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Abstract: In this article, we study the first radial excited states of the scalar, axialvector, vector, and tensor diquark-
antidiquark-type cccc tetraquark states with the QCD sum rules and obtain the masses and pole residues; then, we use
the Regge trajectories to obtain the masses of the second radial excited states. The predicted masses support assign-
ing the broad structure from 6.2 to 6.8 GeV in the di- J/¥ mass spectrum to be the first radial excited state of the
scalar, axialvector, vector, or tensor cccc tetraquark state, as well as assigning the narrow structure at about 6.9 GeV
in the di- J/y mass spectrum to be the second radial excited state of the scalar or axialvector cccc tetraquark state.
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1 Introduction

The charmonium-like and bottomonium-like states
are good subjects for studying exotic states and under-
standing strong interactions. If they are genuine tetra-
quark states, there are two heavy valence quarks and two
light valence quarks; therefore, the dynamics is complex
compared with that of tetraquark configurations, which
consist of four heavy valence quarks. The attractive inter-
actions between the two heavy quarks (or antiquarks)
should dominate over short distances and favor the form-
ation of genuine diquark-antidiquark-type tetraquark
states, rather than the loosely bound tetraquark molecular
states, because the light mesons cannot be exchanged
between the two heavy quarkonia to provide attraction at
the leading order. In recent years, the full-heavy tetra-
quark states have attracted much attention and have been
studied extensively [1-21].

Recently, the LHCD collaboration reported their pre-
liminary results on the observations of cccc tetraquark
candidates in the di-J/y invariant mass spectrum at
pr >5.2GeV [22, 23]. They observed a broad structure
above the threshold ranging from 6.2 to 6.8 GeV and a
narrow structure at approximately 6.9 GeV with a signi-
ficance of greater than 50-; they also observed some
vague structures near 7.2 GeV. The masses of the full-
heavy tetraquark states from the phenomenological quark
models lie either above or below the di- J/¢ or di-Y
threshold, and vary over a large range [1-21]. This is the
first time that clear structures in the di- J/i mass spec-
trum have been observed experimentally and may be evi-
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dence for genuine ccce tetraquark states. The observation
of evidence for the ccéc tetraquark states provides im-
portant experimental constraints on the theoretical mod-
els, sheds light on the nature of the exotic states, and plays
an important role in establishing the tetraquark states.

In Refs. [7, 8], we study the mass spectrum of the
ground states of the scalar, axialvector, vector, and tensor
full-heavy diquark-antidiquark-type tetraquark states with
the QCD sum rules, showing that the predicted tetra-
quark masses lie blow the di- J/¢ or di-Y threshold. In
the present work, we extend our previous work to study
the mass spectrum of the first radial excited states of the
scalar, axialvector, vector, and tensor diquark-anti-
diquark-type ccce tetraquark states with the QCD sum
rules; then, we take the masses of the ground states and
the first radial excited states as the input parameters, re-
sort to the Regge trajectories to obtain the masses of the
second radial excited states, and make possible assign-
ments of LHCb's new structures.

The article is arranged as follows: we derive the QCD
sum rules for the masses and pole residues of the first ra-
dial excited states of the ccéc tetraquark states in Sec. 2;
in Sec. 3, we present the numerical results and use the
Regge trajectories to obtain the masses of the second ra-
dial excited states; Sec. 4 is reserved for our conclusions.

2 QCD sum rules for the first radial excited
cccc tetraquark states

Let us first write down the two-point correlation func-
tions I1(p) and I1,.5(p) in the QCD sum rules,
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i,j, k, m, and n are color indexes, and C is the charge con-
junction matrix. We choose the currents J(x), J:,V(x), and
J7,(x) to interpolate the JP¢=0%*, 1*7, 177, and 2**
diquark-antidiquark-type ccce tetraquark states, respect-
ively, as the current J;W(x), where the Lorentz indexes u
and v are antisymmetric, has both spin-parity J* = 17 and
1~ components.

On the hadron side, we insert a complete set of inter-
mediate hadronic states with the same quantum numbers
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as the current operators J(x), J},(x), and J7,(x) into the
correlation functions II(p) and IT,,.s(p) to obtain the had-
ronic representation [24-26]. After isolating the ground
state contributions of the scalar, axialvector, vector, and
tensor cccc tetraquark states, we obtain the results
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where g, = guv — . The pole residues Ay and Ay are

defined by
(0lJ(0)IX(p)) = Ax,
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where g, and g,, are the polarization vectors of the axi-
alvector, vector, and tensor tetraquark states, respectively.

If we take into account (or isolate) the first radial ex-
cited states, we obtain

We project out the axialvector and vector components
M4(p?) and Iy(p?) by introducing the operators P
and P’ respectively,

4(p?) = pPILA(p?) =P P ap(p),
My (p*) = p*Iy(p?) =P PTes(p), (8)

where

s -
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2
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It is straightforward but tedious to carry out the oper-
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ator product expansion in the deep Euclidean space ImITg, 7 (s)
P? = —p? - o0 or > AJ ., after which we obtain the QCD ps/T(s) =—————
spectral densities through the dispersion relation [7, 8], —
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Is/7(p?) = d ,
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where obtain the QCD sum rules:

So Zf i Ty s
—f dsf dzf dtf drp(s,z,t,r)exp(——z), (12)
16m? Z t; r; T
M?2 M2 S0 s 1y Ty
2 X/ ) x| s
Ly exp(—T—)+/l o exp[ = ]—fmm?dsj; dzj; dtj; drp(s,z,t,r)exp(—ﬁ), (13)

where the QCD spectral densities p(s,z,t,r) = ps(s,2,1,7), pa(s,z,t,7), py(s,z,1,r), and pr(s,z,t,r)are

ps(8,2,8,7) =38':: (s—m2)" + té—:f (s—m2)" (5s—2m2) + ”Z(ll __;_;_Z) 321,,6 (s-m2) (35 -7t) + L2210 — i

ﬁ(s—mff(%—ﬁf)[S—l_tt_z] s (11_th 2) 1637r6( mz) +rtz(1—r—t—z)—(s m2)2
x[zs—mf—li_z(s—mi)}mg(@%_%g’?5(s i l—rr;t ZIIZ;PJ’S‘S(S )]

2)-
2 (1- )1 o (- )1 _
&2 24 ss(s—m2)] - E S (3s—2m) REZTED _~ (35-2 2[5 — Z]
5(

B 12 P(1-t-z) 12x° ri(l-z) Lot
tzz(lz—r_—t—z)i(s_mg) tz(l—rz—f 9 1 [ 5— )_—s]
-9 o r
o ol 22
e e L G ]
tz(l(—lr—Z;-Z>471r4( ) (i z)1214 [4s—3n_1¢2~—1i_z3(s_"_1c2~)]}’ (9
or(satr) = (=) + o s (a5 ) o PG (o) (175 5)
L I:FZ) 32(1)ﬂ6 (s-m2)’ [(21s—5m§)— — (m-smf)]
S ) o 0= o= 97 7o)
B ) -5 2 )

tzl-r—t-2) 1 o tz(l-r—-t-z) 1 — [ t ]
- 25— - 25— 1-
2(1-1—2) 12n6( s=;) 2(1-2) 127r4( s=m) [
tz2(l—r—t—z) 1 (s__z)_tz(l—r—t—z) 1
r2(l1-z)  6n* ¢ r2 614

Lo )} 29[ Me (g5 -am) - U Ly )

s+ szé(s mz)— 1L—ZS]

1 m
r24nt P2 Ant Fis 4874 1-t—-z 327

113106-3



Chinese Physics C  Vol. 44, No. 11 (2020) 113106

(1-r-t-2 1 _ _ t _ 1-r-t-2 1 _
_n 1r—z < 4807r4(s—mz)[<17s—5m3)—l_t_ 15(3s—mf)]+rZ 1r_z < 24n4(s—mg)2

Cr(l=r—1—2) lﬂ [(14s 9m2)—1—21( 2)]—%%—%’@(%—%3)

OO L () (as-m) - D ()2 2 E) - 1 (45|

(I1-t-2) 727 (1—2) 727 1—1—2
l—r—t-2) 1 , _ B B
“ (lr—z; Z)24714 (5= ~t(1=r=1- Z)727r4 [7“5”'3_1%?(5‘”’3)]}’ (15)

(s (73-a7)

+m§<“fG>{—l me 5(s—n—1?)——1_r_t_z m; [1+56(s-m2)]

pa(s,z,t,r) = 13;’;36 (s-mz)2 + tzm? (s—mf)z (4s—ﬁg)+rtz(1 —r—t-2) 16sﬂ

r3 12n4 € r? 1274
2
tz m; o\ tz(l-r—-t-z) 1 2 o
—r—312ﬂ4[1+56(s—mc)]— 2 12 4[4s+s 6(s—mc)]
1 m> 1z 1 _2 a,GG m? o H(l=r=1=2); 52
i g (o) I - (a9 - TS o)
r(l—-r—t—z) o 1 omt o om? —
- Z(7s-6m + 2
4874 s ‘) rz 4874 r24n4( 5=
(l-r—t—z) 2 Hl-r—-t-2) 5
+T(s—mc) +48—7T4S(6S—5mc) s (16)
pov(s,z,t,r) =— 3mﬁ (S__z)z_tzmg (s—mz) +rtz(l—r ( ) (7s 4m) Z(QsGG) l m? 6(s—m2)
Vime 1676 ) " gnb 16 6 P 127t ¢
l—r—t—z m? 1z m* tz(l-r—t-z) 1 2 ) 1 m 1 )
A TR A Al e~ g ()
a;GG o rl-r—t—2) o2 r(l-r—t-2 o I omt o m? _
Ss=3m)+ ——— Z(s—m) + ———Zs(Ts—6m>) - ——— — - :
e >{487r4( T I I L0 rror et voed Ct)
t(l-r—t-z) 2 t(l-r—t-z) o
ST Ut e T Gt £ an
[
and n
d .
D" = (——) , and use the subscripts 1 and 2 to repres-
L, om: omd 2 dr
T A R e
<o t z l-r—t-z entthe ground states X, Y and the first radially excited
states X', Y’ respectively, for simplicity. We rewrite the
1 l—z-t two QCD sum rules in Egs. (12)-(13) as
}’f/izi{l—Z—li\/(l—z_t)2_4§_f_l}, Q gs. (12)-(13)
@t A exp(-tM}) = Tlgen(). (19)
i = 1-2)(5-~
& . {( Z)(s Z) 2 2\, 2 > /
28— A exp(—tM7) + Gexp(-TM3) = T (1), (20)

> where we introduce the subscript QCD to represent the
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We obtain the masses and pole residues of the ground
states of the scalar, axialvector, vector, and tensor ccce
tetraquark states with the two coupled QCD sum rules
shown in Eq. (19) and Eq. (21) [7, 8].

Next, we study the masses and pole residues of the
first radial excited states. First, let us derive the QCD sum
rules in Eq. (20) with respect to 7 to obtain

MM exp(-TM7) + 3Mj3 exp(-TM3) = DITyep (7). (22)
From Eq. (20) and Eq. (22), we can obtain the QCD sum
rules,

(D -M; )H6CD(T)
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i J
where the indexes i # j. Then, we can derive the QCD
sum rules in Eq. (23) with respect to 7 to obtain

/1l.2 exp (—TM?) = > (23)

(D2 - MJZ.D) e (7)

M? =
(D= M)
i = (D* = M2D?) Ty () | o)

(D= M}) ()
The squared masses M? satisfy the equation,
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and the indexes i=1,2 and jk=0,1,2,3. Finally we
solve the equation analytically to obtain two solutions
[27-29],
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M} =" @7)
2
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From the QCD sum rules in Egs. (27)-(28), we can ob-
tain the masses of both the ground states and the first ra-
dial excited states. Both the QCD sum rules in Eq. (21)
and Eq. (27) have one continuum threshold parameter,
and both the continuum parameters sy and s; have uncer-
tainties. From this aspect, the ground state masses from
the QCD sum rules in Eq. (21) are not superior to those
from Eq. (27). However, the ground state masses from
the QCD sum rules in Eq. (27) suffer from additional un-
certainties from the first radial excited states. In calcula-
tions, we observe that ground states masses from the
QCD sum rules in Eq. (27) underestimate the experiment-
al values [27-29]; therefore, we neglect the QCD sum

rules in Eq. (27).
3 Numerical results and discussion

We take the standard value of the gluon condensate
[24-26, 30], and use the MS mass m.(m.)=(1.275+
0.025)GeV from the Particle Data Group [31]. We take
into account the energy-scale dependence of the MS
mass from the renormalization group equation,

(1) ]

ag(me)

me(u) =mc(mc)[

1 by logr b*(log?t—logt—1)+bob,
@ (u) =— 1——;—g+ ! : ,
bot| b} t b2
(29)
where
2 33-2n
U 7
t=log—, byp= R
BA T g
5033 325 ,
~ 153_19nf ~ 2857—Tnf+7nf
YT T 0 2T 12873 ’

A =213MeV, 296MeV, and 339MeV for the flavors
ng=5, 4, and 3, respectively [31]. In this article, we
choose flavor number ny = 4, as we study the four-charm-
quark states.

We should choose suitable continuum threshold para-
meters s; to avoid contamination from the second radial
excited states and borrow some ideas from the conven-
tional charmonium states. The masses of the ground state,
the first radial excited state, and the second excited state
are  myy, =3.0969GeV,  my =3.686097GeV,  and
my» =4.039GeV, respectively, from the Particle Data
Group [31]. The energy gaps are my —my;y = 0.59GeV,
my —myy =0.94GeV, and we can choose the continuum

sy < My y +0.95GeV tentatively

and vary the continuum threshold parameters, energy
scales of the QCD spectral densities, and Borel paramet-
ers to satisfy the following three criteria:

1. The ground state plus the first radial excited state
makes a dominant contribution at the hadron side;

2. The operator product expansion is convergent be-
low the continuum thresholds;

3. The Borel platforms appear both for the tetraquark
masses and pole residues.

In Refs. [7, 8], we obtain the ground state masses of
the scalar, axialvector, vector, and tensor diquark-anti-
diquark-type full-heavy tetraquark states with the QCD
sum rules. In the present work, we take the ground state
masses as a benchmark and study the masses of the ex-
cited states. After trial and error, we reach acceptable
continuum threshold parameters, energy scales of the

threshold parameters
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Table 1. Borel parameters, continuum threshold parameters, energy scales, pole contributions, masses, and pole residues of the ccce tetraquark states.

Jre T?/GeV? \/%/Gev u/GeV pole (%) Mxyy/GeV Ax/y/(107'GeV)
0+*+(28) 44-438 6.80+0.10 2.5 65-79 6.48 £0.08 741+1.12
1*=(28) 44-48 6.85+0.10 2.5 69-82 6.52+0.08 5.56+0.80
2++(2S) 49-53 6.90+0.10 2.5 63-76 6.56+0.08 5.92+0.83
17=(2P) 45-49 6.90+0.10 22 57-173 6.58 +£0.09 3.46+0.58

7.6 L L L L S S B ] 7.6 L L AL R B B B ]
T4 A Central value | 7 74T B Central value | 7
72 — — ~Error bounds | 1 T2 - — —Error bounds | 1
7.0 | ] 7ot ]
2 1 el 1
66 _ o e - O e -
Se4---—-—-—-—-—-——-—-——-—-—-—-—-—--< ] b e e -]
6.2 L ] 6.2 L ]
6.0 J 6.0 ]
5.8 L ] 5.8 L ]
5.6 L n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n ] 5.6 L n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n ]
41 42 43 44 45 46 47 48 49 50 5.1 41 42 43 44 45 46 47 48 49 50 5.1
T(GeV?) T*(GeV?)
7.6 ~r 1~ 1+~ 1 1 1T 1T 17 ] 7.6 L L L L S S B ]
A c Central value | 7 74T Central value | 7]
72+ — — - Error bounds | 72 | D -_-- Error bounds |
7.0 L ] 7.0 L ]
Sesl ] Sesl ]
v L 1 L U =
O 1) Sttt g Qeepp—---- -~~~ - - """~~~ ~~ - -
Se4f T T T T TTTTTTTT oo ] Seaff """ T 77 N
6.2 L ] 6.2 L ]
6.0 |- J 6.0 ]
5.8 L ] 5.8 L ]
5.6 L n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n ] 5.6 L n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n ]
46 47 48 49 50 51 52 53 54 55 56 42 43 44 45 46 47 48 49 50 51 52
T4 GeV?) T4 GeV?)
Fig. 1. (color online) Masses of the first radial excited states of the tetraquark states with variations of the Borel parameters 72, where

A, B, C, and D denote the scalar, axialvector, vector, and tensor tetraquark states, respectively.

QCD spectral densities, and Borel windows, which are
shown in Table 1. From the Table, we can see that the
pole dominance on the hadron side is well satisfied. In the
Borel windows, the dominant contributions come from
the perturbative terms, and the operator product expan-
sion converges well.

Now, let us take into account all uncertainties of the
input parameters, and obtain the values of the masses and
pole residues of the first radial excited states, which are
also shown explicitly in Table 1 and Fig. 1. The pre-
dicted masses and pole residues are rather stable with
variation of the Borel parameters; the uncertainties that
originate from the Borel parameters in the Borel win-
dows are very small, in other words, Borel platforms ap-
pear. Now that the three criteria are all satisfied, we ex-
pect to make reliable or sensible predictions.

In Table 2, we present the masses of the ground states
and the first radial excited states from the QCD sum rules
[7, 8]. The masses of the ground states, the first radial ex-
cited states, the third radial excited states, etc., satisfy the
Regge trajectories,

Table 2. Masses of the cccc tetraquark states with the radial quantum
numbers n =1, 2, 3, and 4.

JPC My /GeV]7,8] M, /GeV M3/GeV My /GeV
o+ 5.99+0.08 6.48+0.08  694+0.08  7.36+0.08
1+ 6.05+0.08 6.52+£0.08  696+0.08  6.37+0.08
2+ 6.09+0.08 6.56+0.08  7.00+0.08  7.41+0.08
1 6.11+0.08 6.58+0.09  7.02+0.09  7.43+0.09
M,zl =an-1)+a, (30)

where a and «g are constants. We take the masses of the
ground states and the first radial excited states shown in
Table 2 as input parameters to fit the parameters « and
ag, and obtain the masses of the second radial excited
states, which are also shown in Table 2. From the Table,
we can see that the mass gap M3 —M; =0.91 ~ 0.95GeV,
which is consistent with the mass gap my» —m;;, = 0.94
GeV. Furthermore, from Table 1, we can see that the con-

tinuum threshold parameters /s; < Ms, where M3 rep-
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resents the central values of the masses of the second ra-
dial excited states.

From Table 2, we can see that the predicted masses
M=648+0.08GeV, 6.52+0.08GeV, 6.56+0.08GeV,
and 6.58£0.09GeV for the first radial excited states of
the scalar, axialvector, vector, and tensor cccé tetraquark
states are consistent with the broad structure above the
threshold ranging from 6.2 to 6.8 GeV in the di-J/¢ mass
spectrum [22, 23], while the predicted masses
M =6.94+0.08GeV and 6.96+0.08GeV for the second
radial excited states of the scalar and axialvector cccc tet-
raquark states are consistent with the narrow structure at
approximately 6.9 GeV in the di- J/¢ mass spectrum [22,
23]. The present predictions support assigning the broad
structure from 6.2 to 6.8 GeV in the di- J/¢ mass spec-
trum to be the first radial excited state of the scalar, axi-
alvector, vector, or tensor cccc tetraquark state, and as-
signing the narrow structure at approximately 6.9 GeV in
the di- J/¢ mass spectrum to be the second radial excited
state of the scalar or axialvector ccce tetraquark state.

In Table 2, we also present the third radial excited

states of the cccc tetraquark states. From the Table, we
can see that they lie above the vague structures near 7.2
GeV in the LHCb data [22, 23].

4 Conclusion

In this article, we construct the scalar and tensor cur-
rents to study the first radial excited states of the scalar,
axialvector, vector, and tensor diquark-antidiquark-type
ccce tetraquark states with the QCD sum rules and obtain
the masses and pole residues. Then, we use the Regge tra-
jectories to obtain the masses of the second radial excited
states. The present predictions support assigning the
broad structure from 6.2 to 6.8 GeV in the di- J/¥ mass
spectrum to be the first radial excited state of the scalar,
axialvector, vector, or tensor cccc tetraquark state, and as-
signing the narrow structure at approximately 6.9 GeV in
the di- J/y mass spectrum to be the second radial excited
state of the scalar or axialvector cccc tetraquark state.
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