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Abstract: A multiscalar and nonrenormalizable B— L extension of the standard model (SM) with S4 symmetry
which successfully explains the recently observed neutrino oscillation data is proposed. The tiny neutrino masses and
their hierarchies are generated via the type-I seesaw mechanism. The model reproduces the recent experiments of
neutrino mixing angles and Dirac CP violating phase in which the atmospheric angle (6,3) and the reactor angle
(613) get the best-fit values while the solar angle (61,) and Dirac CP violating phase () are in 3 o range of the best-
fit value for the normal hierarchy (NH). For the inverted hierarchy (IH), 63 gets the best-fit value and 6,3 together
with § are in the 10 range, while 05 is in 30 range of the best-fit value. The effective neutrino masses are pre-
dicted to be (me.) = 6.81 meV for the NH and (m,.) = 48.48 meV for the IH, in good agreement with the most re-
cent experimental data.
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L. INTRODUCTION It is worth mentioning that non-Abelian discrete sym-
metries have revealed many outstanding issues. Con-
sequently, many of them have been applied in explaining
the observed neutrino oscillation pattern. One of them,
the S4 symmetry, has been widely used because it
provides a viable description of the observed neutrino os-
cillation data [15-41]. However, the above-mentioned
models contain non-minimal scalar sectors with many
Higgs doublets. Thus, it is interesting to find an alternat-

The observed neutrino oscillation data, including the
neutrino mass-squared differences, mixing angles, and
the Dirac CP phases given in Table 1, is a subject of in-
tense interest in current particle physics. This pattern
provides inspiration for constructing models with addi-
tional scalars and symmetries and makes it interesting to
extend the SM. Among the various extensions of the SM,

the B— L gauge model is one of the simplest extensions . ; ) ) .
which has been studied in previous works [2-12] ive extension which can give a better explanation of the

whereby the anomalies are canceled in different ways observed neutrino oscillation data with less scalar con-
[13-15] ) In this work, we improve the model proposed ~ tent than previous models. In this work, we propose an al-
in Refs. [7, 8], where neutrino masses and various other ternative and improved version of the B-L model with
phenomena involving leptogenesis, dark matter, etc, are an additional flavor symmetry group, S4®Z3, which ac-

satisfied. It is emphasized that the above-mentioned mod- commodates the current neutrino oscillation data given in
el by itself cannot predict the recently observed neutrino Table 1. In this work, all left-handed leptons are put in 3
oscillation data. while for the right-handed leptons, the first generation is
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Table 1. Observed neutrino oscillation data taken from Ref. [1]. Here, AmZ, = Am3, >0 for NH and Am3, = Am3, <0 for IH.

NH H
Parameters
bfp+lo 30 range bfp+ 1o 30 range
sin? 03 0.573+0.016 0.415 - 0.616 0.57570:018 0.419 - 0.617
023/(°) 49.2109 40.1 > 51.7 49.3+09 403518
sin®01p 0.304+0:012 0.269 — 0.343 0.30470:013 0.269 — 0.343
012/ 33441071 31.27 - 35.86 33.45+078 31.27 - 35.87
sin? 63 0.02219+0:00062 0.02032 — 0.02410 0.02238+0:00063 0.02052 — 0.02428
013/ 8.57:013 8.20 - 8.93 8.60*012 8.24 — 8.96
Scp(®) 197421 120 — 369 282+26 193 — 352
2
OA';’ZI _ 7427021 6.82 > 8.04 7.42+02) 6.82 > 8.04
10 eV
A’"%l +0.026 +0.028
T +2.517+0:02¢ +2.435 = +2.598 -2.498+0.028 —2.581 — —2.414
10—°e

put in 1 and the two others are in 2. The S4 group con-
tains 24 elements dispensed into five conjugacy classes
and five irreducible representations, denoted as 1,1,
2,3, and 3'. In this paper, we work in the basis where 3
and 3  are real whereas 2 is complex. For a detailed de-
scription of the S4 group, the reader is referred to Ref.
[15]. Despite the S, symmetry being previously studied
in various works [15-41], to the best of our knowledge,
this symmetry has not been considered before in the B—L
scenario.

This paper is arranged as follows. The model is de-
scribed in Section II. Section III is devoted to neutrino
mass and mixing. The results of the numerical analysis
are presented in Section IV and finally, some conclu-
sions are given in Section V.

II. THE MODEL

The full symmetry of the model is G =Gsuy®
Up-1®S4®7Z3, where Gsm =S UB)c@SUR)LU(l)y
is the gauge group of the SM. In this model, the first gen-
eration of right-handed leptons is put in 1 while the two
others are put in 2 under S4 and the three generations of
left-handed leptons as well as the three right-handed neut-
rinos are put in 3. The model particle content is given in
Table 2, where ¢,¢ and 5 are S, triplets whose compon-
ents are SU(2). singlets, and y is one S4 doublet whose
components are S U(2), singlets.

Under G symmetry, /i and yl,r transform as
(1,2,-1/2,0,3,w*) and (1,2,-1/2,0,3®3",w?), respect-
ively. Thus, we need one SU(2), doublet H and two
SU(2)L singlets ¢,¢', as presented in Table 2, to generate

1) In fact, there exist the other contributions via higher dimensional Weinberg operators, such as

Table 2. The model particle and scalar contents (a = 2,3).
Fields v hrer) YR H ¢ ¢ X 1
SUQB)c 1 1 1 1 1 1 1 1
SUQ)L 2 1 1 2 1 1 1 1
Uy -3 -1 0o 3 0 o0 0 0
Up- -1 -1 -1 0 0 0 2 2
Sy 3 120 31 3 3 2 3
Z3 w? w w? 1 L

masses for the charged leptons.

Furthermore, the neutrino masses arise from ¥ vg and
vgvr to scalars, where under G symmetry, WLVR ~
(1,2,1/2,0,1@2@3®3,1) and  ¥4vr~(1,1,0,-2,1&
2®3®3,w). For the known scalars (H,¢,¢), under G
symmetry, there is only one invariant term (Jpvr): H
which is responsible for generating Dirac masses for the
neutrinos. In order to generate realistic neutrino masses
and mixings, we add two singlets y,n, respectively put in
2 and 3 under S, coupling to ¥ vg Which are responsible
for generating Majorana masses for the neutrinos.

Up to five dimensions, the Yukawa couplings invari-
ant under all symmetries are”

h - hy -
L= @)y (HY)s + - Glar)3(H)s
hy - , _ ~
+ R @Llor)y (HY)y + x@uve)iH

_ Z ,_
+ %(VCRVR)ZX+ E(VﬁVR)QU‘*‘HC’ €))

1 .
Wﬁmmmmﬂ)m(x'xr with m,n=0,1,2,...;

X = x,n and A is the cutoff scale. However, since vy and vy are far smaller than the cutoff scale A, i.e., vy << vy << A. Thus, the left-handed neutrino mass gener-

vy \2m+l /g
ated via Type II seesaw mechanism ~ vy (XH) (XX

and therefore would be neglected.

2n+1
) is very small compared to the one generated via the canonical type-I seesaw mechanism as in Eq. (13)
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where A is the cut-off scale of the theory, and 4,3 as well
as x, y, z are the dimensionless Yukawa coupling con-
stants.

To generate a suitable neutrino oscillation pattern, the
following structure of VEVs is chosen:

(DT =(0vir), () = ((1):(b1)-(B1)): ($1) = v
() =2 (B1)- (D) (B1) = vy,
() =(0,0,(173)), (m3) = vy,
00 =) ) (x12) = vy )

The VEVs of ¢ and ¢, respectively, break S, down to S5
and Z3, while the VEVs of y and n break S4 down to the
Klein four group Kj.

From Eq. (1), with expansion ¢;=(¢;)+¢, and
H=(H"H%", we get the lepton flavor changing interac-
tions:

hivg - _ hivy -
—Lelep 3T¢(12LH0 + L HO) LR + T¢(Z3LHO

th -
+LH)LR + T¢(11LHO +LH bR

]’lz Vo
A

/’Z3V¢/ -
I, H®
A (ho

(LoH +viLHYBr +He. (3)

+ (i H® + 91 H )R —

h3V¢’
A

+ 1_/1LH+)12R +

Equation (3) shows that, in the case vy =~ vy, the usual

Yukawa couplings are proportional to VX¢ and the lepton
flavor changing processes in this model are suppressed by
V¢

2 12
Yukawa couplings 4hd the large mass scale of the heavy
scalars. For further details, the reader is referred to Refs.
[42-45]. Furthermore, this model contains only one
SU(Q2). Higgs doublet; therefore, the flavor changing
neutral current processes are absent at tree level.

the factor’ associated with the above small

0. NEUTRINO MASS AND MIXING

From the Yukawa interactions in Eq. (1), using the
tensor product of S4 [15], together with the VEVs of H, ¢
and ¢ in Eq. (2), the charged lepton mass terms are writ-
ten as follows:

wass = —(I b ) Mi(lirbrlsR)T +Hee, 4)

where

- h1V¢ h2V¢ —h3 Ve h2V¢ +h3 Ve
M= —| hivg wz(h2v¢ —h3vg)  w(havg+h3vg) |.
hive  whavg —h3ve) wz(h2v¢ +h3vg)

(5)
The matrix M, is diagonalized as UITM,U, = diag(m,,
my, my), where

1 1 1 1
U;E:— 1 w |, Ur = 343, w = e, (6)
1 ?* w

B \/§h1 VEHV
= < ,

_ \/§VH

- (have Fhavg ). (7)

m, My r

The left-handed mixing matrix Uy is non-trivial in our
model and hence will contribute to the leptonic mixing
matrix. Equation (7) shows that m, and m, are differenti-
ated by ¢ . This is why ¢ is additionally introduced to ¢
in the charged-lepton sector. Now, comparing the result
in Eq. (7) with the best fit values for the masses of
charged leptons taken from Ref. [46], m, ~0.511 MeV,
my, = 105.66 MeV, and m, ~ 1776.86 MeV, we find the re-

h h h ’

lations 1% = 0.295 MeV, —"¢ — 543 MeV, -t
=482MeV, i.e., by :hy 1 h3 ~1.00: 1.840 x 10° : 1.634x 103
Regarding the neutrino sector, from the Yukawa
terms in Eq. (1) and using the tensor product of S4 [15],

the Yukawa Lagrangian invariant under G symmetry in
the neutrino sector reads:

—L, =x(J1Lvir + Yo var + PoLvar) H
+ % [()(1 +X2)VRVIR + W(WX1 +X2)V5R VaR
+w(y + w)(z)f/gRV3R]
+ % [(VERWR + V5 VaR)M + (Fp VIR + PR VaR)2
+ (Vgvar + PopviR)ms |+ Hee. ®)

After symmetry breaking, the mass Lagrangian for the
neutrinos takes the following form:

1_.
=L = E)Z‘LMV)(L +H.c, 9
where
T 0 M~
=(v. V%), M, = D,
XL (L R) v (MD MR)
v= (i vaL va)’, v = (KR Vs ViR) s (10)

1) Here, G = g2/ (4 \@m%v) and My is the mass scale of the heavy scalars providing the dominant contributions to the lepton flavor violation decays.
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and the mass matrices Mp, My take the following forms:

Mp =diag(ap,ap,ap),

ajRr +ar ar 0
Mg = ar w(warr +ar) 0 ,
0 0 w(ar + wasR)
(11)
where
ap = xv;), Q1R =YVy,,» OR =2Vy. (12)

In the seesaw mechanism, the effective neutrino mass
matrix is given by

Al +iAy A7+iAg 0
Meg = -MEMR'Mp =| A7+iAs As+iAy 0 ,
0 0 As +iAg
(13)
where
AlAg == [2ajy +ay) + (arr + azp)ag | apy,
ArAg = V3(an — aR)abaz,
A3A =(arr +aR)as[(ar + ar)* +2a3],
A4Ag = V3(a — arr)(air + ax)’a,
As o (a1R +axr)ay, ’
2 (a%R —aIRAR + a%R)
A :ﬁ (ar — aiR)aj, ’
2 a%R —aRaR + a%R
AqAy=— azDaR [(alR + QZR)Z + ZazR] s
AgAg = \/g(a%R - a%R)azDaR,
Ag =2[a‘]‘R + a?Razk
+aRay + a3 + (iR + @) ag +ay | (14)

Let us first define a Hermitian matrix M?, given by
aop do+ ig[) 0

M2 = MeffM;.f = d() —igo bo 0 . (15)
0 0 Co

where

aop =a? + a% + a% + a% +2aiap sin(a) — a»)
+ 2a7a8 sin(oz7 - a’g),
by =a§ + ai + a% + ag +2azay sin(as — ay)
+ 2a7a8 sin(a7 - a’g),
co =a§ + aé +2asag sin(as — ag),
do =a7[a; cos(a) — a7) —ap sin(as — a7)
+azcos(as — ay) + ag sin(ay — a7)]
+ aglag sin(a; —ag) +ap cos(ay — ag)
+ az sin(az — ag) + as cos(ayg — ag)],
go =azlay sin(a; — a7) +az cos(az — a7)
—azcos(az —ay7) —agsin(ay — a7)]
— aglaj cos(a; —ag) —ap sin(ay — ag)
—azcos(az —ag) +ag sin(ayg — ag)], (16)
with a; = |A;| and «; (i = 1 — 8) being the arguments of A;.
The squared-mass matrix M? in Eq. (15) has three
exact eigenvalues:

mi; =Ky —Ky, My =cCp, M3 =K|+Ka, (17)

with

21 =ag+bo, 2z = \J(ao—bo)? +4(d+gd).  (18)

and the corresponding mixing matrix is

cosd 0 —sinfel®
U= 0 1 0 s (19)
sinfe™@ cosf

with
doti
o =—iln|—-40F180_ ,
2. 2
\/do"'go
0 = arcsin [ —. (20)
=arcsin[ ——|,
K2+1
bo— _
go bomm _ ms—ao @1

i+ B+

The sign of AmZ, plays a pivotal role in the form of the
neutrino mass hierarchy. Inthe NH, m; <« m; ~ m3, and thus
the lightest neutrino mass is m, , while in the IH, m3 < m; ~
my, thus the lightest neutrino mass is ms [46]. The neut-
rino mass matrix M.g in Eq. (13) is diagonalized as
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m 0 0 cosf 0 —sinfe'®
0 m O |,U,=]| sinfe™® 0 cosf for NH,
0 0 m 0 1 0
+ Aq2 _ 3 )
U, MU, = my 0 O sinfe® 0  cosf (22)
0 m 0 |,U,=| —cos8@ 0O sinfe™ | forIH,
0 0 m 0 1 0
where m, 3 and «,0 are given in Eqs. (17) and (20), respectively. The corresponding leptonic mixing matrix is
cosf+sinf.e 1 cos @ —sinf.e'?
cosf+ wsin 9.e“fl w?  wcosf—sin G.e‘f’ for NH,
T cosf+wsinf.e™  w w?cosf—sinb.e
Utep = ULUy = cosf+sinf.e™@ (23)

2

—wcosf+sinf.e®  w? cos@+wsinbe @ | for IH.

&= &l

In the three-neutrino scheme, lepton mixing angles can be
defined as:

UeZ 2
Uel

Ul
UT3

2

2 _ 2 2 _
si3=1Uasl", 11, = » I3 =

. (24

where o = s12/c12, 3 = $23/Cr3, Cij = COS6‘,‘J‘, Sij = sinGij
with 6;; are neutrino mixing angles.

Combining the standard parametrization of the lepton
mixing matrix [47-54] and Eq. (23), the Jarlskog invari-
ant constraining the size of CP violation in lepton sector
is determined as [52-54]:

Jor =Im(U 2 UnsUTRU3,) = coés(\ét—g) 29
for TH.

Equations (23), (24) and (25) yield the following rela-

tions:
[1
3" 3vV3Jcp for NH,
: , (26)
A /5 +3V3Jcp for TH.

1- 3s%3
———— for NH,

AJ1- 108]&,
-1+ 3s%3

\1-10872,

cosf =

cosa = , (27)

for IH.

[ —cosf+sinf.el® 1

—w?cosO+sinb.el®

w cosO+w?sing.e™@

1
sind = ~5 ,/4—O(s%3, 353) for both NH and IH, (28)

(1-252,)%(1-2s3,)?

O(s%,,53:) = ,
B 3%3353(2_33%3)(1_353)

29

£, = for both NH and IH. (30)

2
2—3513

. 5 . 3 -
Since s7; is a very small positive number and s3, is very

close to =, we can approximate that O(s,, s3,) < 1. Thus,

from Egs. (28)-(30) we can approximate

O(s2,,52%,)
+ 130%3)

ing~-—1
sSin 3

1
2 [—
fiy > 5 0. 31
From Egs. (17), (22) and (23), one can determine the ef-
fective neutrino masses governing beta decay (mjg) and
neutrinoless double beta decay ({m,.)), which can in prin-
ciple determine the absolute neutrino mass scale [55-57]:

3
mg= [ D WUalPm2,  (mee) =
i=1

where m;(i=1,2,3) are the masses of the three active
neutrinos defined from Eqgs. (17) and (22) while U,; are
the elements of Upmns determined from Eq. (23).

. (32

3
2
2, Vemi
i=1

IV. NUMERICAL ANALYSIS

In the 1o rangel) [1], s13 €(0.1468,0.1510) and s»3 €
(0.7436, 0.7675) for NH, while s;5 € (0.1475,0.1517) and

1) Here, numbers are displayed with 4 significant digits to the right of the decimal point.
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523 €(0.7457,0.7688) for IH. Thus, from Egs. (1) and (2)
we can find the range of values of cosf and cosa as plot-
ted in Figs. 1, 2 and 3, respectively. On the other hand,

: 2
S1Ice 513

is a very small and s3, is very close to 1, we

can assume O(s3,,s53;) < 1. Thus, from Egs. (28) and (29)

we can approximate

sind ~ —1

O(s%,,52,)
T 13°°23 <

8

0.

(33)

Figure 3 shows that, in the 1o range of the best-fit
value taken from Ref. [1], the range of the Dirac CP viol-

ating phase is defined as

[ (-0.8664,-0.5688) for NH,
Sm‘;e{ (~0.8509,0.5462) for TH, S
1e.,
(299.96,325.33)° for NH,
56{ (301.70, 326.90)° for TH. 33

In the case where 6,3 takes its maximal values

0.765

0.785
0.760

Sogss|l___—

0.750

0.745

0.147

Fig. 1.

0.148

0.149

513

0.150

0151

03810
0.805
0.800
0.795

0790 &

0.785
0.780
0775
0.770

(623 = g), O(s?;,53,) =0 and sind = -1, the model pre-
dicts the cobimaximal mixing pattern [58-69]: 63 # 0,

03 = g and 6 = —g. Furthermore, Eq. (30) implies #, €
(0.7188,0.7195) for NH and 1,5 € (0.7189, 0.7196) for TH
in the 1o range of s13 of the best-fit value taken from
Ref. [1], which is plotted in Fig. 4. These intervals of 6,
are in 3¢ range of the best-fit value.

Figure 3 shows that, in our model, siné € (—0.851,
—0.546), i.e. 6° € (300.0, 325), for NH, and sins € (—0.866,
-0.569), i.e., 6° €(301.679,326.907), for IH. Besides, in
the 1o range [l], 6%,€(173,224) for NH and
Olp €(252,308) for IH, while in the 30 range [1],
Ocp €(120,369) for NH and 67, €(193,352) for IH.
Hence, this model predicts the Dirac CP violating phase
(6) in which for NH, § is in 30 range, and for IH, ¢ is in
1 o range, of the best-fit values taken from Ref. [1].

In order to fix the parameters, we should deal with the
central values given in Table 1. For NH, taking the cent-
ral values of 6,3 and 63 as shown in Table 1,
523 = 0.757, 513 = 0.149. For IH, taking the central values
of 813, s13 =0.1496 and s,3 = 0.7517, which are in the 1o
range of the best-fit value taken from Ref. [1].
We get:

o7

775 0.7
5 ]
0.785
0805
0.79 0.800
] 0795
0.790
— 0785
07550785 1 0780
0775
0770

805

0.148 0.149 0.150 0.151

s13

(color online) Contour plot of cosé as a function of s;3 and s,3 in the 1o range of the best-fit value taken from Ref. [1], i.e.

513 € (0.1468, 0.1510) and s23 € (0.7436, 0.7675) for NH (left), and s13 € (0.1475,0.1517) and s,3 € (0.7457, 0.7688) for IH (right).

0.765 [0-955

0975

0.98

0147

Fig. 2.

0.148

0.149

S13

0.150

0.151

0980
0.975
0970
0.965
0.960
0955

o 077
775 0.7
0.765 1
0.785]
0.805
078 0.800
0.760 1 L ors
0.790
—— 0.785
0.755 D795
0.780
0.775
3 o770
0.750 4
(805
0.148 0.149 0.150 0.151

s13

(color online) Contour plot of cosa as a function of s13 and s,3 in the 1o range of the best-fit value taken from Ref. [1], i.e.

513 € (0.1468, 0.1510) and s23 € (0.7436, 0.7675) for NH (left), and s3 € (0.1475, 0.1517) and s,3 € (0.7457,0.7688) for IH (right).
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0.765}_ — : I

0.760 -07
~0.60
-0.65

. 0.7
55075 0.70
~08 -0.80 ~0.80

0.750

07asfO8TT

L r——
0148

0147 0.148 0149 0.150

s13

0.149 0.150 0151

Fig. 3. (color online) Contour plot of siné as a function of 513 and sp3 in the 1o range of the best-fit value taken from Ref. [1], i.e.
513 € (0.1468, 0.1510) and s»3 € (0.7436, 0.7675) for NH (left ), and s13 € (0.1475,0.1517) and s»3 € (0.7457, 0.7688) for IH (right).

0.7195 0.7196
0.7194 0.7195
0.7193 0.7194

~ 0.7192 ~0.7193

0.7190 0.7191

0.7190

0.71

0.147 0.148 0.149 0.150 0.151 0.148 0.149 0.150 0.151

Fig. 4. (color online) 1, versus s;3 with s13 € (0.1468, 0.1510) for NH (left) and s;3 € (0.1475, 0.1517) for IH (right) for the 1o range of
the best-fit value taken from Ref. [1].

g [ 3747 for NH, _ [ 1484 for NH, . _[31291° for NH, [ 3572° for NH, 36
~\ 53.28° for IH, 1 166.70° for IH ~ 1 307.03° for IH, 1277 35.73° for IH. (36)
Substituting Eq. (36) into Eq. (23) yields an explicit form of the leptonic mixing matrix:
0.7977 - 0.08993i 0.5774 0.1188 —0.08993i
0.3664 +0.3391  —0.2887—-0.50i —0.5686+0.3069i | for NH,
U = 0.2106-0.24901 -0.2887+0.50i —0.5686—0.48681 (37)
lep = —0.7956 + 0.10631 0.5774 —0.1053 - 0.10631
—-0.2779-0.19261 -0.2887—-0.501 0.6624 —0.33691 for IH.
—-0.2779+0.40521 -0.2887+0.501 0.4783 +0.44321

It has been checked that both forms of the leptonic mix-
ing matrix Ujep given in Eq. (37) are unitary and consist-
ent with the constraint given in Ref. [1].

As a consequence, the Jarlskog invariant is given by

JCP={

From the above analysis, we can conclude that the model
under consideration can reproduce the recent experiment-
al values of neutrino mixing angles and Dirac CP violat-
ing phase [1] in which the atmospheric angle (6,3) and
the reactor angle (613) get the best-fit values while the
solar angle (0;2) and Dirac CP violating phase (&) are in
30 range of the best-fit value for the NH. For the IH, 6,3
has the best-fit value and 6,3 together with ¢ are in the

—2.501x 1072 for NH,

—2.744 %1072 for IH. (38)

1o range, while 6, is in 30 range of the best-fit value
taken from Ref. [1]. Although the model results for 7,
and ¢ are in the 3¢ range of the best-fit value from Ref.
[1], they are within 20 of the best-fit value taken from
Ref. [70] and 1o of the best-fit value taken from the
SNO and KamLAND collaborations [71, 72]. Now we
turn to the neutrino mass hierarchy.

A. Normal spectrum

Taking into account the best-fit values of the neutrino
mass-squared differences for NH given in Table 1,

Am2, =7.42x1075eV2, Am2, =2.517x 1073V, we  ob-
tain a solution:
2m; Co 1
a=S-g e (Vew-vw). 9

043112-7



V. V. Vien, H. N. Long

Chin. Phys. C 45, 043112 (2021)

¢o =¥ — 132,406,y /o1 +2.102

X 10_5( OIN + \/621\/) {/a
+ \/52N[132.452N -0.3137

~264.90( > m)) ] + (o : . o). (40)
N

where 6y and 6;y(i=1-4) are given in Appendix A.
Equations (17), (39), (40) and (A1)-(A5) show that the
three neutrino masses m; 3 depend only on the sum of
neutrino masses Y., ;.

At present there are various bounds on ) m;. For in-
stance, for the NH, the upper limit on the sum of neut-
rino masses is Y,m; <0.13 eV in the 20 range [70]. The
dependence of m;,3 on Y m; is plotted in Fig. 5 with
> m; €(0.06,0.1) eV within 20 range of the best-fit value
taken from Ref. [70] and being well consistent with the
strongest bound from cosmology [73] Y m, <0.078 eV;
the upper bounds are taken from Ref. [74]
>m, <0.12-0.69 eV, and the constraint in Ref. [75] is
S m, €(0.06,0.118)eV. In the case Ym; =6.5x107%eV
we get:

my =4.76x1073eV,
my =9.84x1073eV,
m3 =5.04x1072eV. (41)

B. Inverted spectrum

As before, using the best-fit values of the neutrino
mass-squared differences for the IH shown in Table 1,
Am}, =7.42x107 eV?, Am3, = =2.498 x 1073 eV?, we get
a solution:

521) , (42)

0.05

= 0.04

———im,

omy

0.03

0.02
0.01
0.00

0.06 ().£)7 0.08 (].t)Q 0.10
>.m; [eV]

,m;3 [eV]

my, m,

Fig.5. (coloronline) m 3 versus ¥, m; with 3 m; € (0.06,0.1) eV
in the NH.

co =¥ —137.506,; /51, +2.183

x 1075 (61, + Vo21) Vo

+ \/621[137.50621 +0.3537

—275.10(Zmi)2]+M, (43)
1

where 6; and 6;; (i = 1 —4) are given in Appendix A. Sim-
ilar to the previous section, the three neutrino masses
mj 23 just depend on the sum of neutrino masses Z?:l m;.
For the IH, the tightest 20~ upper limit on the sum of neut-
rino masses is Y, m; < 0.15¢eV [70]. Furthermore, the up-
per bound taken from Ref. [74] is Y, m, <0.12-0.69 eV,
while the constraint given in Ref. [75] is
> m, €(0.1,0.151) eV. The dependence of the three act-
ive neutrino masses mj,3 on y.m; is plotted in Fig. 6
with Y m; € (0.1,0.2) eV, which is well consistent with the
recent constraints given in Refs. [70, 74, 75]. In the case
> m; =0.1075 eV we get:

my =4.976x107% eV,
my =5.05%x1072 eV,
my =7.237x1073 eV. (44)

C. Effective neutrino mass parameters

Now, we deal with an effective neutrino mass. Equa-
tions (17), (39), (40) and (A1)-(A5) (for NH) and (17),
(42), (43) and (A6)-(A10) (for IH) show that, with the
best-fit values of the neutrino mass-squared differences,
the effective neutrino mass parameters (m,.) and mg de-
pend on the sum of neutrino masses Zle m; and two mix-
ing angles 63,60;3. In the NH, m; <my <m3, hence
m| = myign; 1S the lightest neutrino mass, while in the IH,
m3 <my <my, therefore ms =mygy is the lightest neut-
rino mass. If we fix 6,3 and 653 at their best-fit values
taken in Table 1, the effective neutrino masses (m,.), mg
and miy;gn as functions of Y, m; are as plotted in Fig. 7.

In order to see the dependence of (m,.) and mgz on 63
and 0;3 we can fix the value for >,m; in its constraint

tmy

tmy

my, ma, ms[eV]

0.00
0.105 0.106 0.107 0.108 0.109 0.110
> mi[eV]
Fig. 6. (color online) m;,3 versus Y m; with Y m; € (0.105,
0.11) eV in the IH.
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range [70, 74]. For instance, Y, m; = 0.065 eV for NH and
> m; =0.1075eV for IH. Consequently, we can contour
plot (m..) and mg as functions of (6.3, 613), as shown in
Figs. 8 and 9, respectively.

These figures show that at 10 range of the best-fit
value taken from Ref. [1] of 5,3 and s;3, the model pre-
dicts the range of the effective neutrino mass parameters
as follows:

(6.40, 7.10) meV  for NH,
<’"“>€{ (48.04, 48.64) meV for TH, (43)
and
(10.10, 10.22) meV ~ for NH, 46
"6 SN (49.45,49.48) meV for TH. (46)

In the case where s>3 and s3 take their best-fit val-
ues[1], s23 =0.757, s13 = 0.149 for NH and for s,3 = 0.7583,

0.020

i [€V]

£0.015

"8 Mg, m

0.010] i,
: I <mw>
0.005/ .
0.06 0.07 0.08 0.09 0.10
mi[eV]
Fig. 7.
(right).
ba— . -
0.76:
L3 l
0.760 "
67
69
6.8 o
0.755 s ‘
sg_,,,,,,,_,,,,,,_” o
6.5
0.750
’ — 64
0.745
71
0.147 0.148 0.149 0.150 0.151
S13
Fig. 8.

s13 = 0.14961H, one gets:

6.81 meV for NH,
(Mee) = { 48.48 meV for IH, “n
and
_/ 1020meV  for NH, (48)
"=\ 4946 meV for IH.

The derived effective neutrino mass parameters in
Eqgs. (47) and (48) satisfy all the upper bounds arising
from recent 0vBB decay experiments taken from Kam-
LAND-Zen [76] {m,.) < 61 — 165 meV, GERDA [77] (me.)
<104 -228 meV and CUORE [78] (..} < 75 —350 meV.

V. CONCLUSIONS

We have suggested a multiscalar and nonrenormaliz-

0.030
% 0025
£ 0.020
,..:\‘ m
50015 4
5 ()
£ o010 g R
0005l — —
0105 0106 0107 0108 0109  0.110

>om;[eV]

(color online) (mec), mg and mygn versus Y,m; with ¥ m; € (0.06, 0.1)eV in the NH (left) and ¥ m; €(0.105, 0.11) eV in the IH

— 48.60
0.760 1550
483

48.40

18.30
18.20

— 48.10
0.750

a8
0.148 0.149 0.150 0.151

s13

(color online) Contour plot of (m.)(meV) as a function of s;3 and sy3 in the lo range of the best-fit values:

513 € (0.1468, 0.1510) and s23 € (0.7436, 0.7675) for NH (left), and s;3 € (0.1475, 0.1517) and s,3 € (0.7457, 0.7688) for IH (right).

e 1618 022

1020
10.18
10.16
10.14
1012
= 10.10

1012 10.18 102
0147 0148 0149 0.150 0151

Fig. 9.

49.455

49 475

P 49.470
49.465

49 460

49 455

1955 49.450

49.47

4948
0.148 0.149 0.150 0.151

(color online) Contour plot of mgz(meV) as a function of s;3 and sp3 in the 1o range of the best-fit values: si3 € (0.1468, 0.1510)

and s»3 € (0.7436,0.7675) for NH (left), and s3 € (0.1475, 0.1517) and s,3 € (0.7457,0.7688) for IH (right).
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able U(1)p_p extension of the SM with S, symmetry
which successfully explains the recent observed neutrino
oscillation data. The tiny neutrino mass and the neutrino
mass hierarchies are generated via the type-I seesaw
mechanism. The model reproduces the recent experiment-
al data of neutrino mixing angles and Dirac CP violating
phase in which the atmospheric angle (6,3) and the react-
or angle (9;3) get the best-fit values while the solar angle
(612) and Dirac CP violating phase (6) are in 30 range of
the best-fit value for the NH. For the IH, 6,5 gets the best-
fit value and 6,3 together with § are in the 1o range,
while 6, belongs to 30 range of the best-fit value. The
effective neutrino masses are predicted to be
(meey =6.81 meV for the NH and (m,.) = 48.48 meV for
the IH, while mz=1020meV for the NH and
mg =49.46 meV for the IH, which are strongly consistent
with the most recent experimental data.

APPENDIX A: EXPLICIT EXPRESSION OF 6y
AND 6,‘1\/(1) (l =1 —4)
The parameters dn(, and diva) (i = 1-4) in Eqgs. (39),
(40), (42), (43) have explicit expressions as follows:
2 2

_ -4 -8 2 ,

Gy =7.895x 107 +5.291x 10~ oy + 3 (> mi)
~26.99-4979 (X mi)* —2.10x 10° (X m;)*

b

6y = 130810 +9.639 105 () m)

- 8882107 (> m)’
250102 (Y m)’ ~6.539x 10 Ve,
(A4)

6 =7.101 =7.61x10° (Y m))’

+2.308 % 10° (Z ml-)4 ~6.65% 10" (Z m,-)8 .

(AS5)

— 2
517 =—8.574x 1074 +5.291 x 1078 /5, + §(Zmi)2

24.28 + 5401 (X, m;)* —2.10 x 10° (Y. my)*
Xél

k]

(A6)

4 2
— -3 -8 3 )
S =—1.715%107=5.291x 10 5,+§(§ m,)

| 24.28+5401 (% m;)? —2.10x 100 (3 m;)*
361
4.848 x 1073 3 m;
Vo ’

(A7)
31 =—1.002 % 10* —2.228 x 10° (Zm,»)2

+8.664 x 108 (Z m,-)4, (A8)

5, =1.328x10"+8.673x10" (Z m,»)2
+9.646107 (> m;)’
~2.50x10% ()" m,~)6 ~6.297x10'2 /54,
(A9)
611 =6.886+7.436x10° (> m;)’

+2273%10°() m) —625x 101 > m)
(A10)

161\]
(A1)
4 2
_ -3 -8 3 - .
Gy =1.5795% 107 +5.291 x 105 oy + 5 (Zm)
| 2699-4979(% m;)? —2.10x 100 (3 my)*
‘ié*N
L 5:034x107 S,
Voin |
(A2)
2
Sy =—1.0722x 10* +1.976 x 10° (Z m)
4
+8.343% 108 (Zm) , (A3)
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