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Electromagnetic properties of the P.(4312) pentaquark state
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Abstract: Using the light-cone QCD sum rules, we evaluate the magnetic moment of the P.(4312) pentaquark state

_ 1
by considering both the DX, molecular and diquark-diquark-antiquark state, with quantum numbers J = = . In the

calculations, we use the diquark-diquark-antiquark and molecular form of the interpolating currents for the P.(4312)

pentaquark and the distribution amplitudes of the photon. The numerical results for the magnetic moment obtained

using the two different pictures are quite different from each other, which can be used to pin down the underlying

structure of P.(4312). Any experimental measurement of the magnetic moment in the near future will provide an un-

derstanding of the internal structure of this pentaquark state.
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I. MOTIVATION

Research into exotic hadrons that are composed of
multi-quark states is among the current subjects of in-
terest in particle physics. Experimental information col-
lected through various collaborations, and theoretical pro-
gress obtained using different theoretical models, consti-
tutes the rapidly growing field of exotic studies [1-10]. In
2015, the LHCb Collaboration reported two pentaquark
states, P/ (4380) and P;(4450), in the invariant mass
spectrum of J/¢ p in the A) — J/y K~ p decay [11]. From
the LHCb measurements the P;(4380) has a mass of
4380+8+29 MeV and a width of 205+18+86 MeV,
while the P}(4450) has a mass of 4449.8+1.7+2.5 MeV
and a width of 39 +5+ 19 MeV. The quantum numbers of
these states were determined by partial wave analysis and
the spins reported as 3/2 and 5/2 with opposite parities.
In 2019, the LHCb Collaboration updated their analysis
and reported three new narrow pentaquark states [12].
The measured masses and decay widths are:

P.(4312): M =4311.9+0.7*58,
[=9.80+2.7"37,

P.(4440): M =44403 =13,
=20.6+49"%7,

P.(4457): M =4457.3+0.6*11,

['=6.40+2.0"77.

All values are given in units of MeV. From the updated

measurements, we observe that the previous peak of
P.(4450) is now split into two narrower structures,
P.(4440) and P.(4457), and a fluctuation observed in the
old spectrum is now a new narrow resonance, P.(4312).
The broad P.(4380) resonance is now less clear and its
existence needs to be verified in a complete amplitude
analysis. One can see that the P.(4312) is just below the
>.D threshold, while the masses of the P.(4440) and
P.(4457) are slightly lower than the X.D* threshold.
Since these states have only been observed in the J/yp
invariant mass spectrum by the LHCb Collaboration, it is
important to investigate some other decay mechanisms to
better understand their internal structure. The experiment-
al discovery stimulated extensive theoretical predictions
on the nature of pentaquark states, their spectroscopic
parameters, decays and production mechanisms, employ-
ing different scenarios and frameworks [13-45]. The ma-
jority of these studies are aimed at understanding the
spectroscopy and decay properties of these particles, and
the results obtained using different models are close to
each other. To put it another way, the spectroscopic para-
meters or decay properties alone cannot distinguish the
substructure of the pentaquark states. Therefore, addition-
al investigations of these pentaquark states are required to
explain the situation with the pentaquark resonances.

The magnetic moment of hadrons is one of the most
significant properties in the study of their electromagnet-
ic structure, and can also give important knowledge of the
QCD dynamics in the low energy region. It is also a key
component in the computation of J/y photo-production
cross sections, which can ensure an independent investig-
ation of the pentaquark states. In this work, we focus all
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our attention on the newly discovered P.(4312) state
(from now on we denote this particle as P.) and perform
a comprehensive calculation of the magnetic moment of
the P, with the external background electromagnetic field
method. We use the light-cone QCD sum rule (LCSR)
method, which is one of the most powerful and useful
nonperturbative methods in hadron physics, allowing us
to calculate properties of particles and processes [46-48].
In the calculations, we use the diquark-diquark-antiquark
and molecular forms of the interpolating currents for the
P. pentaquark and the distribution amplitudes of the
photon, which contain all knowledge about the nonper-
turbative dynamical features of the photon. Studying the
electromagnetic properties of exotic states is a relatively
new subject. However, in the literature there are a few
studies where the electromagnetic properties of the hid-
den-charm pentaquark states are investigated [49-51]. In
Ref. [49], the magnetic moments of the hidden-charm
pentaquark states have been extracted in the diquark-
triquark, diquark-diquark-antiquark and molecular con-
1* 3% 5% 77

- ,= quantum num-

bers in difcolor-flavor structures. In Ref. [50], the electro-
magnetic multipole moments of the P.(4380) pentaquark

. 3 L
with J® = = quantum numbers have been obtained in the
diquark-diquark-antiquark and molecular pictures within

the LCSR framework. In Ref. [51], the ground statesof

. . 3
hidden-charm pentaquarks with J© == quantum num-

bers and their associated magnetic moments and electro-
magnetic couplings were acquired, of interest to
pentaquark photoproduction experiments in the frame-
work of the constituent quark model. We see that from
these studies the values of the electromagnetic paramet-
ers obtained via different configurations differ consider-
ably from each other.

The rest of this paper is structured as follows. In Sec-
tion II, we describe how to evaluate the magnetic mo-
ment of the P, pentaquark with the LCSR. In Section III,
we carry out numerical analysis of the acquired LCSR for
the magnetic moment of the P, pentaquark state. This
section contains also our discussion. Section IV gives a
summary and outlook. The explicit expressions of the
magnetic moment are in the Appendix.

II. FORMALISM

In this section, we briefly describe the LCSR method
used to investigate the magnetic moment of the P,
pentaquark state in the presence of an external electro-
magnetic field. The current correlation function for the P.
pentaquark state is written as

(p,q) =i f d*xe P17 {Jp. () Tp (0}0)y, (1)

where Jp(x) is the interpolating current of the P,
pentaquark. In the diquark-diquark-antiquark and mo-

. . |
lecular pictures with quantum numbers J* = 3 it is giv-
en as [27, 28]

JPi(x) =gbegade ghie [ug (x)Cysd.(x) u]Tc (x)
X Cyscg(x) CEl (x)],

M) =[a(0)iysua()][ € (Ul () Cyady(x))
Xy ysce(x)], 2

where C is the charge conjugation matrix, and a, b... are
colour indices.

The correlation function can be acquired associated
with hadronic properties, known as the hadronic repres-
entation. It can also be acquired associated with the
quark-gluon properties in the deep Euclidean region,
known as the QCD representation. In order to eliminate
the undesired contributions coming from the higher states
and the continuum, we perform a Borel transformation
and continuum subtraction, provided by the quark-had-
ron duality ansatz. Finally, both representations of the
correlation function are connected to each other via dis-
persion relations.

The hadronic representation of the correlation func-
tion can be acquired by embedding complete sets of the
hadronic states with the same quantum numbers as the P.
interpolating currents,

01 Jp, | Pe(p,s))
C pP-md]

y (P(p+q.s)|Jp,|0)
[(p+q)*~m3 ]

15(p, q) (P(p,s) | Pe(p+q,5))y

o 3)

where the ellipsis represents the continuum and higher
states.

The matrix elements (0| Jp | Pc(p,s)), (P(p+q,s)|
Jp.10) and (P.(p,s) | P.(p+q,s)), in Eq. (3) can be para-
meterized in terms of overlap amplitude and Lorentz in-
variant form factors as follows:

O Jp, | Pe(p,s)) = Ap,ysu(p,s), 4)

(Pe(p+q,5) 1 Jp,10) = Apysii(p+q,s), (5)

(Pe(p. )| Pe(p+q,9))y =e"u(p, S)[[ﬁ (@) + L@y,

Cp+qy
2m P.

+f(q) u(p+q,s),

(6)
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where Ap_ is the residue or overlap amplitude of the P,
state, and ¢ and ¢ are the polarization vector and mo-
mentum of the photon, respectively.

Substituting Egs. (4)-(6) in Eq. (3), for the hadronic
side we get:

Had 2 (IHmP') 2 2
p, @) =p vs———==&"|[fi(a") + f2(g)]y
[P _mpt]
. 2P +q) (1’5+9j+mP(>
+/2(q7) 2 5[(p+q)2—m%)(]' (7)

The Lorentz invariant form factors fi(¢?) and f>(¢%)
are related to the magnetic form factor by the relation

Gu(g») = filg) + H(P). ®)

At ¢* =0, the magnetic form factor is acquired associ-
ated with the functions fi(¢%) and f>(¢?) as:

Gum(0) = f1(0) + £2(0). )

The magnetic moment, up_, is defined in the following way:
e

up, =Gy (0) 2mp (10)

We notice from Eq. (7) that the correlation function in-
cludes many structures. Any of these can be selected in
evaluating the magnetic moment of the P. pentaquark,
and from this point of view we select the structure #4.
This structure contains the magnetic form factor
f1(0)+ £>(0), and it gives the magnetic moment pp,_ of the
P. pentaquark in units of its natural magneton, i.e.
e/2mp_. As a result, the correlation function can be ex-
pressed with respect to the magnetic moment of theP,
pentaquark as:

A2 mp
P, ¢
HHad(p’ q) —

1
‘ .1
[(p+q)*—m3 ] Sy m ] ()

Employing the explicit form of the interpolating currents
given in Eq. (2), and after some lengthy computations, for
the QCD representation of the correlation function of the
P, pentaquark we obtain:
H?CD(p, C]) —_ isabcga’b’c’ 8ad68a’d’e’8bfg8b'f’g’

X f d4xeiP'X<0|{Tr[yss;e’(x)ysﬁﬁd’(x)]

X Tr[ysS £ (0ysS 17 ()]

—Ti|ysS g (0ysS 1! (xyysSE (x)

xS ]S -000, (12)

in the diquark-diquark-antidiquark picture, and
HgCD(p,q) — _ieabcea’b’c’ fd4xeip-x

X <0|{Tr[ysS;“” @ysSE4(=x)

X T ypS 4 (x)yaS Y ()]
—Tr|ysS (4 (s S &(-)]

X Tt ysS " (07aS ;”’m]}

X (¥ ¥5S & (Dy57”)0)y, (13)

in the molecular picture, where

Sij _ eifT
S )(x)—CSC(q)

C(q (X)C,

with § ,)(x) being the full light and charm quark propag-
ators. The relevant propagators are given as [52]

¥ qq qo.Gq 2

S = a1 T 10
g
-5 ,fzxz G* (x)[ka‘w + o'm,zﬁc], (14)

Sc(x) =

mz Kl(mc V—xz) 'XKZ(mc V_xz)

4n2[ = (e ]
1

f dvG“V(vx)[(O'ﬂvx+X0'uv)
0

_ &sTe
1672
K, (mc V—x2

X T) +20'WK0<mC \/—_x2>:| (15)

where K; are the modified second order Bessel functions
and G*” is the gluon field strength tensor.

The QCD representation of the correlation function
can be acquired with respect to the quark-gluon proper-
ties with the help of the photon distribution amplitudes
and after performing a Fourier transformation to transfer
the computations to momentum space. These procedures
are standard in the LCSR method but quite lengthy.
Therefore, we do not present these steps here.

Equating the QCD and hadronic representations of the
correlation function, we acquire the terms of the magnet-
ic moment in the LCSR associated with the QCD de-
grees of freedom and the photon distribution amplitudes.
We carry out double Borel transforms in connection with
the variables p?> and (p+¢)*> on both representations of
the correlation function to remove the contributions of the
higher states and continuum, and employ the quark-had-
ron duality ansatz. By equating the coefficients of the
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structure ¢¢ for the magnetic moment, we obtain:

2m P, /1?J mp,

Hp =Gy (0) FYP, (16)

e e
_ QCD
2mp, A2 m B2 1n
p P, P,

#%01 — Gl\][g()] (0)

The explicit expressions of the F?CD and F?CD func-
tions are presented in the Appendix. Interested readers
can find details of the calculations, such as the Borel

transformations and continuum subtraction, in Refs. [53,
54].

III. NUMERICAL ANALYSIS

This section is dedicated to the numerical computa-
tions for the magnetic moment of the P, pentaquark state.
Weusem, =my =0,m.=127+0.03GeV [55],mp =4.31+
0.07 GeV [12], (au) = {(dd) = (<0.24=0.01)>GeV?, m} =
0.8+0.1GeV? [56], (g2G*)=0.88GeV* [57]. We also
need the value of the magnetic susceptibility, which is
taken as y = —2.85+0.5 GeV~2 [58]. In order to evaluate a
numerical estimation for the magnetic moment, we also
need to determine the numerical values of the residue of
the P, pentaquark. The residue is acquired from the two-
point sum rule as Ap =(1.95+0.35)x 1073 GeV® [28],
Ap. = (1.40+0.23)x 1073 GeV® [27] for molecular picture

2r T T T ]
o 220 Gev?| ]
1.6 8y = =40 e ) ]
£14f 5,=23.0 GeV .
s L ]
12k 2 ]
2 - 5,=24.0 GeV ]
= [ ]
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04T T ]
02F =

L ] | ] ]
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() 7 2 |
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= af 1
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= =

L | 1 ! ]

0 55 . %5 7
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Fig. 1.

and the diquark-diquark-antiquark picture, respectively.
The analytical expressions used in the photon distribu-
tion amplitudes and the numerical values used in these
expressions are given in Ref. [59].

The predictions for the magnetic moment of the P,
pentaquark state depend on two auxiliary parameters: the
Borel mass parameter M> and the continuum threshold
s0- According to the standard prescriptions of the method
used, the physical parameters should weakly depend on
these auxiliary parameters. The upper bound of M? is
achieved by demanding the maximum pole contributions,
and its lower bound is achieved from the convergence of
the operator product expansion and the excess of the per-
turbative part over nonperturbative contributions.The
working region for sy is achieved by considering the fact
that the magnetic moment is practically insensitive to its
changes. The above-mentioned constraints result in the
working regions for arbitrary parameters being:

22.0 GeV? < 59 < 24.0 GeV?,
5.0 GeV? < M? < 7.0 GeV>.

In Fig. 1, we depict the dependencies of the magnetic
moment on M? and so. The uncertainty because of vari-
ations of sy in this range is much larger than the uncer-
tainty because of variations of M?. Note that the spe-
cified interval of sq is in the interval that one would as-
sume from the physical analysis of so. As a result of all
these considerations we obtain for the magnetic moment:

2 T T T

i -~ M’ =50 GeV’ 1
. Mi =60 Ger 1
N - M’ =7.0 GeV 1

W, [My]-Diquark
T
L

101 T T T —

gk —
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Variations of the magnetic moment up, with M? and so.
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Di Di e €
=G,(0)— =1.82+0.70 ——
HP‘ M( ) 2mp( Zmp(

=0.40 = 0.15 uy, (18)

Mol Mol € €
=G, (0)—— =9.09+3.44 ——
He. m ¢ )ZmP,. * 2mp,

=1.98+£0.75 py, (19)

where py is the nucleon magneton.

Our numerical values clearly indicate that the magnet-
ic moment of the pentaquark state is quite different when
obtained with different models. To put it another way, the
experimental measurement of the magnetic moment of
the P. pentaquark can actually help distinguish its sub-
structure. In Ref. [49], the magnetic moment of the hid-
den-charm pentaquark states have been extracted in the
diquark-triquark, diquark-diquark-antiquark and molecu-
lar configuration with different quantum numbers. Our
predictions are in good agreement, within the errors, with
the predictions of Ref. [49].

IV. SUMMARY AND OUTLOOK

In 2019, the LHCb Collaboration reported the obser-
vation of three narrow new pentaquark states in the J/yp
invariant mass spectrum of A, — J/ypK. The observa-
tion of these states gives a new platform to investigate

FCD _ me
1 3805072588807

exotic states in QCD. We have acquired the magnetic
moment of the P.(4312) by modelling it using both the
diquark-diquark-antiquark and molecular pictures with

1=, .
quantum numbers J = 5 In the framework of the light-

cone QCD sum rules. The magnetic moment of the
P.(4312) pentaquark is an important dynamical paramet-
er, which can give valuable information on the
pentaquark substructure, internal charge distribution, and
geometric shapes. The numerical results of the magnetic
moment obtained using the two different pictures are
quite different from each other, which can be used to pin
down the underlying structure of the P.(4312). Any ex-
perimental measurements of the magnetic moment of the
P.(4312) pentaquark state and comparison of the
achieved results with the estimations of this work may
give useful information on the inner structure of the
pentaquark states, as well as on the nonperturbative
nature of QCD. We hope to extend our work with a de-
tailed analysis of the electromagnetic properties of the
P.(4440) and P.(4457) pentaquark states.

APPENDIX: EXPLICIT FORMS OF
THE F2®® FUNCTIONS

In this Appendix, we present the explicit expressions
for the functions F ?CD and F §2CD:

[ec{— 1728(1[0,7, 1,3]1-31[0,7,1,4]+31[0,7,1,5] - 1[0,7,1,6] —3(1[0,7,2,3]

—-2110,7,2,4]+110,7,2,5] - 1[0,7,3,3] + 1[0, 7, 3,4]) —-1[0,7,4, 3]) + 60480m%ch27r2( —-8(1[0,4,1,1]

—-2110,4,1,2]1+1[0,4,1,3]1 -21[0,4,2,1] + 21[0,4,2,2] + 10,4, 3, 1])+P1(21[0,2, 1,0]1-31[0,2,1,1]

+1[0,2,1,2]-21[0,2,2,0] +1[0,2,2,1]+2I[1,1,1,1] - 21[1,1,1,2] - 211, 1,2, 1]))

+ 672mCP27r2(288(I[0,5, 1,2]1-2I10,5,1,3] +1[0,5,1,4] - 2I[0,5,2,2] + 21[0, 5,2,3] + 1[0, 5, 3,2])

+5P1(13I[0,3, 1,0]-741[0,3,1,1]+731[0,3,1,2] - 121[0,3,1,3] - 261[0,3,2,0] + 741[0,3,2, 1]

—-12110,3,2,2]+131[0,3,3,0] + 36(-1[1,2,1,2] + I[1,2,1,3] +1[1,2,2,2])))—7P1(3511[0,5, 1,1]

-705110,5,1,2]+355110,5,1,3]1 + 1[0, 5, 1,4] - 2110,5,1,5] - 10531[0, 5,2, 1] + 1410I[0,5, 2,2]

—-3531[0,5,2,3] -41[0,5,2,4] + 10531[0, 5,3, 1] - 705110,5, 3,2] - 2110, 5,3,3] = 3511[0, 5,4, 1]

+ 10(1[1,4,1,3]—2][1,4, 1,4]+I[1,4,1,5]—2[[1,4,2,3]+2][1,4,2,4]+I[1,4,3,3]))}

+ 14edP1{8OmCP27r2(3m(2)<1 1110,2,1,0] -221[0,2,1, 1]+ 111[0,2,1,2] - 101[0,2,2,0] + 101[0,2,2, 1]

-1[0,2,3,01 +2(I[1,1,1,0] + 10711, 1,1, 1] = 11111, 1,1,2] = 2({[1, 1,2,0]+5][1,1,2,1])+I[1,1,3,0]))
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—4(1[0,3, 1,0]+91[0,3,1,1]-15110,3,1,2]+51[0,3,1,3] - 2110,3,2,0] - 81[0,3,2,1] + 41[0, 3,2,2]
+1[0,3,3,0]-1[0,3,3, 1]+ 3(1[1,2, 1, 1] +41[1,2,1,2] - 51[1,2,1,3] - 21[1,2,2,1] - 41[1,2,2,2]
+1[1,2,3, 1])))+3(6I[0,5, 1,11-271[0,5,1,2] +411]0,5,1,3] - 251[0, 5, 1,4] + 51[0, 5, 1,5] — 181[0, 5,2,1]
+57110,5,2,2]-52I[0,5,2,3] + 13110,5,2,4] + 181[0, 5,3, 1] - 331[0,5,3,2] + 111[0,5,3,3] - 61[0,5,4,1]
+31[0,5,4,2] +5(3I[1,4, 1,2]-111[1,4,1,3]+131[1,4,1,4] - 5111,4,1,5] - 91[1,4,2,2] + 221[1,4,2,3]

—131[1,4,2,4]+9111,4,3,2] - 111[1,4,3,3] —3I[1,4,4,2]))}

—ZSeuPl{—9OI[O,5, 1,1]1+273110,5,1,2]-3071[0,5,1,3] + 1551[0, 5, 1,4] - 311[0, 5, 1,5] + 2701[0, 5,2, 1]
—-591110,5,2,2] +4281[0,5,2,3] - 1071[0,5,2,4] - 270I[0, 5,3, 11+ 3631[0, 5, 3,2] — 1211[0,5, 3, 3]
+80mCP27r2(3m(2)(17I[0,2, 1,0]-34110,2,1,1]1+17110,2,1,2] -221[0,2,2,0] +221[0,2,2,1] + 5110, 2,3,0]
—10/11,1,1,0] +44I[1,1,1,1]-34111,1,1,2] + 201[1,1,2,0] — 44I[1,1,2,1] - 101[1,1,3,0])+4(51[O,3, 1,0]
—-27110,3,1,1]+331[0,3,1,2] - 111[0,3,1,3] - 10/[0, 3,2,0] + 327[0, 3,2,1] - 161[0, 3,2,2] + 51[0,3,3,0]
-51[0,3,3,1]1+15111,2,1,1]1 -481[1,2,1,2] +331[1,2,1,3] - 30I[1,2,2,1] + 481[1,2,2,2] + 15I[1,2,3, 1]))
+5(181[0,5,4, 11-9110,5,4,2]-451[1,4,1,2]+ 1211[1,4,1,3] - 1071[1,4,1,4] + 311[1,4, 1, 5]
+1351[1,4,2,2]-242111,4,2,3]1+ 1071[1,4,2,4] - 1351[1,4,3,2] + 1211[1,4,3,3] +451[1,4,4,2])H

mg P2

2 2
R TTSTr Ty [384 foy® BIVI((4eq - )P1110,2,2,0] +3(=Teq + 2e,)m3110,3,3,0])

+ Py (2(6(64 +9e,)L[S]+3e,(8L[T1]1 = ThL[T2]1 + 8L[T3] = 9L [T4] + 145, [S 11— 4(2414[S] + T14[T11 - 714[7>]

+ 814 T3] = 8L4[T4] + 1614[8 1)) + 6e4(TL[S 1 - 4(1314[S] + 314[S ] + 41s[A] — 416[ 1, ])) + 544e, ]6 [hy])I[O, 3,2,0]
+((24eq — 82¢,) L[S+ 6¢4(I[S1— 1615[A]) + e,(~21 o[ T1] + 21 o[ T2] + 2121 [ S] + 421, [T ] - 4214 (7]
+28815[A]))I[0,3,3,0] + 32(3ed<1[0,3, 1,01-51[0,3,1,11+71(0,3,1,2] - 31[0,3, 1,3] - 21[0, 3,2,0]
+61[0,3,2,11-4110,3,2,2] + 110,3,3,01 - 110,33, 11) + e,( - 91[0,3,1,0] + 617[0,3, 1,11 - 611[0,3,1,2]
+91[0,3,1,3]+ 181[0,3,2,0] - 701[0,3,2, 1] + 181[0, 3,2,2] - 91[0, 3,3, 0] + 91[0,3,3, l]))A[uo])]

me
© 43486543872075

[320chP1P2(8ed1[0,4, 2,01+ 3(2e4 - 3€,)110,4,3,01) 5[, ] — 3456m Py (3eq — 2e,)

X 14[S110.5.3,0] + 3 f3,( - 30P1 (534 +23e,) = 512m Pyn* (Teq — 2e,))1[0,4,3,0] + 25 Py (<3eq
+13¢,)1[0,4,4,0] + 144(1 1eq + 10€,)1[0.6,4,0]) L[V] - 640y m, Py Pz( —2¢,(91[0,4,1,1]-351[0,4,1,2]
+261[0,4,1,3] - 181[0,4,2, 1]+ 351[0,4,2,2] + 91[0.4,3, 11) + 4(61[0,4,1,1] - 211[0,4, 1,2] + 221[0,4,1,3]

—71[0,4,1,4] - 121[0,4,2,1] + 241[0,4,2,2] - 101[0,4,2,3] + 61[0,4,3, 1] - 31[0,4, 3,2]))%[%]},
(AT)
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FQCD _ me
2 7927234560n7

+2110,2,2,1] +I[0,2,3,0])— 18(1[0,4,1, 1]-3110,4,1,2]+31[0,4,1,3] - 1[0,4,1,4] - 21[0,4,2, 1]

ec{ - 1680m(2)ch2712(P1 (110,2,1,01-2110,2,1,1]+1[0,2,1,2] - 21[0,2,2,0]

+4110,4,2,2]1-21[0,4,2,3] +1[0,4,3,1] - 1[0,4, 3,2])) - 224mCP2n2(5P1(I[0, 3,1,0]-41[0,3,1,1]

+5110,3,1,2]-21[0,3,1,3] -21[0,3,2,0] + 61[0,3,2,1] - 410, 3,2,2] + 1[0, 3,3,0] - 21[0, 3,3, 1])
+ 18(3[[0,5,1,2]—81[0,5,1,3]+7I[0,5, 1,4]-2I1[0,5,1,5] -6I[0,5,2,2] + 101[0,5,2,3]

—-4110,5,2,4] + 31[0,5,3,2] —21[0,5,3,3])) + 3(7P1(3I[0,5, 1,1]-141[0,5,1,3] + 141[0,5,1,4]

-5I10,5,1,5]-9110,5,2,1]-71[0,5,2,2] + 131]0,5,2,3] - 71[0,5,2,4] + 91[0, 5,3, 1] - 61[0, 5, 3,2]
+1[0,5,3,3]-31[0,5,4,1] +31[0,5,4,2]) + 18(2][0,7, 1,3]1-71[0,7,1,4]1+91[0,7,1,5] - 51[0,7,1,6]
+1[0,7,1,7]-61[0,7,2,3] + 151[0,7,2,4] - 121[0,7,2,5] + 31[0,7,2,6] + 61[0,7,3,3]1 —91[0,7,3,4]
+3110,7,3,5] -21[0,7,4,3] +I[0,7,4,4]))} +Sed{560m3ch27r2(P1(31[0,2, 1,0]1-61[0,2,1,1]
+3110,2,1,2]-61[0,2,2,0] +61[0,2,2,1]+31[0,2,3,0] - 10/[1,1,1,0] + 20/[1,1,1,1] - 101, 1,1,2]
+20/1[1,1,2,0]-20111,1,2,1] - 10111, 1,3,0])+9(I[O,4,2,0] —-3110,4,2,1]1+31[0,4,2,2] - 1[0,4,2,3]
—-2110,4,3,0]+41[0,4,3,1] - 21[0,4,3,2] + 1[0,4,4,0] - 1[0,4,4, 1]+ 4111,3,2,1] - 81I[1,3,2,2] +4I[1,3,2,3]
—-8111,3,3,11+8I[1,3,3,2] +4I[1,3,4, l]))+224mCP27r2(10P1(I[O,3, 1,0]-3110,3,1,11+31[0,3,1,2]
-1[0,3,1,3]-21[0,3,2,0] +41[0,3,2,1] - 2110, 3,2,2] + 1[0, 3,3,0] - 1[0, 3,3, 1]+ 511,2,1,1] - 101[1,2, 1, 2]

+5111,2,1,3]-10I[1,2,2,1]+ 10I[1,2,2,2] +51[1,2,3,1])—9(2][0,5,2, 11-5110,5,2,2] +41[0,5,2,3]
-1[0,5,2,4] -4110,5,3,1] + 61[0,5,3,2] - 2I[0,5,3,3] + 21[0,5,4,1] - 1[0,5,4,2] + 51 1,4,2,2]

—101[1,4,2,3]1+5I[1,4,2,4] - 10I[1,4,3,2] + 101[1,4,3,3] +51[1,4,4,2]))—3(7P1(6I[0,5, 1,1]

-21110,5,1,2]1+271[0,5,1,3] - 151[0,5, 1,4] + 3110, 5,1,5] - 221[0,5,2,1] + 551[0, 5,2, 2] — 441[0,5, 2, 3]
+11110,5,2,4] + 261[0,5,3,1] - 39I]0,5,3,2] + 131[0,5,3,3] - 10/[0, 5,4, 1] + 51[0, 5,4, 2] + 251[1,4,1,2]
—75111,4,1,3]1+751[1,4,1,4] - 25111,4,1,5] - 951[1,4,2,2] + 1701[1,4,2,3] - 851[1,4,2,4] + 951[ 1,4, 3,2]
—-951[1,4,3,3] —35[[1,4,4,2])—6(31[0,7,2,2] —-10I1[0,7,2,3]+121[0,7,2,4] - 61[0,7,2,5] + 1[0,7,2,6]
-9110,7,3,2] +21110,7,3,3] - 151[0,7,3,4] + 31[0,7,3,5] + 91[0,7,4,2] - 12110,7,4,3] + 31[0,7,4,4]
-3110,7,5,2]1+1[0,7,5,3]1+71[1,6,2,3] - 211[1,6,2,4] + 211[1,6,2,5] - 71[1,6,2,6] - 211[1,6,3, 3]

+421[1,6,3,4]-211[1,6,3,5] +211[1,6,4,3] - 211[1,6,4,4] —7I[1,6,5,3]>)}

+ 3614{560m%ch2712(P1 (31[0, 2,1,0]1-61[0,2,1,1]+31[0,2,1,2]-61[0,2,2,0] + 61[0,2,2, 1] + 31[0,2,3,0]

—~10/[1,1,1,0]+201[1,1,1,1] = 102[1,1,1,2] +201[1,1,2,0] - 20/[1,1,2,1] - 10/[1,1,3,0]) + 9(/[0.4,2,0]
—3110,4,2,1]+31[0,4,2,2] - 1[0,4,2,3] - 21[0,4,3,0] + 41[0,4,3, 1] - 21[0,4,3,2] + 1[0, 4,4,0] - I[0,4,4,1]

+4111,3,2,1]1-81[1,3,2,2]+41[1,3,2,3] - 81[1,3,3, 1]+8[[1,3,3,2]+4I[1,3,4,1]))+224mCP27r2(1OP1

X(I[O,3, 1,0]-31[0,3,1,1]+31[0,3,1,2] - 1[0, 3,1,3] - 2110, 3,2,0] + 41[0,3,2,1] - 210, 3,2,2] + 1[0, 3,3,0]
-1[0,3,3,1]1+5111,2,1,1] - 101[1,2,1,2] + 5111,2,1,3] - 101[1,2,2,1] + 10I[ 1, 2,2,2] + 5I[1,2,3, 1])
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-9(2110,5,2,1]1-5110,5,2,2] +4110,5,2,3] - 1[0, 5,2,4] - 4110, 5,3, 1] + 6110, 5, 3,2] - 21[0,5, 3, 3]

+21[0,5,4,1]1-1[0,5,4,2]1 +5I[1,4,2,2] - 101[1,4,2,3] + 5I[1,4,2,4] - 10I[1,4,3,2] + 10/[1,4,3,3]

+51[1,4,4,2]))—3(7P1(6I[0,5, 1,1]1-211[0,5,1,2] +271]0,5,1,3] - 151[0, 5, 1,4] + 31[0,5, 1, 5]

—22I[0,5,2,1]+551[0,5,2,2] —441[0,5,2,3] + 111[0, 5, 2,4] + 261[0, 5,3, 1] - 39/[0, 5, 3,2] + 131[0, 5, 3,3]

—-10I[0,5,4,1]1+5110,5,4,2] +251[1,4,1,2] - 751[1,4,1,3]1 +751[1,4,1,4] - 251[1,4,1,5] - 851[1,4,2,2]

+170I[1,4,2,3] - (851[1,4,2,4] +951[1,4,3,2] - 951[1,4,3,3] - 351[1,4,4,2]) - 6(31[0,7,2, 2]1-101[0,7,2,3]

+121[0,7,2,4] - 6110,7,2,5] +1[0,7,2,6] - 91[0,7,3,2] + 211[0,7,3,3] - 15110,7,3,4] + 31[0, 7,3, 5]

+91[0,7,4,2]-12110,7,4,3] + 31[0,7,4,4] - 31[0,7,5,2] + I[0,7,5,3]1 + 71[1,6,2,3] - 211[1,6,2,4]

+21111,6,2,5]1-71[1,6,2,6] - 211[1,6,3,3] +421[1,6,3,4] - 211[1,6,3,5] + 211[1,6,4,3] - 211[1,6,4,4]

2
—-7111,6,5, 3]))}} LPZ[Z@PI(NZ[TI] +3L[T2]+ L[T3]1+ L[T4] - 2(1 LI [T1]+ 1114[7>]

113246208 75

+ LT3+ 14[7'4]))1[0, 3,2,0] - 576eq f3,min* LIANI0,3,3,0] + eu(576 foymim® LA - Py(LIT1]

+ L[T2]—41L4(T1]+ 414[7'2]))1[0, 3,3,0]+384(eq + e,,)f377r2(P11[0, 2,3,0]+ 3m§1[0, 3,4,0D sy ]

+192(es + eu)f3yﬂ'2(P1(1[O,2, 1,0]1-21[0,2,1,1]1+1[0,2,1,2] -21I[0,2,2,0] + 21[0,2,2,1] +I[O,2,3,0])

+ Bmg(I[O, 3,2,0]-2I[0,3,2,1]1+1[0,3,2,2] - 21[0,3,3,0] + 21[0,3,3,1] + 1[0, 3,4, 0]))1!"/[“0]}

+ me f37
9059696640 7>

[( —5¢,P1(1741[0,4,3,0] +231[0,4,4,0]) + 2e,P1(5301[0,4,3,0] + 651[0,4,4,0])

- 72@d(80ch2ﬂ2(81[0,4, 3,0]1+1[0,4,4,0]) + 3(41[0,6,4,0] + 1[0, 6,5, O])) + 72@u(80ch27T2(81[0, 4,3,0]

+1[0,4,4,0]) + 3(41[0,6,4,0] + 10,6, 5,0])))12 [A]—-2(eq + eu){96(5(5P1 —96m.P,7H)I[0,4,4,0] +9(I[0,6,2,0]

- 1[0,6,5,0]))16 [, ]+ (20P11[0,4, 3,0]+5(13P; — 576m.P>7*)I[0,4,4,0] — 1081[0,6,5,0])12[(1/]

—48(5P1(3I[O,4,1, 11-91[0,4,1,2]+91[0,4,1,3] - 31[0,4,1,4] - 11110,4,2, 1]+ 221[0,4,2,2] - 111[0,4,2, 3]

+131[0,4,3,1]1-131[0,4,3,2] - 51[0,4,4, 1]) +480mCP2ﬂ2(1[0,4,2, 11-2110,4,2,2]+1[0,4,2,3] - 21[0,4,3,1]

+21[0,4,3,2]+1[0,4,4, 1])+9(—I[O,6,2,2] +3110,6,2,3]-31[0,6,2,4] + 1[0,6,2,5] + 3(1[0, 6, 3,2] - 210, 6,3, 3]

+1[0,6,3,4] - 1[0,6,4,2] + 1[0, 6,4,3]) + 1[0, 6,5,2]))%[14@}],

where Pjand P, are the gluon ({g2G?)) and quark ((gq))
condensates, respectively. We should also remark that in
the above functions, for simplicity we have only presen-
ted the terms that give significant contributions to the nu-
merical values of the quantities under consideration, and

(A2)

have not presented many higher dimensional contribu-
tions, although they have been taken into account in the
numerical calculations.

The functions I[n,m,Lk], Li[f], LLf], BLf1, LLf],
Is[f], and Is[f] are defined as:
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So 1 1
In,m,Lk] = f ds f dr f dw e ™M ' (s—4m?y" i wk,
42 0 0

1
11[f]=fDa,£ dv f(ag,aq, @) (g + va, —up),

1
0

IZ[f]sza,f dv f(ag,aq, @) (ag +va, —up),

1
0

IS[f]:fD“’f dv flag,ag,ag)d(ay +Va, —ug),

1
I4[f]=wa,jO‘ dv flag,ay,ag)d(ag +va, —ugp),

1
Is[f]= fo du f(u)d" (u - up),

1
Iolf] = fo du £ (),

where f represents the corresponding photon distribution amplitudes.
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