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Abstract: It is well known that when vacuum polarization emerges in quantum electrodynamics, the non-linear in-
teraction between electromagnetic fields should be considered. Moreover, the corresponding field of non-linear elec-
trodynamics can have important effects on black hole physics. In this work, we focus on the relationship between an
observable quantity, that is, the shadow radius, and the first-order phase transition of non-linear charged AdS black
holes in the framework of Einstein-power-Yang-Mills gravity. The results show that, under a certain condition, there
exists a first-order phase transition from the viewpoint of both the shadow radius and horizon radius, which depend
on temperature (or pressure). From the viewpoint of the shadow radius, the phase transition temperature is higher
than that from the viewpoint of the horizon radius under the same condition. This may be due to the non-linear Yang
Mills charge and the gravitational effect. This indicates that the shadow radius can be regarded as a probe to reveal
the thermodynamic phase transition information of black holes. The thermal profiles of coexistent large and small
black hole phases when the system is undergoing the phase transition are presented for two different values of the
non-linear Yang Mills charge parameter: y = 1, 1.5. Furthermore, the effects of the non-linear Yang Mills charge
parameter on the shadow radius and thermal profile are investigated.
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I. INTRODUCTION

In the universe, there exists an extremely interesting
and bizarre object: the black hole. After intense research
in the past few years, it is believed that supermassive
black holes exist at the core of most galaxies. We can
study at least two types of black holes: those of the Milky
Way and neighboring elliptical M87* galaxies [1, 2]. The
Event Horizon Telescope (EHT) Collaboration provided
a breakthrough in the study of black holes with the first
two images of supermassive black holes, namely M87*
[3-5] and SgrA* [6, 7]. It is well known that the gravita-
tional attraction around a black hole is so intense that
nearby objects fall into it when they reach a critical radi-
us. This phenomenon is known as gravitational lensing.
We expect that the properties of black holes can be better
understood from the gravitational lensing effect. This

means that much more attention must be devoted to grav-
itational lensing in the strong gravity regime of black
holes. Some lensing observables of Kerr black holes were
evaluated in [8—10], and further discussions can be found
in [11-16].

In addition, when nearby objects are photons emitted
by an illuminated source located behind the black hole, a
shadow is created that can be seen by an observer located
at infinity. The shadow concept was first studied by
Bardeen [17]. Specifically, photons that escape from the
spherical orbits form the boundary of the dark silhouette
of the black hole. This dark silhouette is seen as a black
hole shadow from the outside observer. Interestingly,
shadows of spherically symmetric black holes are circu-
lar [18—22], but those of spinning black holes are de-
formed [23-28]. Moreover, the photon region of gravita-
tional lensing also provides key properties of the black
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hole shadow. Besides, the unstable photon regions out-
side the black hole event horizon can enable the direct
observation of the black hole. The first black hole image
of M87* published by EHT collaborations in 2019 estab-
lished certain constraints on some shadow observables.
The angular shadow radius of M87* was studied later in
[29]. Recently, the angular shadow radius of S grA* in the
second black hole image has been presented [6, 7]. These
constraints on the shadow radius were obtained with the
Kerr geometry in GR as a premise, but they do not ex-
clude other black holes in GR or some exotic black holes
in the modified gravity theory. EHT observations of shad-
ows can be applied as a tool to constrain the parameters
of various black holes in various theories of gravity, and
in the future, more precise observational results can al-
low distinguishing different black holes. Therefore, theor-
etically possible results for various black holes should be
obtained for future testing of observational data from
EHT.

Black hole thermodynamics has attracted much atten-
tion because of the remarkable and non-trivial results cor-
responding to criticality and stability behaviors. A cru-
cial issue is the investigation on black holes in AdS/dS
geometry [30—39]. Since the cosmological constant was
regarded as thermodynamical pressure by Kastor in 2009
[40], researchers have focused on the thermodynamics of
AdS black holes in the expanded phase space [30, 31,
34-39]. Concerning black holes in the dS spacetime, i.c.,
dS black holes, the thermodynamical phase transition of a
dS spacetime with black hole was analyzed in terms of
the interplay between the black hole horizon and cosmo-
logical horizon [32, 33, 41— 46]. For various AdS/dS
black holes, their corresponding thermodynamical quant-
ities have been presented in various gravity theories. Cer-
tain black holes show similarities with van der Waals flu-
id systems, such as the phase transition. Furthermore, for
black hole systems, there exists an interesting phase
transition, namely the Hawking-Page phase transition,
proposed in [47]. Another simply charged AdS black hole
is Reissner Nordstrom-AdS (RN-AdS), which has been
studied under different backgrounds including Dark En-
ergy and Dark Matter [22, 48, 49]. The corresponding
shadows and deflection angle of the light rays in a d-di-
mensional spacetime were studied in [22, 25, 48, 50]. The
authors [26, 28] also reported on the influence of Dark
Matter on the shadows and photon rings of a stringy
black hole illuminated by certain accretions. Therefore,
motivated by the investigations on these spacetimes, in-
terplays between black hole thermodynamics and optical
properties should be established. In addition, the phase
transition and microstructure states of AdS black holes in
[51-53] were analyzed through their shadow. Moreover,
the specific relation between shadow and thermodynam-
ics of black holes was derived for regular space-times
[54]. However, there are few works about the specific re-

lation between two coexistent black hole phases and their
shadows for a black hole undergoing the first-order phase
transition. In this work, we will investigate this issue for
non-linear charged AdS black holes.

Linear charged black holes in AdS spacetime [55]
within a second-order phase transition show a scaling
symmetry: at the critical point, the state parameters scale
with respect to charge ¢, i.e., S~¢* P~q 2, T~q!
[56]. It is natural to gauge whether there exists scaling
symmetry in non-linear charged AdS black holes. As a
generalization of charged AdS Einstein-Maxwell black
holes, it is interesting to explore new non-linear charged
systems. Owing to infinite self-energy points such as
charges in Maxwell's theory [57-61], Born and Infeld
proposed a generalization when the field is strong, lead-
ing to non-linearities [62, 63]. Power-law Maxwell elec-
trodynamics is a famous non-linear electrodynamics
model. It involves a Yang-Mill field exponentially
coupled to Einstein gravity and has the Lagrangian dens-
ity for the electromagnetic part expressed as
TrF F*@1r with positive parameter y [64]. This non-
linear theory features conformal invariance and enables a
simple construction of the analogs of the four-dimension-
al Reissner-Nordstrom black hole solutions. Additionally,
several features of the Einstein-power-Yang-Mills
(EPYM) gravity in extended thermodynamics have been
recently studied [64—66].

Inspired by this research context, herein, we mainly
investigate the relation between the shadow radius and
phase transitions of charged EPYM AdS black holes. The
paper is organized as follows. In Sec. II, we briefly re-
view thermodynamic quantities and present the relation-
ship between an observable quantity (i.e., shadow radius)
and the horizon radius of charged EPYM AdS black
holes. In Sec. II, the behavior of the shadow radius with
respect to the horizon radius and temperature close to the
phase transition point is investigated. The effect of the
non-linear Yang-Mills (YM) charge parameter on these
behaviors is also addressed. For a more intuitive explana-
tion of the relationship between the EPYM AdS black
hole phase structure and its shadow, we show the thermal
profiles of two coexistent large and small black hole
phases in a two-dimensional plane in Sec. IV. Finally, a
discussion and conclusions are provided in Sec. V.

II. SHADOW OF NON-LINEAR CHARGED ADS
BLACK HOLES

The solution of a four-dimensional Einstein-power-
Yang-Mills (EPYM) AdS black hole with non-linear
Yang-Mills (YM) charge was presented in [67]:

ds* = —f(r)de* + f'dr + 703, (1)
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where dQ% is the metric on the unit 2-dimensional sphere.
Letters ¢ and M stand for the YM charge and mass para-
meter of the black hole, respectively. In this system, the
condition of the non-linear YM charge parameter satis-
fies y # 0.75, and the power YM term holds the weak en-
ergy condition for y > 0 [68]. The cosmological constant
A is interpreted as the thermodynamic pressure P = —8%
in the extended phase space, and the black hole event ho-
rizon is located at f(r,) =0.

The thermodynamical quantities of this system were

expressed in [66] as follows:

Y
I = (24) P
M:6 87rPri/2+3r+2 -6 _6+3r+ , \P:—+4y—3 ,
3
2\”
1 , (27)
T_47rr+ [1+87rPr+— rE:W_Z)],
A3
S =n?, V= % (4)
2\”
P=r Z— r (2q> P &)
12 8" 16 v |

It is easy to check that these thermodynamical quant-
ities satisfy the first law of thermodynamics in the expan-
ded phase space: dM = TdS + VdP +W¥dq [64, 67]. Based
on the classification of phase transitions for a thermody-
namical system by Ehrenfest, the critical point satisfies
the following expressions [34, 35, 64]:

AP &P
(3v),=0 (), =° ©

As shown in [66, 69], this non-linear AdS black hole
exhibits a vdW's-like phase transition and the correspond-
ing critical thermodynamical quantities read as follows:

A=) s, Se=x(2)T I, ()

T = 2y—1 g

C @) PGy dy - 1) ®
2y -1

Pc = 4 (9)

1671')/ (2q2)7/(27—1) fl/(2y—1)(1, ) )

1 . .
where f(1,y)=vy(4y—-1) and 5 <7 It is evident that at

the critical point, the thermodynamical quantities are only
determined by the YM charge information carried by sys-
tem. From the above quantities, we can obtain an interest-
ing relation that only involves y:

Q2y-1y

§2r2p, =
16my(dy —1)2

(10)

In the following, we will focus on a free photon orbit
of the EPYM black hole. There are two methods to ad-
dress this issue: null geodesics and the Hamiltonian ap-
proach. Generally, we can solve the null geodesics to ob-
tain the photon sphere radius. Given that the geodesics
are expressed through four second-order coupled equa-
tions, it is difficult to solve them directly. Hence, we ad-
opt the Hamiltonian approach, which takes the following
form:

(- ' i+ for+rpy) (D)

N —

1
H= Eg“vpﬂpv =

with the equatorial hyperplane defined by 6 =x/2 and

X, .
pe =0. Here, p, = —% denote the generalized momenta,

and A isthe affine parameter. For a black hole back-
ground, there are two conserved quantities for the Killing
fields 9, and 9y, i.e., the particle energy £ and orbital an-
gular momentum L along each geodesics:

~E=p,=-f(i, L=ps=r’¢, (12)
and the dot represents the derivative with respect to A.
The prime stands for the derivative with respect to the ra-
dial coordinate. The light rays are the solutions to
Hamilton's equations:

0H i oH

Pu =T o = ﬂ, (13)

which read as follows:

pt :05 p¢ =09 pé):O,

’ 2
r=o % ff(zr();;f + ' (NP> +2f(r)p,p— % ’
_fl(t)’ F=1@pr "5:%- (14)
With H =0, we have
i+ Ve =0, Ve = Lzrfz(r) ~E2. (15)

We present the effective potential as a function of the ra-
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dial radius in Fig. 1 for an EPYM AdS black hole with
parameters y =1, P =0.003, ¢ = 0.85, M = 0.9 and differ-
ent angular momenta L/E.For a given angular mo-
mentum, there exists a special point in the Teg/E? —r dia-
gram, namely the local unstable maximum, which will in-
crease with increasing angular momentum.

Because of the positive sign of /* in Eq. (15), the ef-
fective potential must be negative. Thus, the photon can
only survive in the range of negative effective potential.
For a small angular momentum, the photon will fall into
the black hole from a location with a larger value of r.
The local unstable maximum of the effective potential
will increase with large angular momenta, and photon re-
flection will occur before it falls into the black hole.
Between these two cases, there exists the critical case
represented by the thickness red line in Fig. 1, whose
peak approaches zero, and simultaneously, the radial
photon velocity vanishes. This point corresponds to the
photon sphere radius because of the spherically symmet-
ric static nature of the black hole. In the following, we
will study the relation between a spatially static observer
and the photon sphere radius.

According to Fig. 1, the local unstable circular photon
sphere satisfies the following expressions:

dVeIT _ d2 VeIT

g, S (16)

Here, we denote the photon sphere radius as rp;,. Accord-
ing to the second expression in Eq. (16), the radius 7,
satisfies

21, =rf' ) 1y, (17)

where the prime represents the derivative with respect to
the radial coordinate r. By solving the first equation in
Eq. (16), the impact parameter or the angular momentum
of the photon can be written as follows:

10

Fig. 1. (color online) Effective potential for the EPYM AdS
black hole with parameters y =1, P=0.003, ¢ =0.85, M =0.9.
The angular momenta L/E of the photon vary from 2 to 20.

L r
Hph = £ '_f(r) m’- (18)

Let us consider light rays sent from an observer at ra-
dius coordinate ry into the past. These light rays can be
divided into two classes: Light rays belonging to the first
class travel to infinity after being deflected by the black
hole. Light rays belonging to the second class travel to-
wards the horizon of the black hole. If there are no light
sources between the observer and the black hole, the ini-
tial directions of the second class correspond to darkness
in the observer's sky. This dark circular disk on the ob-
server's sky is called the shadow of the black hole. The
boundary of the shadow is determined by the initial direc-
tions of light rays that asymptotically spiral towards the
outermost photon sphere. The light ray sent from a static
observer at position ry travels into the past with an angle
o relative to the radial direction, which reads

ta= |1 9
TN r(r) dg

If the light ray goes out again after reaching r,,, accord-
ing to Eqgs. (14) and (18), the orbit equation can be ex-
pressed as follows:

dr r?
& H 0)

Thus, the angular radius of the shadow becomes

(19)

o

2
"o

12, f(ro) b
ph

cota? = 1)
and by using a trigonometric identity, namely 1 +cota? =

——, it can be rewritten as follows:
Ntianes

sina = Hph NTTT0) f(rO). (22)

ro

The shadow radius of the black hole observed by a static
observer at ry can be expressed as follows:

__Tph
= T Vf(ro). (23)

III. PHASE TRANSITION OF EPYM ADS BLACK
HOLE FROM THE VIEWPOINT OF
SHADOW RADIUS

When this system is undergoing the first-order phase
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transition (HPBH/LPBH phase transition) with temperat-
ure T (T =xT,, y <1), we denote the horizon radius of
two coexistence black hole phases as r; and r,, respect-
ively. Using the Maxwell's equal area law, the condition

|

2y-1 1

YV E-D)(4y — 1)@-D/Gy-2) = f1/&y-2)(x, )

X

with

(1+x

_ G140 —x¥) 48y (1 -7

of the first-order phase transition for this system with giv-
en temperature 7 derived in previous works [66, 69] reads
as follows:

~ 1—x¥ Qe 1
2f ) =0x2 )2 f(xy)

24

r

f(xay) -

25423 = 4y)(1 - x)3

rn

(25)

s

Given thatg = 1.9, by numerically fitting the data, the horizon radii of the coexistent large and small black hole
phases close to the critical point as a function of temperature are expressed as follows:

2.65x10'T*-8.16x 10373 +8.77x 10°T? + 1.9, y=1
n= 674 573 372 (26)
2.39x10°T*-1.2x10°T° +2.16 x 10°T~ + 1.77, y=15
~7.11+3.81x10719/73 - 2.52x 107/T2 + 0.32/T, y=1 @
I =
g —4.12+8.1x1071%/73-3.27%x107%/T% +0.32/T. y=15
The coexistent curves read as follows:
[-6.42x105T® +6.33x 10°T7 = 1.49x 10°TC +7.27T5 + 1.13x 10°T* - 5.58T3 + 1.37%, y=1 28)
" 125078 +17.5T7 = 116.9T6 — 16.4T5 —0.57T* +15.32T3 + 1.01T2. y=15
The radii of two coexistent black hole phases as a func- comes
tion of temperature close to the critical point are depicted
N o . . 1
in Flg. 2. 1tis eV1.dent that the.z horizon radius for'the small o= (30 + /9 M2 —842). (29)
coexistent phase increases with temperature, while for the 2

large coexistent phase, it increases with temperature as
well.

Next, we will investigate the phase transition inform-
ation of this system from the viewpoint of the shadow ra-
dius. We first set the non-linear YM charge parameter
eaual to one. i.e.. v=1. The photon sphere radius be-‘

It is clear that this result is exactly equal to that of an
asymptotically flat charged black hole, in which the
photon sphere radius depends on pressure. Note that the
mass in Eq. (3) is related to pressure. Substituting it into
Eq. (29), we obtain the photon sphere radius:

3¢* +r2(3+8nPr2) + \/[3q2 +7r2(3+8nPr2)? - 32422

rph =

At the critical point (ry =r. and P = P.), the critical
photon sphere radius reads rp.=(2+ V6)g for y=1.
Therefore, the shadow radius as a function of the black
hole horizon radius becomes

rph(r+)

VS rpn(rs))

v f(ro). (31)

4r,

(30)

Substituting the critical photon sphere radius and pres-
sure into Eq. (31), we can obtain the critical shadow radi-
us 7., which is related to the YM charge g.

Based on this constraint, a static observer at spatial
infinity has f(rp) =1 [51]. Using Egs. (30) and (31), the
behavior of the shadow radius as a function of the black
hole horizon radius for different values of pressure can be
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Fig. 2. (color online) Plots of horizon radii for two coexistent black hole phases as a function of temperature. The YM charge is set to
g=19.

analyzed, as shown in Fig. 3(a). It is evident that there ex-
ists a minimum value of the shadow radius for this sys-
tem with given pressure (regardless of whether it is great-
er or less than the critical pressure). The shadow radius
decreases with increasing horizon radius for small black
holes, while for large ones, it increases with the horizon
radius until reaching a constant, /3/(87P). This indic-
ates that at the minimum point, the system will undergo a
phase transition that is different from that of the
HPBH/LPBH one. Furthermore, for small EPYM black
holes, the shadow radius decreases with increasing pres-
sure.

There is an interesting phenomenon: the values of the
shadow radius under the limitations r, — 0 and r, — oo
are the same. This is related to pressure P, but not to YM
charge g (shown in Figs. 3(b) and 3(c)). The limited
forms of the shadow radius for two values of y are as fol-

lows:
_3_ 3 -
VA" Nezp 77

rs|r+—>0,oo = 43416 (32)
: y=15

47r\/F’

Note that for both values of the non-linear YM charge
parameter, the inverse square coefficient between
rslr. 0,0 and pressure is the same: 0.345494. This means
that for EPYM AdS black holes, the limited value of the
shadow radius does not depend on the charge informa-
tion (¢ and y) carried by the system; it only depends on
the pressure.

Considering different values of pressure and combin-
ing the first-order phase transition condition expressed in
Eq. (24) and Egs. (2), (4), (9), (30), and (31) gives rise to
the T —r, ; phase diagrams shown in Figs. 4(a) and 4(b).
It is evident that for P < P, there exists non-monotonic
behavior in both the T—r, and T —r; planes. However,
the temperature becomes a monotonically increasing
function of the shadow radius and horizon radius when
the pressure is greater than the critical one. At the critical
pressure, there exist deflection points at r.=r. and
rs = Iy, respectively. These behaviors are notably similar
to the isobar process of a VdW's system in the T-S
plane, which means that there exists a first-order phase
transition from the viewpoint of both the horizon radius
and shadow radius. By constructing the Maxwell's equal-
area law in the T—r, and T —r, planes, we also obtain
the phase transition points. The corresponding shadow
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15 20

5 10
(b) P = 0.0006994 < P,

(a) g=1.9

15 20"

0 5 10
() P=15P,
(color online) Non-linear YM charge parameter set to y = 1. Left plot: pressure set to P.—0.00022, P., and 1.5P, from bottom
to top. Middle and right plots: the YM charge varies from 1.9 to 0.8 from top to bottom. The horizontal thin dashed lines represent the

Fig. 3.
limited value of the shadow radius.
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(a) P = P. —0.00022, P., P+ 0.0002
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1
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(c) P = P. —0.00022

Fig. 4. (color online) Parameters set to y = 1, ¢ = 1.9. A static observer at ry = 100
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radii are denoted by r,, and ry,.

It should be noted that a peculiar phenomenon
emerges: for a given pressure P < P,, the phase transition
temperature from the viewpoint of the horizon radius is
slightly lower than that from the viewpoint of the shad-
ow radius for y =1, as shown in Fig. 4(c). This situation
may be caused by the gravitational effect and non-linear
YM charge term. So far, we have converted the phase
transition information of the EPYM AdS black hole
phase transition into a measurable physical quantity, i.e.,
the shadow radius. This means that we can detect wheth-
er there is a phase transition by measuring the shadow ra-
dius of the black hole, so as to obtain the microscopic
structure of the black hole.

In addition, the non-monotonic behavior of T —r;
simply indicates the existence of the first-order phase
transition, but it is not the first-order transition between
high potential and low potential black holes. Although the
black hole horizon radius cannot be directly obtained
from experiments, its shadow can be observed. Therefore,
the shadow radius may serve as a probe for the phase
structure of EPYM AdS black holes. For v = 1.5, we also
present numerical results of the shadow radius along with
the black hole horizon radius for different pressures and
YM charges in Fig. 5(a); their behaviors are similar to
those for y = 1. In this case, the limited form of the shad-
ow radius is provided in Eq. (32). The behaviors of tem-
perature as a function of horizon and shadow radii are
shown in Fig. 6; they are similar to those for y = 1.

To illustrate the relationship between the black hole
phase transition and shadow radius in both cases, i.e.,
v=1,1.5, plots of the shadow radii for two coexistent
black hole phases as functions of temperature and hori-
zon radius are shown in Fig. 7. For the large coexistent
phase, its shadow radius decreases with increasing tem-
perature, while it increases with the horizon radius.
However, for the small coexistent phase, its shadow radii
as functions of temperature and horizon radius have a loc-
al minimum value. A new phase transition may exist at
this local minimum point.

IV. THERMAL PROFILE OF THE EPYM ADS BH

Given that the shape of a spherically symmetric black
hole shadow is circular for any observer [70], we con-
sider a thermal profile in a two-dimensional plane to
more intuitively present the relationship between the BH
phase structure and its shadow for EPYM AdS black
holes. According to a previous study [20], the shadow
boundary curve at the celestial coordinate reads as fol-
lows:

s

. . d
x =lim (—r2 sinfy —¢)
e T Jo,>n/2

do
y=lim [r*— ) (33)
roe\dr g

For y=1 and 1.5, the shadow contours of coexistent

20

10 15
(b) P =0.0012 < P.

10

N

15 20

(c) P=35P,

Fig. 5.

(color online) Non-linear YM charge parameter set to y = 1.5. Left plot: pressure set to P.—0.0001, P., and 1.5P. from bottom

to top. Middle and right plots: YM charge varies from 1.9 to 1 from bottom to top. The horizontal thin dashed lines stand for the lim-

ited value of the shadow radius.
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Fig. 6. (color online) Parameters set to y = 1.5, ¢ = 1.9. A static observer is assumed at ry = 100.
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Fig. 7. (color online) Parameters set to ¢ = 1.9. The temperature varies from 0.57, to 7.. A static observer is assumed at ry = 100.
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(color online) Shadow pictures of coexistent large and small black hole phases as a function of temperature. Parameters are set

as follows: ¢ =1.9 and y =1 (in Figs. 8(a) and 8(b)), y = 1.5 (in Figs. 8(c) and 8(d)). Temperature varies from0.57, to 7.

large and small black hole phases as a function of temper-
ature for a static spatial infinity observer are depicted in
Fig. 8.

These results show that the size of the BH shadow de-
pends on the temperature. When T < T, the shadow radi-
us for the coexistent large black hole phase decreases
monotonically with temperature until reaching the critic-
al shadow, which is in the large radius region correspond-
ing to supercritical black hole phases; the red thick curves
represent the critical shadow; for small black hole phases,
the shadow radii find support in the small radius region;
the inner black disks represent the coexistent large and
small black hole phases for different temperatures. It is
evident that for coexistent small phases, the shadow radi-
us slightly decreases with temperature until reaching its
minimum value and then increases abruptly with higher
temperatures. These behaviors are consistent with those
presented in Fig. 7.

V. DISCUSSION AND CONCLUSIONS

In the present work, we examined the relationship
between the thermodynamic phase transition of the four-
dimensional charge Einstein-power-Yang-Mills (EPYM)

AdS black hole and its shadow. This provides a new ap-
proach to link gravity and thermodynamics of black
holes.

First, we presented the characteristics of EPYM AdS
black hole phase transitions: the critical point depends on
the YM charge and non-linear YM charge parameter un-
der the conditions y > 1/2 and y # 3/4. Given that the
critical point represents the boundary of the coexistent
phases, it is key to probe the black hole phase structure.
Then, we investigated the null geodesics of a photon in
the equatorial plane of EPYM AdS black hole back-
ground. By analyzing the effective potential of photon or-
bits with certain parameters, we obtained the photon
sphere radius and impact parameter (angular momentum
of the photon sphere). For a static observer at infinity, the
corresponding black hole shadow can be directly ex-
pressed as a function of the photon sphere radius, that is,
the shadow is related to the black hole horizon. The res-
ults show that non-monotonic behaviors appear in T —r
and r; — r, diagrams. This indicates that there exists a cer-
tain relationship between the shadow and phase trans-
ition of this system. In addition, we presented the influ-
ence of the non-linear YM charge parameter y on the
shadow.
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Finally, we further explored the relationship between
shadow, temperature, and two-existent black hole phases.
Relevant conclusions can be summarized as follows:

e For an isobar process of this system, the shadow ra-
dius as a function of the black hole horizon exhibits a
non-monotonic behavior with certain parameters. In the
rs—ry plane, the local stable minimum might indicate a
new phase transition different from the black hole phase
transition. Furthermore, for a given pressure, the limita-
tions of the shadow radius with r, — 0,c0 are the same.
This means that for r, — 0,00 the limitation of the shad-
ow radius does not depend on the charge information (g
and y) carried by the system; it only depends on the pres-
sure.

e For a given pressure below the critical value, there
exist two extreme points in the 7 —r; plane. Both ex-
treme points coincide with each other. When the pressure
is larger than the critical one, there is no extreme point.
These behaviors of the shadow radius are consistent with
that of black hole phase transitions. Therefore, the beha-
vior of the photon sphere can be regarded as a probe to
reveal the thermodynamic phase transition information of
black holes.

e For the same set of parameters, the phase transition
temperature from the viewpoint of the shadow radius is
slightly higher than that from the viewpoint of the black
hole horizon; this may be caused by the gravitational ef-
fect and non-linear YM charge term.

e At the coexistent curve of 7' — P, the shadow radius

for the coexistent large black hole phase decreases mono-
tonically with temperature until reaching the critical shad-
ow, which corresponds to the supercritical black hole
phases; for the coexistent small black hole phases, the
shadow radius slightly decreases with temperature until
reaching a minimum value and then increases abruptly
with temperature. These behaviors are consistent regard-
less of the rg, 5, — 12 planes and thermal profiles.

This analysis strongly supports our conjecture that
there exists a relationship between the null geometry and
thermodynamic phase transition for EPYM AdS black
holes. It further supports the link between gravity and
thermodynamics of black holes and provides a possible
approach to describe the strong gravitational effect from a
thermodynamic viewpoint.

Currently, EHT observations are providing certain in-
formation about spinning black holes; however, no data
related to shadows of static black holes are available yet.
In this work, we have theoretically presented the corres-
ponding information of static black holes from their shad-
ow. In future studies, we expect to have more precise ob-
servational results to distinguish different black holes, in-
cluding static black holes. We will also explore theoretic-
ally possible results of various black holes from their
thermal properties that can be tested using future observa-
tional data from EHT.
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