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Abstract: We study a double covering of modular A4 flavor symmetry. To this end, we construct lepton models for
canonical and radiative seesaw scenarios. Using irreducible doublet representations, heavier Majorana fermion
masses are characterized by one free parameter that would differentiate from A4 symmetry. symmetry. Through y
square numerical analysis, we demonstrate that both scenarios produce some predictions in case of normal hierarchy
reproducing neutrino oscillation data. However, no solution satisfies the neutrino oscillation data in case of radiative

seesaw of inverted hierarchy.
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I. INTRODUCTION

Even after the discovery of the standard model (SM)
Higgs, we wonder whether there is a way to accommod-
ate neutral particles such as the active tiny neutrinos and
dark matter (DM) candidates. To describe the observed
neutrino sector, we might need a prescription about how
to determine three mixings and two mass square differ-
ences in addition to CP phases, namely Majorana and
Dirac phases, which are not accurately measured yet.
Modular flavor symmetries are one of the most prom-
ising candidates to obtain predictive scenarios in the neut-
rino sector, given that these symmetries do not require
many neutral bosons = owing to a new degree of free-
dom: "modular weight." Moreover, DM can be con-
sidered stable by applying this degree of freedom. In fact,
a great number of scientific papers on this research line
have been published after the original paper [1].2) For ex-
ample, the modular A, flavor symmetry has been dis-
cussed in Refs. [1,3—52], in addition to S3 in Refs.
[53-58], S4 in Refs. [59-71], As in Refs. [64, 72, 73],
double covering of A4 in Refs. [74-76], double covering
of S4 in Refs. [77, 78], and double covering of As in
Refs. [79—82]. Reference [83] discusses the CP phase of

quark mass matrices in modular flavor symmetric mod-
els at the fixed point of 7. Soft-breaking terms on modu-
lar symmetry are discussed in Ref. [84]. Other types of
modular symmetries have also been proposed to under-
stand masses, mixings, and phases of the SM in Refs.
[85794].3) Different applications to various physics fields
such as dark matter and the origin of CP are found in
Refs. [6, 7, 11, 14, 63, 104—112]. Mathematical studies
such as possible correction from Kéihler potential, sys-
tematic analysis of the fixed points, and moduli stabiliza-
tion are discussed in Refs. [94, 113—116]. Recently, the
authors of Ref. [117] proposed a scenario to derive four-
dimensional modular flavor symmetric models from
higher-dimensional theory on extra-dimensional spaces
with modular symmetry. It constrains modular weights
and representations of fields and modular couplings in the
four-dimensional effective field theory. Higher-dimen-
sional operators in the SM effective field theory are also
constrained in the higher-dimensional theory, in particu-
lar, the string theory [118]. Non-perturbative effects rel-
evant to neutrino masses have been studied in the context
of modular symmetry anomaly [119].

In this study, we apply double covering of modular
A4 symmetry T’ to the lepton sector and show several
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1) These bosons are called flavons and they are traditionally introduced to get a desired neutrino mass matrix.
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3) Here, we provide useful review references for beginners [95-103].
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predictions in cases of canonical seesaw and radiative
seesaw scenarios [120]. Interestingly, 7’ has three has
three irreducible doublet representations. Using these rep-
resentations, heavier Majorana fermion masses are de-
scribed by one free parameter (except 7) that would dif-
ferentiate from A4 symmetry. Note symmetry. Note that
the mathematical part of ath 7’ has been thoroughly s has
been thoroughly studied in Ref. [74], where the authors
demonstrate a prediction in case of inverted hierarchy
based on the canonical seesaw model.

This paper is organized as follows. In Sec. 1I, we re-
view our model setup in the lepton sector, for deriving the
superpotential, charged-lepton mass matrix, Dirac
Yukawa matrix, and Majorana mass matrix. In Sec. III,
we formulate the neutrino mass matrix and its observ-
ables in case of canonical seesaw. Then, we address the
radiative seesaw model, showing the soft breaking terms
that play a crucial role in generating the neutrino mass
matrix at one-loop level. In Sec. IV, we perform the nu-
merical y square analysis and show predictive figures for
normal and inverted hierarchies of the canonical and radi-
ative seesaws. Finally, we conclude and summarize our
model in Sec. V. In Appendix A, we summarize formu-

las on the double covering of modular ormula A4 sym-
metry.

II. MODEL

Next, we review our model in order to obtain the
neutrino mass matrix. In addition to the minimal super-
symmetric SM (MSSM), we introduce matter superfields
including two right-handed neutral fermions Ny, that be-
long to doublet under the modular 7’ group with modu-
lar weight —1. We also add three chiral superfields
{¢.f1,72} including two bosons {y,7;,17,} where there are
superfields that are true singlets under the 7’ group with
{—1,—1,-3} modular weight. y only plays a role in gener-
ating the neutrino mass matrix at one-loop level; there-
fore, ny, are inert bosons in addition to y. Left-handed
lepton doublets {L,,L,,L;} are assigned to be triplet with
—1 modular weight, while the right-handed ones
{e€,uc,7¢} are set to be {1,1”,1’} with —1 modular weight.
Two Higgs doublet H, are invariant under the modular
T’ symmetry. All the fields and their assignments are
summarized in Table 1. Under these symmetries, the
renormalizable superpotential is expressed as follows .

W =, [V @@L B+ [V @ @ Lo Ar] +y.[YY @ @ Lo A
+ay [V @ N @Len ] +5,[YS) @ N @ Lo+ MY @ N @ N

Y 1y 60) A n Dy A ~ DA A A
+ BB+, YO g0+ aV\ D Biing + YV i ¢,

where R-parity is implicitly imposed in the above super-
potential, Yéz) =(f1,p. f3)T is T’ triplet with modular
weight 2, and YS)) = (y(l”), y(z”))T is T’ doublet with modu-
lar weight 3.” The first line in Eq. (1) corresponds to the
charged-lepton sector, while the second and third lines
are related to the neutrino sector. The third line is particu-
larly important if the neutrino mass matrix is induced at
one-loop level as dominant contribution.

Table 1. Field contents of matter chiral superfields and their
charge assignments under SU(2)., x U(1)y X A4 in the lepton and
boson sectors; —k; is the number of modular weight and the
quark sector is the same as that of the SM.

Chiral superfields

ok by 15058 (RSRS) By B, M o %
SUQ2)L 2 1 1 2 2 2 2 1
Uy -3 1 0 3 -3 3 -3 0
T’ 3 {1,1”7,1’} 2 1 1 1 1 1
-k -1 -1 -1 0 o -1 -1 -3

(1)

After the electroweak spontaneous symmetry break-
ing, the charged-lepton mass matrix is given by

@ 0 O fi A £
me = 0 B O L A £
V2l 0 0 v llA A A

V2

2)

where (H,) = [v2/ V2,0]7. Then the charged-lepton mass
eigenstate is found as diag(Im.|*,Im,|*, Im|*) = VZLmngVeL.
In our numerical analysis, we fix the free parameters
@e,Be,ye inserting the observed three charged-lepton
masses by applying the following relations:

Trl{meme' ] = Imel* + lmyl* + mel, 3)

Det[mem; '] = |mellmy|*Im|?, 4)
(Trlmemg 1) = Trl(mem, )]

=2(|mePlmy* + Iy, P imel + ImePlme[?). ()

1) Even though our assignments for each matter superfields are slightly different from the original paper in Ref. [74], the resultant lepton mass matrix is same as the

original one.

2) The concrete expressions of modular Yukawas are summarized in Appendix A.
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The Dirac matrix consists of @, and B,; Ny,Ln; is
given by

L) al'? Iy ’7”
—=er'y apyr  —zer'ya+fyy
oy = ﬁ \/i 2 mn \/z n71
Tn s x: i, [07 In
7"565’%' +ageilyy fretly; _7]2@‘21)’1
(6)
The heavier Majorana mass matrix is given by
1 In
12 76'2 /3 )
My=My| | 2 = MyM. 7)
—ciify  eilfy
V2

The heavy Majorana mass matrix is diagonalized by a
unitary matrix Vy as follows: Dy =VyMyVE, where
N¢ =y VY, ¢ is the mass eigenstate.

III. ACTIVE NEUTRINO MASS MATRIX
A. Canonical seesaw

1. Mass matrix of m,

If all the bosons have nonzero VEVs, the neutrino

C12€13 N

U =|—s12023 — 12523 513€"
i

$12823 — C12C23513€"°"

where ¢;; and s;; stand for cos6;; and sin#;;, respectively.
Then, each mixing is expressed in terms of the compon-
ent of U as follows:

sin”6 =|U |2 sin®6y3 = |Uﬂ3|2
13 =|Uel", B =
1-|Uesf?
2
) |U€2|
sin“ @, = ———, (12)
1-|Uzsl?

and the Majorana phase a,; and Dirac phase dcp are ex-
pressed in terms of the following relations:

Im[U}, U] = clzsuc%_,, sin(%),

Im[U}, Ues] = —ci2813¢138indcp, (13)
. @21

Re[U},Upl = cias12¢3, cos(T),

Re[U;,U.3] = ci2813¢13c0sdcp, (14)

$12€13
C12€23 — §12523513€
—C12523 — §12€23513€

mass matrix is generated via tree-level as follows:

2
1%
U T rr—1 -
m, = 2—1‘40_))77 M Yy = KMy, (8)

v% .
where k= W and (n71) = [0, vy, /N21T. m, is diagonal-

o .
ized by a unitary matrix V,; D, =D, =VIm,V,=
[k|VI 7, V,. Then, |« is determined by

D2 |Am§tm| D2 |Am§tm|
(NH) @ |«]” = B (IH) : [«” = B )
where Am2,, denotes atmospheric neutrino mass differ-
ence squares, and NH and IH represent the normal hier-
archy and inverted hierarchy, respectively. Subsequently,
the solar mass different squares can be written in terms of
x| as follows:

(NH) : Am?

sol =

(IH) : Am?

272 212 52
|K| DVz’ sol = |K| (sz _Dy|)7

(10)

which can be compared to the observed value. The ob-
served mixing matrix is defined by U = VZVV [121],
where it is parametrized by three mixing angles, i.e., i.e.,
0;i(i,j=1,2,3;i < j), one CP violating Dirac phase dcp,
and one Majorana phase ay; as follows:

s13e_i‘5“’ 1 0 0
saciz3 ||0 e 0],
Cc23C13 0 0 1

i0cr (11)

idcp

[
where a»1/2, 5cp are subtracted from =z when
cos(az1/2), cosdcp are negative. In addition, the effective
mass for the neutrinoless double beta decay is given by

iy

(Mee) =|K|IDy, cos® 61 cos® 13 + D, sin® 615 cos” 03¢

+D,, sin? 9]36_216“"|,

(15)

where its observed value could be measured by Kam-
LAND-Zen in future [122].

2. Neutrino masses at the fixed points

In general, it is difficult to show analytical predic-
tions in arbitrary 7. However, we might be able to con-
duct demonstrations in specific points of 7 such as fixed
points. There are three important points 7 =i,w,ico ac-
cording to the string theory. At these fixed points, modu-
lar forms are obtained by simple forms. Table 2 shows
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Table 2. Modular forms at t = ico; note that we ignore over- Table 4. Modular forms at = =i; note that we ignore overall
all factors, and # is a positive integer. factors, and 7 is a positive integer.
k r T=ioo k r T=i
2n-1 2 0,17 4n-3 2,22 (=D 1+ V3),-V2)T
2 0,07 4n-2 1,1,1” 0
2z (o7 3 (1,1+V3,-2= V3T, (1,-2+ V3,1 - \3)/
2n 1 1 dn-1 2,2,2" (-1+(=DVe, T
1 0 4n 1,1,17 1
1” 0 3 1,1,n7
3 (1,0,007
B. Radiative seesaw
Table 3. Modular forms at = w; note that we ignore over- When 1.2, x are inert bosons, the neutrino mass mat-

all factors, and # is a positive integer.

k r T=w
6n->5 2,2,2" 0,0)7
6n—4 1 0

v 0

1” 1

3 (Lw,~1®T
6n-3 2,2,2" 0,07
6n—2 1 0

1 1

17 0

3 (1L,-w,wH?
6n—1 2,2,2" (0,0)7

6n 1 1

v 0

1” 0

3 (1,-2w, 20T

modular forms at 7 =ico. In this case, a triplet modular
form becomes (1,0,0)7 and there is a massless right-
handed neutrino. Table 3 shows modular forms at 7 = w.
In this case, doublet modular forms become (0,0)” and all
neutrinos are massless. These two cases are not suitable
in our model. Table 4 shows modular forms at 7 =i. Us-
ing Egs. (9) and (10), we obtain the following relations:

(NH) Amfol D‘Z’z (IH) Anllgol D‘Z’z B ~%1 (16)
Al DL Amg, DY

These relations are functions of 8,/@, and the equa-
tions have solutions if and only if the neutrino mass or-
dering is NH case. In the next section, we numerically
check whether these analytical estimations are reason-
able or not.

rix is induced at one-loop level via mixings among neut-
ral components of inert bosons. Before discussing the
neutrino sector, we formulate the Higgs sector. The valid
soft SUSY-breaking terms to construct the neutrino mass
matrix are found as follows:

6 4
Lo = Hi Ha + g, Y™+ AdY P Himox
+Ap Y Homyx + my \Hyl* +mj, | Hof?

200 120 02 1o 2 42 )2
+m, | +my, 2| ™ +m [x|” +h.c.,

where mj ~and m} include the invariant coefficients
1/(r* = 1)fma,

1. Inert boson

Inert bosons y, 1, and 1, mix each other through the
soft SUSY-breaking terms of A, and up, after the spon-
taneous electroweak symmetry breaking. Here, we sup-
pose that ug,, A, << A, for simplicity. Then, the mixing
dominantly comes from y and 5; only. This assumption
does not affect the structure of the neutrino mass matrix.
Thus, the mass eigenstate is defined by

XR.I o, —S0 &1
> = R.I R R.I s 17
|: TllR.l :| [ s9R,1 CORJ :||: §2R,I :| ( )
where cq,,, 54, are the shorthand notations of sinfg; and
cosBg 1, respectively; &1, denotes the mass eigenstates for
Xx-11, and their mass eigenvalues are denoted by ed by
m;,, (i=1,2). Note that the mixing angle 6 simultan-

eously diagonalizes the mass matrix of real and imagin-
ary parts.

2.  Mass matrix of m,
The active neutrino mass matrix m, is induced at one-

loop level as follows:

1

m, = —W(y; )ia(VNaaDn,(VE)agO)pj
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x| 55 f(me, .Dy)+ 5, fme, . Dy,)

— 53 f(mg, .Dy,) = ¢, f(me, . D))

1 m%
f(ml,m2)=f ln[x(—2—1)+1
0 my,

In order to fit the atmospheric mass square difference,
we extract a, from y, and redefine m, = a,zlnﬁv. Then, we
can proceed with the discussion by following the same
approach as in the case of canonical seesaw by regarding
a% as k, where x is a parameter in the canonical seesaw
model. In case of radiative seesaw, one might find that
two fixed points at 7= w,ico are not favorable owing to
absence of enough degrees of freedom of non-vanishing
right-handed neutrino masses, analogous to the observa-
tion in the canonical seesaw case. However, it is not pos-
sible to realize analytical predictions because of the

highly complicated loop function even for a fixed point of

(18)

. (19)

NH for neutrinos at tree level

1.2

1.1 .o .

Im[7]
-—
(=)
-~
s
T
‘-"u
S
v 80
-,'. 'Y
/ q.-.
N
2

0.8

0.0
Re[1]
NH for neutrinos at tree level

-0.4 -0.2 0.2 0.4

350
300
250
200

1[degd]

100
50

0

6cp[deg]
(color online) NH for the canonical seesaw model: an allowed region of 7 is shown in the top left panel, (m,.) in terms of sum

Fig. 1.

7 =i. Thus, we cannot help relying on numerical analysis
only.

IV. NUMERICAL ANALYSIS

In this section, we show numerical Ay? analysis for
each of the cases, fitting the four reliable experimental
data; Amgol,sinz 013,sin2 923,sin2 01> in Ref. [123], where
Am?,, is supposed to be the input value. " In case of IH
for the radiative seesaw model, we would not find any al-
lowed region within 50. Thus, we do not discuss this
case hereafter. The dimensionful input parameters are
randomly selected in the range of [10? - 107] GeV, while
the dimensionless ones are selected in the range of
[1071°—~107"] except for .

A. NH for the canonical seesaw model

Figure 1 represents NH for the canonical seesaw
model. We show an allowed region of 7 in the top left
panel, {m,.) in terms of sum of neutrino masses > m; in

NH for neutrinos at tree level

0.020

0.015

0.010

<Mge>

0.005 | E

0.060
>mij[eV]

0.000
0.050

0.055 0.065 0.070

NH for neutrinos at tree level

0.050 0.055 0.060

>mij[eV]

0.065 0.070

of neutrino masses Y m; in the top right one, Majorana phase a,;and Dirac CP phase 5cp in the bottom left one, and Dirac CP phase

Scp versus sum of neutrino masses Y m; in the bo in the bottom right one, respectively. Each color corresponds to the range of Ay? val-

ues such that blue represents Ay? < 1, green represents 1 < Ay? < 4, yellow represents 4 < Ay? <9, and red represents 9 < Ay? < 25.

1) We suppose CP phases dcp,a21 to be predictive values, and the best fit values are applied for three charged-lepton masses.
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the top right one, Majorana phase «@;; and Dirac CP
phase §cp in the bottom left one, and Dirac CP phase §¢p
versus sum of neutrino masses ), m; in the bottom right
one, respectively. Each color corresponds to the range of
Ax?* values such that blue representsAy” < 1, green rep-
resents 1 < Ay? <4, yellow represents 4 < Ay? <9, and
red represents 9 < Ay? <25. These figures suggest that,
within 50, 0.058 eV <sYym< 0.06 eV, 0.001
eV < (me) $0.004 eV, any value is possible for a;;, and
écp tends to be localized near 120 ° and 240 °. As analyt-
ically estimated, we have found several solutions near
T=1.

B. IH for the canonical seesaw model

Figure 2 represents IH for the canonical seesaw mod-
el, where the legends and colors are the same as those of
NH for the canonical seesaw case. These figures suggest
that 0.098eV <Y m; <0.102eV,  (me)=~0.05 eV,
a1 ~0°, 50° < 6cp < 130°, and 230° < 6cp < 310°. In our
analytical estimation, we have no solutions near 7=1i.
However, according to this figure, there would exist solu-
tions near 7 =i. Thus, we investigated the behavior of
modular Yukawa functions in terms of 7 and found that
this function is rather sensitive to deviations from 7 = i.

IH for neutrinos at tree level

2.0
1.8
1.6
1.4

1.2 .
1.0 PPN SRR

Im[7]

0.8

-0.4 -0.2 0.0 0.2 0.4

Re[1]
IH for neutrinos at tree level

350
300
250
200
5 150
100
50

ol . =S,

LY - o

1[deg]

0 50 100

6cpldeg]
Fig. 2.
case.

150 200 250 300 350

C. NH for the radiative seesaw model

Figure 3 represents NH for the radiative seesaw mod-
el; the legends and colors are the same as those of NH for
the canonical seesaw case. These figures suggest that
0.057 eV < (3 m;, (m,.)) <0.06 eV, and any values are al-
lowed for phases. In the radiative case, there are solu-
tions near 7 =i only in case of NH. This is what we ex-
pect from our analytical estimation.

V. CONCLUSION AND DISCUSSION

We studied a double covering of modular A4 flavor
symmetry in which we constructed lepton models in
cases of canonical seesaw and radiative seesaw applying
irreducible doublet representations to heavier Majorana
fermions that do not have A4 symmetry. Then, we have
some predictions for both cases except for the IH of radi-
ative seesaw. From our numerical analyses, we conclude
the following:

1. In case of NH in the canonical seesaw scenario,
within hin 50, 0.058 eV<Ym;50.06 eV, 0.001
eV < (me.) $0.004 eV, any value is possible for a;;, and
dcp tends to be localized near 120 ° and 240 °.

IH for neutrinos at tree level

0.10
0.08
A 0.06
5 0.04
0.02
0.00
0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12
>mj[eV]
IH for neutrinos at tree level
350
300 -
— 250 L4
m 0
S, 200
o
,‘9150 .
100 -
o
50 .
0
0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12

Imj[eV]

(color online) IH for the canonical seesaw model; the legends and colors are the same as those of NH for the canonical seesaw
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NH for neutrinos at one-loop level

1.2
1.1
e s
§ . i
E 1 o ° o o b Q-i'.,'. ‘Jb :
0.8
-0.4 -0.2 0.0 0.2 0.4
Re[1]
NH for neutrinos at one-loop level
350 . S LN s
300 . o )
— 250 " L .
& : ’ ;
T, 200 . :
g 150 . .ot . .
100} , - ° o L
: . $ . .
50 . . . .
0 : .
0 50 100 150 200 250 300 350
6cp[deg]
Fig. 3.

case.

2. In case of IH in the canonical seesaw scenario,
within hin 50, 0.098 eV < Y m; <0.102 eV, (m..)=~0.05
eV, ar; =0°, 50° < 5¢cp < 130°, and 230° < 6cp < 310°.

3. In case of NH in the radiative seesaw scenario,
within 50, 0.057 eV < (3 m;,{me)) <0.06 eV, and any
values are allowed for phases.

As a future work, it would be interesting to apply this
modular symmetry to both the quark and lepton sectors
with the common modulus 7. We expect it to result in dif-
ferent predictions from A4 modular symmetry due to es-
pecially irreducible doublet representations.

APPENDIX A: FORMULAS IN MODULAR 7’
FRAMEWORK

In this appendix, we summarize some formulas in the
framework of 7’ modular symmetry belonging to the
S L(2,Z) modular symmetry. The S L(2,Z3) modular sym-
metry corresponds to the 7’ modular symmetry. The
modulus 7 transforms as

NH for neutrinos at one-loop level

0.070
0.065
A
& 0.060 -
A" . "'/
0.055
0.050
0.050 0.055 0.060 0.065 0.070
zmj[eV]
NH for neutrinos at one-loop level
350
300 . “‘% v
2 i
8 200 "
5150 RN
100 .
50 Seonie
o S e g
0.050 0.055 0.060 0.065 0.070
Imj[eV]

(color online) NH for the radiative seesaw model; the legends and colors are the same as those of NH for the canonical seesaw

(AT)

with {a,b,c,d} € Z3 satisfying ad—bc=1 and Im[r] > 0.
The transformation of modular forms f(r) are given by

foD) = (ct+d)'f(x), yeSL2,Z3), (A2)
where f(r) denotes holomorphic functions of r with the
modular weight £.

In a similar way, the modular transformation of a
matter chiral superfield ¢ with the modular weight —k;
is given by

¢0 = (ct+ ) p P, (A3)
where p”)(y) stands for a unitary matrix corresponding to
T’ transformation. Note that the superpotential is invari-
ant when the sum of modular weight from fields and
modular form is zero and the term is a singlet under the
T’ symmetry. It restricts a form of the superpotential, as
expressed in Eq. (1).
Modular forms are constructed on the basis of weight
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1 modular form, Yé”:(Yl,YZ)T, transforming as a
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