop
integrals are compiled in Appendix A.4. Those expres-
sions are obtained by means of dispersion relations with
the spectral functions calculated using Cutkosky rule.
Therefore, in principle, the BChPT amplitudes shown in
this paper are calculable on the whole complex Mandel-
stam plane.

2.3 Unitary PKU representation

The PKU representation of the partial wave 7N elast-
ic scattering S matrix can be written as

S =[]su@ [ [sv@ [ [$rs)- e, (14)
b v r

where S, S, and S, represent the individual contribu-
tions of bound states, virtual states and resonances re-
spectively (see Ref. [39] for their explicit expressions).
The exponential term amounts to the background that car-
ries the information of //.c.s and right-hand inelastic cut
( r.h.i.c.) above inelastic thresholds. The kinematic factor
p(s) is given by

plsy= L LVITR (15)
S

with s;, = (My —m,)* and sg = (My +m,)2. The function
f(s) satisfies a dispersion relation,
s ,discf(s’) s f ,discf(s’)
Flo)= 2mi jL‘ds (s —s)s’ * 2ni ,ds (s’ —5)s" "’ (16)
where 1 and R’ abbreviate [A.c.s and r.A.i.c., respectively.
The discontinuities of f(s) along the various cuts can be
deduced from the partial-wave BChPT amplitudes
T(Lys2y) [c.f. Eq. (7)] through the following relations:

disc(s') = disc [1;;((;))} :
S(s') = 1+ 2ip(sHT(s') (17

Specifically, the partial-wave N elastic scattering amp-
litudes T'(s") are obtained with Eq. (7) by inserting the
BChPT amplitudes calculated up to O(p?) level in the pre-
vious subsection.

Taking into account the realistic /.A.c.s and r.h.i.c., as
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depicted in Fig. 1, Eq. (16) is expanded to the form

s M qniS(s)lds’
Fls)== n ]; 20(s")s'(s" —s)
s Arg[S (s")]ds’

2m+M;,
7T J oz —mey nrz 218" p(87)(s" = 5)
LS f" IN[Sa(6)/S out(6)]
mJo 2ip(s)(s" =) |s’:(M§,—m§)e‘”
LS fAR In[1/n(s")]ds’

T Jammyy 20(5)8'(s" = 5)
where S, and S, are the S matrices along the circular
cut from inside and outside, respectively, and 0 << 1 is
the inelasticity along the r.A.i.c.. Furthermore, three cut-
off parameters, s, 6. and Ag, have been taken for the kin-
ematical cut (—oo,(My —my,)?], the circular cut and the
r.hi.c. [(2mg+ My)?,00), in order. The first term of Eq.
(18) is negative definite and dominates the contribution to
f(s). The other three terms are quite small numerically.
The second term originates from the u-channel nucleon
exchange which can be approximated as contact interac-
tion at low energies. The third piece only contributes at
O(p?) level, while the fourth term is positive definite but
has been shown to be of insignificant impact [39]. Even-
tually, the resulting function f(s) provides a definitely
negative contribution to the partial-wave phase shift, giv-
en that the cut-off parameters are chosen inside reason-
able domains.

The fact that f(s) contributes negatively is of crucial
importance in exposing hidden poles on the second
Riemann sheet. Apart from f(s), the other source of neg-
ative contribution is thoroughly owing to bound states,
which are clearly seen experimentally and hence their
contribution can be fixed a prior. As a result, the disen-
tanglement of the hidden poles with positive contribu-
tions from a negative definite background can be easily
achieved, which will be explored in the next section.

de

(18)

3 Partial wave phase shifts and pole analyses
3.1 Pole-hunting strategy

The production presentation of the § matrix results in
additive phase shifts with definite signs that are implied
by the contributing sources. In general, a bound state con-
tributes negatively, while a pole (virtual or resonance
state) on the second Riemann sheets gives positive contri-
bution. The sum of the cut contributions, identical to
o(s)f(s), is negative. Therefore, it is rather convenient to
carry out exploration of hidden poles by using partial
wave phase shifts, denoted by §(s) henceforth.

For easy explanation of the pole-hunting strategy, the
S-matrix in Eq. (14) can be rewritten as

hidden poles known poles cuts
S)= Su(s) [ [Seo] [$:s)-e@ =M. (19)
beB reR

In above, the term S,(s) accounts for the contribution
from all possible hidden poles, e.g. virtual states, reson-
ances below the threshold or with extremely large widths,
or shadow poles. They cannot be observed directly by ex-
periments, but their existence (and pole positions) can be
examined through PKU representation once the last two
terms in the first equality are known. To that end, in what
follows, we will specify the known-pole and cut contribu-
tions by discussing the necessary inputs.

The known-pole contribution can be fixed with their
corresponding experimental information. The known
poles contain bound states and above-threshold reson-
ances, both of which are well determined experimentally.
In our case, the S- and p-wave known poles below 2 GeV
are complied in Table 1. The bound state in the P;; chan-
nel is the nucleon itself. For the known resonances, some
of them are above the inelastic 77N threshold and hence
are actually located on the third and higher Riemann
sheets. Nevertheless, under narrow width approximation,
their corresponding shadow poles on the second Riemann
sheet may be estimated by

1
ZrH = Mpole + z(rinelastic T, (20)

which contribute to S matrix in the same way as the
standard resonances on 2nd Riemann sheet, like A(1232).

Table 1.  Known poles in the two S-wave and four P-wave channels.

Ly >y B(bound stare) R(resonance)

S - (N*(1535), N*(1650), N*(1895)}
S, - {A(1620), A(1900)}

Py (N(938)} {(N*(1440), N*(1710), N*(1880)}
Py, - {A(1910)}

Py - {N*(1720), N*(1900)}

Py - {A(1232), A(1600), A(1920)}

The cut contribution can be estimated from BChPT
amplitudes as demonstrated in subsection 2.3. There are
three free cut-off parameters, i.e. s., 6. and Agr in Eq.
(18). It is emphasized that the cut-off parameters for left-
hand cuts, i.e. s and 6., are in principle unknown para-
meters. However, to get a first glimpse of the physics,
one can assign the values of s, and 6. in accordance with
the validity region of BChPT. Similar to the previous
work, we assume that the results of /4.c.s from the per-
turbative BChPT calculation remain correct till meeting
the N*(1440) shadow pole, above which complicated
coupled-channel dynamics takes place. The distance
between the shadow pole and the center point of chiral
expansion is denoted as r,. The boundary of BChPT val-
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id region should be a circle centering at s, = M2 +m?

with the radius r,. The 1ntersect10ns of this circle w1th the

Lh.c.s give s = —0.08 GeV’and 6, = 1.18 radian, see Fig. 1.

The two parameters are actually related by

2(My+mp)—|sc— M3 —m2?
M, —m)

Vi (otherwise)

2_ 2
g, = J ArcCos (sc2mz—Mpy),

throughout this work: 6. will always be obtained from s,
which sometimes takes values other than the chiral estim-
ation —0.08 GeV’, by using the above relation. As for Ag,
following Ref. [39], it is set to Ar =4 GeV. In addition,
the experimental data of inelasticity n taken from [6] is
used in the calculation of the r.A.i.c. contribution.

In above we discussed the validity region of BChPT.
However, in no way one should expect that the contribu-
tion beyond the validity region of BChPT should be neg-
ligible. The two parameters s. and 6. are actually taken as
free parameters in the fit. Their deviation from the bound-
ary of Validit}ll region signals the contribution from high
energy region .

Furthermore, to compute the cut contribution, the
masses, the nucleon axial charge and the pion decay con-
stant in the BChPT amplitudes take the following values:

my=139.6MeV, My =938.3MeV,
Fr=924MeV, g4=127, (22)

while the relevant LECs, ¢; and d; in Eqgs. (10) and (11),
are set to the fit values of Fit I in Table I ofRef. [27] . Oth-
er recent determinations, e.g. Refs. [28, 51], yield very
similar LECs values, and it has already been illuminated
in Ref. [39] that the change of the LECs has inconsider-
able impact on the [A.c.s. Moreover, the values of the
LECs are determined in Ref. [27] by performing fit to the
phase shifts generated by the recent RS equation analysis
of the nN scatterings in Ref. [38], where both central val-

10 -
S11
5

N SR EE R
g of-
o
@
e
£ -5
=
»
o -10
& - — lLhecs -
i - Known Poles & r.h.i.c. ~<

A5 Total T-~a

Data
_20 1 1 1 1 1
1.08 1.10 1.12 1.14 1.16
W (GeV)
Fig. 2.

ues and error bars are given. To be consistent, for the pole
analyses we will employ the recent RS partial wave phase
shifts as well, rather than the ones from PWA by GWU
group without errors [6] which are used in Ref. [39].
With the above preparations, we are now in the posi-
tion to perform phase shift analyses, and explore possible
hidden poles with the equipment of the PKU representation.

3.2 Phase shift analyses

In Ref. [39], among the six S- and P-wave channels,
the S, and P;; waves have been paid special attention to
in the study at O(p?) level. It is important and necessary
to verify if the hidden poles, discovered therein for these
two channels, still keep their presence in an O(p?) analys-
is. The O(p?) analysis will take into account the full struc-
ture of [h.c.s, as mentioned in the Introduction, and
hence is adequate to verify the very existence of those
poles. Besides, higher-order contributions in the chiral
expansion will not introduce any other new branch-cut
structures, and they should have little impact on the O(p?)
results obtained here. One refers to Appendix. B to see
the uncertainties caused by numerical details such as the
cut-off parameters and the unitarization methods.

In what follows, it will be shown that the O(p?) res-
ults indeed provide further and stronger evidences indic-
ating that the hidden poles in §; and P;; channels defin-
itely exist. In particular, the extra hidden poles in S ; and
Py waves do play an essential role in establishing a
meaningful numerical fit — without them the chi-squares
would be unacceptably large. On the other hand, we will
also carry out careful investigations for the other S- and
P-wave channels, which were less studied in Ref. [39].

3.2.1 Sy channel
The known-pole and cut contributions in S; channel
are shown in the left panel of Fig. 2. It can be observed

10f
S11
5F 1

’&?, - = -0(p) Total
§, —-—-O(p?) Total
g °f_ — 0@ Total
= S

£

(/]

(]

0

©

K=

o

1 1 1 1 1
1.08 1.10 1.12 1.14 1.16
W (GeV)

(color online) PKU-representation analysis of the S, channel. (left) kown contributions vs the data. (right) known contribu-

tions with L A.c.s estimated at different chiral orders (s. = —0.08 GeVz).

1) From the discussions of the constant R in Sect. 3.4 it is found that even though s, becomes large, the magnitude of the background contribution is reasonable.
2) Fit T is in absence of explicit A(1232) degree of freedom, i.e. the A field is integrated out.
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that the S, channel suffers from a large discrepancy
between the RS data and the sum of all the known contri-
butions. Unfortunately, this disagreement cannot be res-
cued by fine-tuning the involved parameters in the nu-
merical computation. Instead, a hidden pole contribution,
as a new dynamical structure, must be included so as to
compensate such discrepancy, as suggested in the O(p?)
study carried out in Ref. [39]. In the right panel of Fig. 2,
the known contributions are displayed order by order.
Compared to the O(p?) case, our thorough O(p?) calcula-
tion now enlarges the discrepancy ', which strongly indic-
ates the necessity of the hidden pole. Furthermore, the fit
result is unique, at least for two poles. For example, if we
add one resonance together with one virtual state, the vir-
tual state will move automatically to the pseudo-threshold
and the remaining resonance results in the same location
as the one resonance scene. In addition, if only two virtu-
al states are taken into consideration, they will automatic-
ally collide on the real axis and turn into one resonance.
This property of the stability of pole positions is an im-
perceptible advantage of the present method.

To proceed, the position of the hidden pole can be de-
termined by a fit to the RS phase shift data. The fit res-
ults in a crazy resonance below threshold, which is quite
stable against the variation of the cut-off parameters. The
hidden pole positions with various cut-off parameters are
listed in Table 2”. The fit results are plotted in Fig. 3 and
the RS data are well described due to the inclusion of the
hidden pole3).

Table 2. The S hidden pole fit with different choices of s.

5. /GeV’ pole position /MeV x*ld.of
-0.08 814(3)-1141(8) 1.46
-1.00 882(2)-1190(4) 1.31
—9.00 960(2)-1192(2) 1.14
—25.0 976(2)-1187(1) 1.14

The pole position of this crazy resonance is given by
z=1895(81)(2) —i164(23)(4) MeV. (23)
The numbers in the first brackets are systematical errors

responsible for the variation of the cut-off parameter s.
(see Table 2), while the ones in the second brackets are

ol Sy
e
—~ 8F g il
[ -
5 ol
o 6f ~ »
=} v s ,=-0.08 GeV
- " 2
= 41 . - - - - s=1.00GeV
o R 5,=-9.00 GeV*
a / 2
s 2| —----5,=25.0 GeV/
o / Data
oL
1 1 1 1 ]
1.08 1.10 1.12 1.14 1.16
W (GeV)
Fig. 3. (color online) Fit with an extra hidden pole in the §;
channel.

the averaged statistical uncertainties from ﬁtting4). By
adding the two uncertainties in quadrature, our final re-
ported result is

7=895(81)—1164(23) MeV. 24)

It is compatible with the determination reported by the
O(p?) analyses [39], i.e. 861(53) — 130(75)i MeV”.

3.2.2 Py channel

Likewise in the Py; channel, the RS data is far from
being described by the known contributions as shown in
the left panel of Fig. 4. Furthermore, it can be seen from
the right panel of Fig. 4 that the discrepancy in Py chan-
nel becomes larger when the chiral order increases.
Hence, the same prescription proposed in Ref. [39]
should be employed to resolve the inconsistence problem
in the Py, channel.

Following Ref. [39], two virtual states are added to
the S matrix, and one stays in the near-threshold region as
the major hidden contribution, while the other is nearly
absorbed by the pseudo-threshold (My — m,,)26>. The loca-
tions of the near-threshold virtual state with different cut-
off parameters are listed in Table 3, and the correspond-
ing phase shifts are shown in Fig. 5. Note that a p-wave
threshold constraint, i.e. 6(k) = O(k%) for 3-momentum k,
has been considered in the fits.

It should be pointed out that no satisfied fit can be
achieved with s. = -0.08 GeV’. Nevertheless, if |s¢| be-
comes a bit larger, e.g. sc = —1.00 GeV’, the fit quality is
significantly improved. However, this is not true for the

1) The figure indicates that the convergence property of the current method is not so satisfactory, i.c. O(p°) contributions do not bring obviously smaller changes to

the phase shift than the O(pz). This implies that the cut-off parameter value s. = —

Sect. 3.1, a larger cut-off parameter value is necessary.

0.08 GeV” is a bit larger than the validity region of ChPT. As already discussed in

2) The chi-squares here are calculated using the bootstrap method, and so as the other five channels.

3) The S 11 hidden pole has a residue close to the O(p?) case.

4) In the fits for different channels the statistical errors are much more smaller than the systematical errors and hence are negligible. Such small errors may come
form the way we use to handle the data and may not be so trustworthy. Anyhow, the systematical errors from the evaluation of left-hand cuts are of course more import-

ant physically.

5) Note that we have also tried to fit the data of a larger energy region, i.e. below /s = 1.45 GeV. Within expectation, the hidden pole remains stable.

6) Even if we put a resonance (usually appearing in pair according to analyticity), it automatically converts into two virtual states. This amazing fact supports cru-
cially the stability of our whole program. As already discussed in Ref. [39], one can also pin down the location of the virtual state by perturbation calculation or sub-
threshold expansion, and the two results coincide with each other, implying that such a way of estimating /. A4.c.s is fully justified.
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tions with LA.c.s estimated at different chiral orders (s. = —0.08 GeVZ).

Table 3. The Pj; hidden pole fit with different choices of s..

sc /GeV? pole position /MeV xd.of
—1.00 983 1.63
-9.00 962(1) 1.37
-25.0 948(1) 2.08
0af P1g s,=-1.00 GeV*
02| - - - 5.=-9.00 GeV*
ool s,=-25.0 GeV*
$ S Data
2 02} Y
5 0.2 N
g 04 g
£ s} G
G N
@ 0.8 - \§.\\\\_— /
8 a0 RSy
o RN
A2 Ask4-ld
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Fig. 5. (color online) The fit with two extra virtual states in

Pj; channel.

O(p?) fit in Ref. [39]. Therein a rather large |s.| like s. =
~9.00 GeV” has to be adopted. This improvement should
be owing to the full consideration of the various Lh.c.s,
such as the circular cut. As a consequence, the low-en-
ergy fit is now no longer sensitive to the physics in high
energy region. Finally, based on the results in Table 3, we
report the location for the extra near-threshold virtual pole:

v =966(18)(1) MeV =966(18) MeV. (25)

Note that similar to what is discussed in Ref. [39], the
O(p?) perturbative S matrix gives a first-sheet zero at
Vs =973 MeV, which is compatible with the fit result Eq.
(29).

In principle, one may also perform fit with the cut-off
parameter s, released, meanwhile, 6. is determined by Eq.
(21). However, due to the existence of many local-min-
imums, such fit does not converge and the resultant stat-

istical errors are untrustworthy any more.

The physical mechanism of the P;; virtual state is
already discussed in Ref. [39]: it is a partner of the nucle-
on pole, which is different from the S, hidden pole, i.e.
(likely) from potential mechanism.

3.2.3 S3;channel

Case in S3; channel is quite interesting. As the left
panel of Fig. 6 shows, firstly one finds some disagree-
ments between the known contributions and the data, but
those disagreements are minor: at least the known terms
give the correct sign of the phase shift, and it seems that
fine-tuning of the cut-off parameter s. can make the curve
match the first two data points near threshold, which is
totally different to the cases in S; and P;; channels. Un-
expectedly, situation becomes awful once s, is released as
a fitting parameter. The RS data cannot be fitted well due
to the mismatching of line shape — the data curve is too
"straight” to be described by the current formula. Besides,
this line-shape mismatching can not be cured by means of
truncating the chiral series, since O(p') (i = 1,2,3) calcula-
tion all give similar line shapes, see the right panel of Fig. 6.

This observation may indicate that the evaluation of
Lh.c.s is not accurate enough, which has various possible
origins: some additional minor cuts like the left-hand cuts
from #- or u-channel resonance exchange, improper shad-
ow pole positions of the known resonances due to the
narrow width approximation (see Eq. (20)), uncertainties
from LECs, or some quite distant hidden contributions. It
is impossible to take all the factors into consideration and
do an all-embracing analyses.

However if one insists on getting a good fit to the
data, the easiest way is to employ a pole term as an extra
background, similar to what have been done in the Py,
channel. Here one virtual state is put into the S matrix,
and the results are shown in Table 4. A good fit needs a
larger |s.| value, e.g. when |[sc|>9 GeV’ one gets
x?/d.o.f <3. At the same time, the line shape becomes
better when |s.| is large enough, see Fig. 7. It should be
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Table 4. The S 3; fit with an extra virtual pole as background.

s¢ /GeV’ pole position /MeV d.of
-9.00 875 2.13
-25.0 887 1.86
0~
\331
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Fig. 7. (color online) The fit with one extra virtual state as
background in S3; channel.

emphasized here the O(p?) fit fails to give a good chi-
square when |s.| < 25 GeV".
It is interesting to find that the location of the virtual
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Fig. 8.

state serving as background is not so far away from the
threshold (although it lies on the left of the u-channel
nucleon cut), and seems stable, which implies that the
extra corrections of lLh.c.s in this channel is rather
important.

3.2.4 Pz channel

Similar to the S 3; channel, there exist some minor dis-
crepancy between the known contributions and the data
in P3; channel, see the left panel of Fig. 8. The discrep-
ancy remains at each chiral order, as can be seen from the
right panel of Fig. 8.

The s, parameter can be tuned to be 0.14 GeV’ to sat-
isfy the p-wave threshold constraint, i.e. §(k) = O(k*), but
the tuning of s. does not work since it gives a disastrous
fit except at threshold. This drives us to add extra poles
again to simulate the missing corrections of the Lh.c.s.
The fit with extra poles are shown in Table 5, and plotted
in Fig. 9.

Only when s, is around -9 GeV’ a good fit can be
achieved. Furthermore, if one uses the LA.c.s from O(p?)
level and perform the same fit, |s.| should be rather large
e.g. |s¢|>16 GeV’, to get a result with the quality as good
as s, =—1 GeV” here.

— - -O(p") Total
L —-—-0(p’) Total

Phase shift (Degree)
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Data
8L " 1 " 1 " 1 " ]
1.08 1.10 1.12 1.14 1.16
W (GeV)

(color online) PKU-representation analysis of the P3; channel. (left) kown contributions vs the data. (right) known contribu-

tions with LA.c.s estimated in different chiral orders (s. = —0.08 GeVz).
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Table 5.

The P3; fit with two virtual poles or an extra resonance as

background. The fit in the framework of PKU representation can

distinguish the type and the number of the poles.

sc /GeV’ pole position /MeV *d.of
—1.00 832,799 4.62
-9.00 784(1)-i 164(2) 1.80
-25.0 807(1)-i 219(2) 435
P
0.0
S N
05f N
n i
o 2
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Fig. 9. (color online) The fit with extra poles as background

in P3; channel.
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Fig. 11.  (color online) The fit with one extra resonance as

background in P;3 channel.

3.2.5 Py3 channel

The situation in P;3 channel is similar to that in P5;
channel: the left panel of Fig. 10 is the comparison
between known terms and the data, and the right panel is
the known contributions at different chiral orders.

The fit results with an extra resonance as background
are shown in Table 6 and Fig. 11, and the fit quality is
worse than the P3; channel. However, O(p?) estimations
can never give a result with y?/d.o.f < 10 for any s, value.

Table 6. The Pj3 fit with an extra resonance as background.

Se /GeV’ pole position /MeV x2d.of
-9.00 755(1)-i, 116(1) 3.64
-25.0 756(1)-i, 167(2) 2.48

3.2.6 P33 channel

The discrepancy between known contributions and
data in P33 channel is the smallest among the six chan-
nels. The comparison between the known terms and the
data is shown in the left panel of Fig. 12. The higher the
chiral order of the BChPT amplitudes used in the estima-
tion of Lh.c.s is, the better the description of the phase
shift becomes, see the right panel of Fig. 12.

— - -O(p") Total
st P,g —-—-0O(p®) Total

——O(p®) Total -7
al Data - .

Phase shift (Degree)

1 1 ]
1.12 1.14 1.16

W (GeV)

1
1.10

(color online) PKU analysis of P53 channel. (left) kown contributions vs the data. (right) known contributions with //.c.s es-

In this channel the p-wave threshold constraint can be
satisfied by tuning s. to be —0.18 GeV’. This is a para-
meter-free calculation. It is amazing that the data are
automatically described with a quality y?/d.o.f =3.39,
see Fig. 13. One can also use a different strategy by vary-
ing the pole position of A(1232): its location is only shif-
ted slightly (from 1.211-0.050i GeV to 1.208-0.047i
GeV), and the y?/d.o.f is reduced to 1.78.

3.3 Further remarks on the S3;, P3; and P;3 channels

From the above discussions, it is found that, to obtain
good description of the data in S3;, P3; and P;3 channels,
one still needs some extra terms, which are for the mo-
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Fig. 13. (color online) The known contributions with
se =-0.18 GeV” and the data in P33 channel.

ment simulated by single pole terms. Nevertheless, one
should be cautious to regard them as physically existing
poles. The following criterion might be helpful to distin-
guish a real pole from a fake one.

® Large discrepancies between the known contribu-
tions and the data. As already mentioned in previous O(p?)
analyses, the discrepancies in S;; and P;; channels are
crucial since even if the left-hand cut terms are switched
off, the discrepancies are still significant, which forces us
to add new poles. On the contrary, the discrepancies in
other channels are minor, because at least one can fine-
tune the cut-off parameter to make the scattering lengths
from the known terms conform with the data. To be con-
servative, we prefer the missing contributions in those
channels to be corrections of the background term a priori.

e Stability of the pole positions. It is obvious that the
S 11 hidden pole stays stable and fits the data well for all the
cut-offvalues we chose. Onthe contrary , the polesin S 31, P3;
and P;3 channels only fit the data when the cut-off para-
meters are large, and some of them are not so stable (e.g.
in P3; channel the poles change from virtual states to res-
onances).

e Alternative physical mechanism in support of the
poles. As pointed out in previous O(p?) analyses, the Py
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(color online) PKU-representation analysis of P33 channel. (left) kown contributions vs the data. (right) known contributions

pole can be regarded as the shadow pole of the nucleon,
and the S;; pole may be of potential dynamical nature.
However we fail, at least at the moment, to find a pos-
sible physical interpretation of the poles in S3;, P3; and
P13 channels. Actually we have tried to use square-well
potential as a toy model to fit the S5, data but it failed: the
potential would become repulsive, leaving no nearby
poles, meanwhile the line-shape cannot be well fitted.

The poles in S3;, P3; and P;3 channels do not meet all
the three criterion raised above, hence we can not claim
those extra poles are truly existing in reality. It is also
worth noticing that the extra contributions in S 3, P3; and
P13 channels are indeed much smaller than the S; and Py
hidden poles. For S, P3; and Py3 channels, the comparis-
on of the phase shifts contributing from the extra reson-
ances is shown in Fig. 14. For P;; and S3; channels where
virtual states are added, the extra P;; state contributes to

0.0F

Im(z)

‘0.6‘ ‘0.8“‘].‘0“‘1.2‘ ‘1.4‘
Re(z)

Fig. 14.  (color online) The relationship between the location
of a resonance pole z, and its contribution to the phase shift
at vs=1.16 GeV. The regions of §<10° 10°<4<20°,
20° < 6 < 30° and 6 > 30° are marked in white, yellow, green
and red, in order. The P3; and Py3 extra poles are taken from
the best fits, and S pole is the averaged value.
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the phase shift about two times as large as the S;; one.
3.4 Threshold parameters

All the S- and p-wave phase shifts have been ana-
lyzed by means of the PKU representation with proper in-
puts taking from O(p*) BChPT. For some channels, espe-
cially P3; and P;3 waves, distant resonances have to be
incorporated artificially as background to simulate any
other underlying contributions. Nonetheless, our result-
ant predictions are in good agreement with the data in the
low-energy region close to threshold, which therefore can
reliably be applied to the extraction of threshold paramet-
ers, namely the coefficients of effective range expansion
(ERE). As usual, the ERE is defined by

ﬂ“mwz—i+ﬂﬁ+aﬁy (26)
ag, 2

where L is the angular momentum, k is modulus of the 3-
momentum in the center of mass frame, and ¢ is the phase
shift. The coefficient a; in Eq. (26) is usually called scat-
tering length (or volume for p- waves), while rp is
termed as effective range. For L =0 they are both in di-
mension of length, characterizing the effective size of the
target and the range of the interacting potential as well
known in potential scattering theory, respectively. For a
better extraction of threshold parameters, the fit results
with y2/d.o.f. > 5 are excluded.

For the scattering lengths (volumes) a; and the para-
meters r;, Table 7 and Table 8 compiles our numerical
results (the a; parameters are in comparison with the ones
from Roy-Steiner analyses of Ref. [38]), respectively. Ex-
cept the P33 channel, the ERE coefficients are presented
as ranges, responsible for the systematical uncertainties
originating from the various fits under consideration.

Furthermore, the non-relativistic limit of PKU repres-
entation (i.e., Ning Hu representation [52]) is

pn+k><
. Pn_k

S(k) = e ARk @27)
where k is the 3-momentum in the center of mass frame,
pn denotes the pole position on the complex k plane, and
the exponential term is the background term with R being
a constant parameter. According to Ref. [53], R may be
positive definite and approximately equal to the potential
range. Here one can also investigate the R parameters us-
ing the results from PKU representation. The values of R
parameters in each S- and p- wave channels (calculated
under the best fit of the cut-off parameter s.) are exhib-
ited in Table 9.

Note that in 7N scatterings the potential can be re-
garded as the effect of two-pion exchanges in ¢ channel,
thus R should be roughly 1/(2m,), hence the results in
Table 9 turn out to be reasonable. Similarly, application
of the simplified version of PKU representation to nucle-
on-nucleon scatterings can be found in Ref. [54].

Table 7. S- and P-wave scattering lengths (in the unit of 10’3m;1)

and volumes (in the unit of 1073mz?).

channel  ap from PKU analyses ap from roy-steiner analyses

St (—169.0~—165.4) —169.9(19.4)

S5 (79.7~86.0) 86.3(10.4)

Py (51.0~67.3) 70.7(4.3)

Py (45.1~57.0) 41.03.1)

P (30.1~31.1) 29.4(3.9)

Py —198.8 —211.5(2.8)

Table 8.  S- and P-wave effective ranges (in the unit of m;! for S-

waves and m; for P- waves).

channel r;, from PKU analyses
St (1.0~2.5)
S31 (15.2~22.3)
Py (39.0~206.6)
Py (-227.0~—40.3)
Py (-31.2~-29.9)
Py 4.8

Table9. S-and P-wave R parameters from Eq. (27) (in the unit of m;1).

channel Siy S5 Py Py Py Py
R parameter 0.56 047 0.52 038 038 0.30

4 Conclusions and outlook

In summary, this paper, as a follow-up of Ref. [39],
applies PKU representation to the analyses of elastic 7N
scattering processes in S- and p- waves, with the left-
hand cut contributions calculated from the results ob-
tained in covariant baryon chiral perturbation theory up to
O(p?®) level. It is found generally that the fit quality has
been greatly improved compared with the previous O(p?)
results. The existence of the hidden states in S1; and P,
channels are firmly established irrespective of the chiral
order as well as other numerical details.

The other four channels are also investigated quantit-
atively: a good description of the data in P33 wave can be
achieved with a cut-off parameter determined by the
threshold constraint, while in the other three waves some
finer structures are needed that are temporarily simulated
by extra poles. As byproducts, the parameters of effect-
ive range expansion for all the channels are calculated.

Although the analyses of low-energy pion-nucleon
scatterings based on PKU representation with left-hand
cuts simply from perturbative calculation are completed,
the present work could still be improved in future. The
major weakness of the present work, though not vital in
drawing the current conclusions as we believe, comes
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from the uncertainty when calculating distant left-hand
cuts. Hence through our work, we only cautiously draw
physical conclusions extracted from discrepancies at
qualitative level, and avoid any results drawn only de-
pending on minor discrepancies between data and the
cuts. It is worth stressing that our major conclusions are
actually established based on the negative definiteness of
the background contribution, which is supported by
quantum mechanical scattering theory. The S, and Py,
poles turn out to be very stable and hence trustworthy.
There have been successful examples for this approach:
the f5(500) pole and the K*(800) pole positions in Refs.
[42, 43] are found in very good agreements with the res-
ults from Roy-like equation analyses(see Refs. [55, 56]).

One may improve the calculation by invoking resonance
plus Reggeon exchange model to estimate the distant left-
hand cuts. Constrains like crossing symmetry may also be
incorporated. Finally, the physical meaning of the newly
found hidden poles are still open for discussions.
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Appendix A: Relativistic BChPT amplitudes up to O(p*)

A.1 Tree-level A and B functions

The tree diagrams of O(p®) (i = 1,2,3) are shown in Figs. A1, A2
and A3, in order, where the pions are represented by dashed lines
and the nucleons by solid lines. The circled numbers N stand for
vertices of O(p"). The A and g amplitudes corresponding to those
diagrams are given as follows.
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p.s pls
Fig. A2. The tree diagrams at O(p?) level.

A]/z_gzM
1 = F2
1/2_1—82_ 3M2g? _M282 1
U T 2F2 F2(s—-M?) F2 u-M2’
Aa/z_gzM
1~ F2
1-g? 2M?g?
B2 = 8 + 8

U TR TR u-Mm2)

(A1)

® At O(p?):

1 dem? co(s—u)?

27 p2 8M2F2
4Mc

1/2 _ 4

BZ - F2

cq(s—u)
-

Cc3
A + ﬁ(2m2 -1

>

5

als-uw? o
AT +ﬁ(2m2—l)+

; (A2)

cq(s—u)

A3/2 __ 4(311112
2F2

2 F2

2Mec.
32 _ 4
R
e At O(p®) (Born diagram):

B

M
ALy == T xam?(dys ~2dg)

su+M*QQu—3M?)
(s = M%) (u—M?)

_4n’g(dis ~2d16)

12 _
By 2

B

M
Ai{f =- 75 x 4m?(dys - 2ds6) ,

2m2g(dis —2dys) _ u+3M>

32 _2m~g(dig 16 .

By = V2 X (A3)

® At O(p®) (contact diagram):

_du=dis)s-w? | (di+d)
4AMF? MF?

AY? = (s—u)2m* 1)

4m>d
3 5
uy+ o (5w,
B2 _(dia—dy5)(s—u)
ic = 2 ’
_(dis=dis)s—w?  (di +da)
4MF? 2MF?
2

3 3 2m-ds

T A

MF?
(di4 —dy5)(s—u)
F? ’

A= (s—u)@m?* ~1)

(s—u),

3/2 _
B = (A4)
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q,a q,a
N /
> ©) >
p’ K u p/’ s!
q, a q/, a!
\ /

)22 ptq =~ p.s
q,a q/’ ar
~ -~
~ ~
U
PN

P, T p—q’: P

Fig. A3.

Note that Eq. (A3) can be absorbed in Eq. (A1) by redefinition
of the g coupling. From the A, B functions above one can readily
get the analytical expressions of the amplitudes in each channel
after partial wave projection, as done in Appendix. B of Ref. [39].

A.2 One-loop A and p functions

A.2.1 Diagrams

According to the power counting rule of BChPT, for a loop dia-
gram with 7 independent loops, I, internal pion lines, Iy internal
nucleon lines, and V,, vertices of O(p"), its chiral order should be
O(p%), where

-~

———C—>—O—7>—

U
~
D, s p=—q = p,s

The tree diagrams at O(p?) level.

Consequently, the diagrams, which are classified into three
groups and displayed in Figs. A4, AS and A6, are under our con-
sideration.

To be specific, the first group (G;) contains the diagrams of
contact type, which do not have companions related by crossing
symmetry; the second (G;) and third groups (G3) are Born dia-
grams, which have corresponding u-channel crossing diagrams but
are not shown explicitly; moreover, the time-reversal counterparts

of the G, diagrams are not displayed either. The sum of those dia-

dy = 4L-20, Iy + va,l . (A5)
n grams is
N ’ N / N %
N s N s N v
AN A X A X v 4
N s N N s
N %
—~ H AN
(3a) (3¢)
N %
N 4 T > - T = e -7
-~ - —_
N A SO -
N s/ k
s Y o
e N

(3d)

3N

Fig. A4. One-loop diagrams at O(p*) level of contact type (first group G)).
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AT AT

(€5 (3h)

(€)]

(3k)

(3i)

Fig. A5. One-loop diagrams at O(p?) level of Born type I (second group G»).

(3D

VR

Fig. A6. One-loop diagrams at O(p?) level of Born type II (third group Gs).

A5 oo = D Ay (L) +2 Y TAG (5,0) + Af (1,1, 5)]
d1€G dr€Gy

+ D AL (s L+ AL (9],

d3eGs3
By 5 toop = Z By (s,t,0)+2 )" By, (51,10~ B}, (1,,9)]
di€Gy dr€Gy
+ Z (B, (s.t,u)— B} (u.1,9)] ,
d3eGy
Aoy op = D Ady (81042 Y [Ag (5,10 = Ag (u,1,5)]
d1€G dyeGy
+ > A (st = Ay (w59)],
d3eGy
B toop = Z By (s,t,u)+2 )" By, (5,t,u)+ By, (,1,5)]
di€Gy dr€Gy
+ Z (B, (s.t,u) + By (u.1,5)] . (A6)
dyeGy ’
A.2.2 Definition of the looo functions
|

Co(p?,pg,pg;m%,mg,mg) =—167%

dPky?e

R

(30)

In this paper we use Passarino-Veltman notations [57] to

e One point function

dPrv?e 1

Ag(m*) = -167%1 | —— —— .
o) = =16 | P it

e Two point functions

dPhy?e 1

Bo(pz;m%,mg) =- 16ﬂ21f

dPky?e Kt

QmP (2 =mD)[(p+k)?=md]

B(p;m?,m%) = — 16n°
(Pt ) =210 | Gl p+ o =]

=p*Bi(p*smi,m3)
dPy?e KK

B (pym?,m2) = — 1672
(Pt == 10T | P G mlp+ o -]

=g Boo(p*;m3,m3) + P p* By (p*sm3, m3) ,

e Three point functions

1

@mP k2 —m%)[(Pl +k)? —mz][(k P3)? —m?]
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dPre k-
CH(p1, pasmi,ms,m3 5—167121[
(prpmi ) Q0P @ —ml(pr + 02— 2k~ p3) —n]

— 2.2 2,2 2 2 2.2 .2, .2 2 2
=P/;C1(P]>P2,173am1,mzsm3)_P/;CZ(PlaI’pPpml,mz,mg) ,

dPiyve KK
C‘”(pl,pz;mz,mz,mz)E—l6n2if
e Q0P (k2 —md)[(p1 +k)? —m3][(k— p3)2 —m?]

— MV 2.2 .2 .2 2 2 v 2 .2 .2 .2 2 2
=gt COO(P]»P25P3’m1,m2,m3)+P‘11P1Cll(P1,P2,P3’m1,m2,m3)

— (P P+ P P)C1a(pt. p3. paimy my,m3) + ph p5Can (P, p3. p3smy m3,m3) (A9)
where p3 = —(p1 +p2).
e Four point functions
dPrve 1
Do(p2, P2, P2, p2. b2y psr i i mi2) = — 1672 ’
0(P1>P2> P3s Py PTo> Pa3s 51y, M, 11y @2 (2 —mD)[(k+ p1)? —m3][(k+ p12)> —m3][(k = pa)? —m3]
dPrv* k-
D*(p1, pa. p3smi,m3,m3,m3) = — 167°
PR Qr)P (2 = m)[(k+ p1)? =m3][(k+ p12)? = m3][(k = pa)? —m]]
=\ D\(p}, P3. 3. P}, Pl Pags i 1, 3 md) + Py Da(pl, b3, PR, P P, PRyt b mb, m3)
= Py D3(p}. 3. P3. P3s Ply Posimy 1, m3,m3) (A10)
[
2
where pi2 = pi + p2, p23 = p2+p3, pa = —(p1 +p2+p3). t :4§ﬁ (Ao +m?BY),
. /8
A.2.3 Results of the one-loop amplitudes B =0
. o . 3 =Y
For brevity, the abbreviations of the loop functions in Table Al A- =0
will be used from now on. All the A, B functions corresponding to wo
the diagrams in Figs. A4, A5 and A6 are shown diagram by dia- By, =-— J,W(Ao+m23gl ). (A12)
gram in the following.
® (3¢9
Table A1. Abbreviations of the loop functions. 3
+ Mg 2 M
. . A3c=ﬁ(A0+m By),
full notations abbreviations 48F*m
B} =0,
Ao(m?) ao *
A3c =0 ’
Ao(M?) Ao ¢
- 2 pM
B (MZ;mZ’MZ) B.A,/I B3C=—W(A0+m BO ). (A13)
B (s\u;m?, M?) B\ e (3d)
B (m*;M*,M?) B! A%, =0,
B_(1;M*,M?) B! B3, =0,
B (t;m%,m?) B 434 =0,
5 1
222 2 A2 t = X——ap . Al4
C.(M1, M0, M2, M?) c 347245 T2 © (AlD)
2 02 g2 g2 2 ctam
C.(M=, M=, t;m*, M*,m~) . * (3e)
200 2 g2 a2 s\u
C.(M?,m?, s\u;m*, M?, M?) . AL =0,
C. (2, m* M2, M2, M?) cl Bl =0,
D_(M?,t,m?, s, M?,m?;m*, M>, M?, M?) D. A3, =0,
2, 2 2 2.2 A a2 a2 Dt ~ 1
DM, 1. u, M? % m® M?, M2, M?) . e =~ Tepi B - (A15)
°
* (32) (39)
1= AL == M8 Lahg e B + 30— 20)(B 2 C)
A3a =0, 3 77 9gF4n2 0+tnm-b5, m 0 1 ’
B;a =0 ’ B;rf =0 N
213
- 8 M t t 2M3
A, =———(s-u)(C}, +C}, ), - =2 2
3a 32[:4”2( u)( 11 12) A5 —m(‘vfu)C’”",
2
— 8 2 pM 25t T _ 20t
B, =————|ao—4M*B{ +4M~(2Cy, — By —m~Cy)| . All - g 2 12
o TR | i (2Ch =By ~m*Cp)] . (A1 By =i Boo +4M°CR") (A16)

e (3b)
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+

+

3j =

Af=— —°
31 7256 F4n2(s — M?)

2

Mg ) ;
+ _ . 2 2
%= i [(s— M*)BS +2(Ag +m*By)] ,
2 2
g s S+3M !
B, :m[(5+M2)Bf+ — 7 Ao +mBY)] . (A17)
e (3h)
+ _ Mgz 2 pM
30 =7 gy pag Aot By
2 2
g s+TM 5oM
B§h:m 7 Aot m’BYl). (A18)
e (3i)
Mg2
i = Geraz 0
B: g s+Im (A19)
= ——q0 .
3T T 19 s M2 O
*@3j
Mg4

{2sao —2M*Ag +2(sm* - M* + SMZ)Bf)
=2 (s + M*)BY +4M> (s — MP)BY — (s + M*)* B}
+2m*(s— M)(s +3M*)C)

=2s+M>)[m* + (s - MHCM* -m)|CS

+2[m* (s + M?) + (s — M?)(sm? +3M*m? - 4M4)]c§} ,

g4
T 256F 2 (s— M?)
x {%[(s +5M?)ag + (s + MP)Ag + [m* (s + M*) = (s + SM?)(s - M?)] B} |
+8M2(s+ M?)BY + M (s + M®)BS +8m> M* (s + M*)C})
+AM?(s— M*)(2s +2M? —mz)c;} )
(A20)
o (3k)
Mg?
Ay =- m(x—Mz)[B; +2(s = M>—m*)CS
+2(BY +m*CY)]
2
B;k == m[— 2ap + (Ao +szOM) — 8M2(Bgl + mZCS)
+2(s— M?)(B}+ B} —4M*C3)]
A3,=0,
By =0. (A21)
e (31
M
+ 2
Ay =— W(S_M )B} ,
1 , _
By, :W{ao —4[Ag+m*B+(s— MZ)Bj]] ,
- M 25\ B
Ay =- W(S—M )B] ,
_ 1
By ZW{GO—4[A0+MZBS+(S—M2)B'f]] . (A22)
® (3m)
3Mg*

=seeapr - M?)B +(3s+M?*)B; —4M>B}! + 8M*C),
+4m*(s = M?)C3 +8M*(s — M? —m?)C3 +4(s + M?)(s — M* —=m*)C}
+8M2(s— MACE +4M?[(s— M* = mH)C} | +(s—u)Cl,
+(M? +m? —u)Chy |+ 8m* M* (s — M*)Do — 8M* (s — M*)tD
+8M2(s— M?)(s— M* —m?)D3}

4

_ 8 2 2\ ps 2 M . 2\ ps
Bg'm_W{ZM +(s—M°)Bj—4M*(By +B\") + (s + M)B]

—8MAC! +AMP (1-2M>)C—4m® M2 CS + 4M> (s — M? —m?)(C} +C3)
—4AMP[2Ch, + M2C!, + 2M? = 1)C', + M2 CYy)
+AMP[(s+1—m? = SMPCY +1CT +(1-2m*)CT]
—16m>M* Do +4M?[m* + (s —- M>)2M* —m*)| D,
+AM?[m* —mP (s +1— M?) + (s - M¥)2M? - 1)|D;
+AMA [ —m®* + (s — M*)(s—3M* —2m*)| D3} ,
A5, =—A% /3,
B3, =-B3,/3.
(A23)
e (3n)
4
A% :%[(3s+M2)Bi’ +
B =- A N [(s— M?)(s> +6M>s+ M*)B}
256F472 (s— M2)? !
+ (s +10sM? +5SM*)(Ao + m*BY)] .

® (30)

A(s+M?)

2
Ao BY]

(A24)

A% =Bi =0. (A25)

A.3 Renormalization

A3.1

The UV divergent pieces in loop functions are dealt with in di-
mensional regularization and expressed in terms of R, as defined in
Eq. (A57), see Appendix. A.4. The MS -1 subtraction scheme is
employed in this paper, i.e. the counter terms should completely

UV cancellation

cancel the divergent pieces proportional to R.. However, the dia-
gram (3n) in Fig. A6 needs to be treated specifically, since MS -1
scheme itself can not erase the second order pole at s = M? in Eq.
(A24), which is a disaster of analyticity properties especially when
investigating the u-channel nucleon cut. To remedy such a prob-
lem, one should regard the loop in the internal nucleon propagator
in diagram (3n) as the renormalized self-energy X’(p), which satis-
fies the on-shell renormalization conditions

= (Plyem =0,

d_,
3= Ply=w =0. (A26)

Such conditions can be fulfilled by choosing suitable values of the
nucleon wave function renormalization constant Zy and the mass
counter term oM .

To be specific, the bare parameters can be split as follows

0_r 7('iM
¢ =ci + 622 R,
—Jr Vd;
dj=d; Tor2 2 e
0_r YB’MZFZ
8 =8+ e apike.
M° =M"+6M , (A27)

where the LECs with superscript "0" denote the bare quantities
and the ones with "
ponding coefficients y are

n

stand for renormalized quantities. The corres-

ye=-2g+g, (A28)
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3
Yoo = —ggz , (A29)
1 1
Yo =5-8+58" (A30)
L 3, 14
Yy =738 18 (A31)
I 1, 3,
%4_—1—58 +Zg s (A32)
1 1 2, 1 g
=——-— A
Ya Yy = 32~ 158 T 168 (A33)
Y4, =0, (A34)
1- 2
Yas = —a- (A35)
and in addition,
Zy =1+ f(MP) +2M*(f' (M) + g’ (MP)],
3g*m? 2of
M =— ari (Ag+m’B))., (A36)
where
2 2
fls)= 64F2 ———[(s—M*)B} +Aog+m’B}] ,
3
8(9) = 55 (Ao +m*By)

f _pM
B) =B{' —1+R..

See Table. A1l for the abbreviations of the involved loop functions.
Note that except for Zy and M, the other values in Eq. (A28-A35)
are the same as in Ref. [26, 28]. Lastly, the renormalized result of
diagram (3n) reads

- M M?
A;Ln = 4}(52 [2F3n(s) M G3,1(S)]
2 2 2 2
s & [s43M 4M*(s+M")
B3n = 4F2 Y F3u(s)+ WG?)VI(S) 5 (A37)
where
F3u(s) = 64F2 2[(3 M*)B +m*(BS - By
OB,
_211/12(13’1‘4+2m2a—s0 loeps2 )] ,
3g* 2\ ps 2 ps _ pM
Gon() = |(s—M*)B} +2m (B - BY))| . (A38)

A.3.2 PCB-term cancellation

According to the spirit of EOMS scheme, the PCB terms hid-
den in the loop function come from the infrared regular parts and
behave as polynomials of the external momenta. The infrared regu-
lar parts of related loop functions can be found in Ref. [26]. The
UV-renormalized LECs can further absorb the PCB terms in the
way similarly to Eq. (A27), i.e.,

ro oy YaM
ci =c,~+m =¢i+6c¢i,
~ 2
YoM
g Eg+716’;2F2 =g+6g., (A39)

where the quantities with no superscripts refer to the physical ones.
To cancel the power counting breaking terms, the ¥ functions are
set to (see Ref. [26])

Ye =83 >

e =%g2,
Yoy =—1- %g“,
5’(?3 =%g4 s

1
Ve, == 7887 +5). (A40)

The counterterms for the cancellations of the PCB terms can be ob-

tained by the replacements: ¢; — éc; and g2 — 2gdg, in the expres-
sions of Fig. Al (the last two diagrams) and Fig. A2.

A.4 Analytical expressions of loop integrals

In our numerical computations, the tensor integrals like C;; and
D; in the amplitudes are first reduced to scalar functions with sub-
script "0". The relevant formulae are listed below.

e Two point functions

1
B’l’:z—u[ao—Ao—(u—M2+m2)Bg], (A41)
B = i(6m2 —+ lao + L(4m2 -1B, (A42)
0718 6 12 0
o Three point functions
1. About C’,
1
Ci=C}= m(Bg -BY +m*Cy), (A43)
1
t 2 2\ pT 2 pM
Coo =7+ m[(z—uw +2m)BY —2m* B
+2m*(t—-4M?* +m?)Ch] (A44)
Mm? t-2M? 1
Ct :Ct = - —Ap))+ ———
1= = 0T T - A g aen

{m? (> = 8MP1+4M*)BY + MP(4m* M2 - 8M* + 2m” 1 + 6M*1 - *) B

+2MPmE QM 1+ m 1+ 2m* M? - 8MH)CY}

(A45)
t—2M?* —2ag + 24, 1
ct, = - 2(r+2M%)BY
27T M) (- 4M2)2 i Bo
+(MPt=2mPt+ 2m* M* — 4M*)BY
+m?(6M?t = 2m*t+2m* M* = 8M* — *)Cl} . (A46)
2. About C'2"
M 2\ 12m
o _ 2BY - BY) - (t—2m*)CE: ’ (Ad7)
! t—4M>
1
2m _ 2\ pt 2 2\ pM
i = + m[(r—Zm )By—2(2M*" —m*)B
+2(M* 1= AMPm? + m*) M (A48)
com_ L a-Ay 1
7 —aM? * M2(1-4M2)  M2(t—4M?2)?
{0 M? —4M* Pt - 2MPDBY! + 3M2 (1 - 2M*) B,
+ MA( + 2Mt = 4Pt = 8m* M2 + 6m*)C™) (A49)
3. About C*.
o (s=MP4m?)BR+(s+ M2 —m*)BY —25Bf [ 52 —2m? s—(M?—m*)*]C§
e [s— (M +m)2]|[s— (M —m)?] ’
(A50)
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1
=M+ mP][s— (M-m)?]

c {—(s—Mz—mz)Bg’ -2M*BY!

+(s+M* —mH)BY + [s@M* —m*) — (M* —m*)2M* + mZ)ch} .

(As1)
4. About CT.
T pm ., 2T
—4am
m_ TN (r 2N AT
cr = 25 B(;) 4(12 200G (AS3)
—4am

e Four point functions
Dy =D,
25Cy—(s+M>=m?)Cl—(s— M*+m*)C} +[s2=2m? s—(M*~m?)* 1Dy
- 2[su—(M? —m?)?2]

>

(A54)

De_ =2s+ M? —m*)Cy— (t—4M*)C} + (s —u)C]
5=
2[su—(M? —m?)?]
. [st— (M? = m*)t = 252M? — m?) + 2(M? — m*)(2M? + m*)| Dy
2[su—(M? —m?)?] '

(A55)

Now only the expressions of those scalar loop functions are
needed. One point and two point functions are simple when the di-
mension p is set to 4:

2
Ao(m?) = m? (—RE +In Lz) , (A56)
m
where
1
Re=——+yg—In(dn)-1, (AST)
€
with yg the Euler constant; and
2.2 22 v
Bo(p~sm~, M ):1—R5+1n(ﬁ)
1 5 Ru+p*(1-p)
+ = [pP(1+p) = Ryl In | A E2
ZPZ{p P Ry = 21+ p)
Ry +p*(1+p)
2 m
+ 1-p)—Ry]ln| ————=|;, A58
[p~(1-p) m]In Rm—pz(l By ( )

where

= NP2 =M +m)2 yp? — (M —m)?

> s Ry =M —m? .
p

Appendix B: Uncertainties of left-hand cuts

B.1 Uncertainties from cut-off parameters

In this subsection, the influence of the variations of the cut-off
parameters is discussed. The set s = —0.08 GeV” and 6. = 1.18 radi-
an is used in the text (denoted by Case I in Fig. B1). Here we
choose s, = -25 GeV’ and 0. = n radian, and the consequent results
are shown as Case Il in Fig. B1. The results show quite similar be-

In Eqgs. (A56) and (A58) we set v=M. However, three and four
point functions do not have such compact analytical expressions.
The most commonly used representation of those functions in text-
books is the Feynman representation, which expresses the loop
functions by integrals with respect to Feynman parameters.
However in our calculation it is found that the Mandelstam spec-
tral representation is more preferable numerically. In the Mandel-
stam spectral representation the loop functions are calculated by
means of dispersion integrals:
+oo Im[CL (¢
0=, [ 7o
1 f+°° ImiG @)
T Jap2 ¥ —t—i0"
+oo Im[C/2" (¢
c{f’"(z):}r f4 . 71,[_10_ i(()+)] dr

+0o Im[CS (s’
f Nl
(

>

Co (=

s

>

1
Co(9) =

—ds
Mamp 8" —s—i0t 7

L[ oo opy(s',t)
D (s,t)=—f ds'f dr L -
0 2 (M+m)? (M+m)? (S, —5= 10+)(l/ —1= 10+)
Those spectral functions can be obtained by Cutkosky rule in
physical regionl) and are listed below. For three point functions,

(A59)

T m
Im[C}] =———pu(®O)In| ———— |,
miCol t—4M2pM() n(t—4M2+m2)
Im(cl] = n 1n[2m2_t+ Vi—4M?2 Vt—4m2]
O —am)  \2n—1— Ni—a Ni—ane )
Im[c2m =~ ln[Zm2 —1+ Vi—4M? \/t—4m2]
O i—am?) 2w —1- Ni—am2Ni—dm? )’
x| M- M
Im[Cj]l=——In| ——————1,
sp(s) s(s—M? -2m?)
(A60)
and for the four point function,
A(s,m?, M?)
4.2
o p,(s,1) =4n”sO[A(s,1)] X AG.D) s
As,1) =(A2 - B222)? — (A2 - B2)?
Ay =52 =25 — (M*—mP)?
Ba=A(s,m*, M%) ,
s (M2_m2)2
= |42 2M* )+ — | . A61
Zs A2 s+2t—2(M*+m”)+ . (A61)

havior as in O(p?) calculation: lager s. (in absolute value) yields lar-
ger negative contributions of /./.c.s; different cut-off parameters do
not alter the picture qualitatively.

B.2 Left-hand cuts from unitarized amplitudes

As already mentioned in the preceding paper [39], some con-
ventional unitarization approaches like the g-matrix method, may

1) Generally speaking Cutkosky rule on physical cut may not give the complete spectral functions due to the existence of some anomalous singularities like the an-
omalous triangle singularity. Fortunately, in two-body scattering processes with stable particles such singularities do not appear on the physical sheet, so Cutkosky rule

is valid.
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Fig. B1. (color online) The LA.c.s contribution with different values of cut-off parameters.

give un-physical structures like spurious poles, but anyway at O(p®) perturbation and unitarized results provide one possible point of
level the imaginary parts appears directly in the perturbation amp- views to estimate the uncertainties of /./.c.s calculation.

litudes, which would more or less improve the conventional unitar- At O(p?) level there are two traditional schemes to unitarize the
ization approaches]). Roughly speaking, the differences between amplitude, i.e. K-matrix approach in Eq. (B1), and Padé approxim-

1) In principle one can also figure out the locations of the spurious poles given by conventional unitarization approaches at O(p?) level, just like what has been done
in the preceding paper, but that requires much more efforts on numerical calculations since O(p>) perturbation amplitudes have no analytic expressions, hence is not
done in this paper.
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ation in Eq.

(B2)
T1+T>+ReT:
TK:.IZ—“’ (B1)
1- lp(T1 + T, +ReT3)
TZ
T :71’ (B2)
PT TS, Ts

where T; represents the perturbation amplitude at O(p’) level in
each channel; ReT; stands for the real part of O(p®) amplitude in

Fig. B2.
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physical region, and generally should be regarded as T3 —ipT?. The

two methods both give manifestly unitary 7, i.e. ImT = p|T|?. The

contributions of [A.c.s given by perturbation calculation and the

two unitarization methods are shown in Fig. B2. It is found that the

uncertainties in P3; and Py3 channels may be larger since the two

unitarization methods both give positive results in these two chan-

nels.
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(color online) Phase shifts from LA.c.s evaluated by perturbation theory and the two unitarization schemes in Eqs. (B1) and
(B2). The cut-off parameters are set as s.=—0.08 GeV’ and 6. =1.18 radian.
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In the end we emphasize that, as claimed in the preceding pa-

per [39], conventional unitarization methods may contain spurious

poles that violate causality, thus they are not trustworthy in analyz-
ing pole structures.
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