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Abstract: In order to clearly understand the gravitational theory through the thermal properties of the black hole, it
is important to further investigate the first-order phase transition of black holes. In this paper, we adopt different con-
jugate variables (P~ V, T ~S, C; ~cy, and C; ~ ) and apply Maxwell's equal-area law to study the phase equi-
librium of a topological black hole in massive gravity. The condition and latent heat of phase transition are dis-
played as well as the coexistent curve of P—T. The result shows that the phase transition of this system is the
high/low electric potentials one, not only the large/small black holes one. We also analyze the effect of the model's
parameters on phase transition. Furthermore we introduce a new order parameter to probe the microstructure of this
system. This work will provide the theoretical basis to study the phase structure of topological black holes in

massive gravity and to further explore the gravitational theory.
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I. INTRODUCTION

In the context of extended general relativity, the con-
sistency of quantum behavior, including the understand-
ing of gravity, may be related to the possible mass of
graviton, which is a long-standing basic physical ques-
tion of classical field theory. In general, adding a mass
term to the action of a given background leads to various
instabilities in gravity theories, sometimes even to the
non-linearity. Recently, the authors (in the dRGT large-
scale theory) in Refs. [1-4] constructed a non-linear gen-
eralization for all orders, in which a higher-order interac-
tion term was introduced into the Boolean function to
eliminate the Boulware-Deser ghost [5—7]. There are also
many interesting results in the cosmological behavior and
the black hole solution [8—14] for the three-dimensional
dRGT. Subsequently, the spherically symmetric solution
was also discussed in [15-17].

The recent study on the thermodynamic characterist-
ics of an AdS black hole in massive gravity has attracted
great interest [18—22], and the method [23-56] to study
AdS black hole was extended such that the cosmological
constant is regarded as the state parameter of a black hole
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thermodynamic system: pressure.
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and the corresponding thermodynamic volume is V =
(i;i;) . The critical behavior of an AdS black hole in
S.0.¢;
massiveQ gravity was studied (the conjugate variables were
selected to be P~ V). The thermodynamic properties of
AdS black holes in massive gravity were simulated.
These properties are similar to that in a Van de Waals
(VdW) system. However, the studies on the first-order
phase transition of an AdS black hole in massive gravity
have not been paid much attention. Furthermore, up to
now, the statistical mechanics background of black holes
as a thermodynamic system has not been made clear.
Therefore, it is important to find the relationship between
the thermodynamic properties of various AdS black
holes, to explore the internal connection between differ-
ent AdS black hole thermodynamic quantities, and to dis-
cuss the thermodynamic properties of AdS black holes.
This would facilitate further understanding on entropy,
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temperature, and heat capacity; it would also signific-
antly improve the self-consistent black hole thermody-
namic geometry theory.

In Refs. [30, 57—60], the phase diagram of P—v for
the charged topological Dilaton AdS black holes was ana-
lyzed. It was found that when the temperature of black
hole is low, there exists a region in which the pressure in-
creases with the volume and the system is mechanically
unstable. This phenomenon is similar to the result of the
Van der Waals-Maxwell (VAWM) system. In order to
solve this problem, Maxwell proposed the famous Max-
well equal-area law. For the Topological AdS black hole
in massive gravity, we also face the same problem as a
VAWM gas-liquid phase diagram. This research extends
Maxwell's equal-area law and applies it to study the topo-
logical AdS black hole in massive gravity. In this paper,
we not only solved the problem in the mechanically un-
stable region but also present the coexistent curve and its
slope. Furthermore we discuss the effect of various para-
meters on the phase transition.

As is well known, the phase transition point of ther-
modynamical systems in the canonical ensemble is inde-
pendent of the selection of the conjugate variables (such
as P~V and T ~S). This conclusion is also true for
black holes. The conjugate variables obtained from the
first law of thermodynamic are P~ V, T ~§, C; ~ ¢; and
C;, ~ ¢; [21] for the AdS black hole with a fixed charge in
massive gravity. Thus it is necessary to select different
conjugate variables to study the phase transition's condi-
tion of the AdS black hole in massive gravity to prove
that selected conjugate variables are the state parameters
of the system. From our discussion, topological AdS
black hole in massive gravity not only has second-order
phase transition but also has the coexistent curve of
P ~T. What we want to point out is that all the first-or-
der phase transition's points with the conjugate variables
of LV, T,S, Cy,ci, Ca, c» are the same, so these vari-
ables can be regarded as the state parameters of a topolo-
gical AdS black hole in massive gravity. We look for-
ward to studying the thermodynamic system phases,
phase transition, and other characteristics of the topolo-
gical AdS black hole in massive gravity, as well as
providing more insightful information on understanding
the properties and behavior of quantum gravity.

This paper is arranged as follows: the topological
AdS black holes in massive gravity is briefly introduced
in Sec. II. Maxwell's equal-area law is applied to topolo-
gical AdS black hole in massive gravity thermodynamic
system in Sec. III. The different conjugate variables are
selected to obtain the relationship between the boundary
points and parameters of the coexistent zone in the sys-
tem and to display the effect on the boundary points. We
analyze the relationship between temperature and pres-
sure in the coexistence zone of two-phase as well as
present the coexistent curve and its slope of P ~ T in Sec.

IV. Then we introduce a new order parameter to probe
the microstructure of a black hole in Sec. V. Finally the
conclusion is summarized in Sec.VI.

II. TOPOLOGICAL ADS BLACK HOLE IN
MASSIVE GRAVITY
For the AdS topological static charged black hole in

massive gravity, we consider the metric of five-dimen-
sional spacetime in the following form [8]

ds* = —f(Nde + £ (r)dr* + r*hydx dx/, )
m ¢ A,
f)=k-—+Z—Zr +m'A, 3)
ror 3
CcCq 2 C3C3
A= —r+ccp+—, (4)
2 r

where i,j=1,2,3. and h;;dx'dx/ is a spatial metric in a
three-dimensional space. The constant £ characterizes the
geometric property of black hole horizon hypersurface,
which takes values k=0 for flat, k=—-1 for negative
curvature, and k = 1 for positive curvature. The letter g is
an integration constant, and it is related to the electrical
charge; my is an integration constant that is related to the
total mass of black hole; m is the graviton mass; ¢ is a
positive constant; and ¢; are constants. For the paramet-
ers ¢;, we should give the following explanation. In a
self-consistent massive gravity theory, all these coeffi-
cients might be required to be negative if m?>0.
However, in this paper we do not impose this limit, since
in AdS space the fluctuations of some fields with negat-
ive squared masses could still be stable if the squared
mass obeys the corresponding Breitenlohner-Freedman
bounds.

Denoting r, as the position of the event horizon of a
black hole, it satisfies the expression: f(r,) = 0. Hence, in
this black hole system the radiation temperature 7, pres-
sure P, entropy S, charge O, energy M, and electric poten-
tial @ are:

k A 2
T = BB 4 T ey, (5)

" dnr,  4n 4Anr,3  4nr,
P AxT —m2ecy B k+m222cz . q24 ’ ©)
8nry 8nry 8nr
ry Vaq Vomyg q
S = 5 = - = > ®= ) 7
4 0 4 8 Iy )
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where v, is the area of a unit volume of constant (z,r)
space (v, = 4x for k= 0). With the above expressions, we
find that these quantities obey the first law of black hole
thermodynamics in an extended phase space

dM =TdS +(I)dQ+ VAP + Cidc; + Cades + C3dcs. (8)

Therefore, we can give the related thermodynamic
quantities as

oM oM
T=— , O=|— ,
as Q,Pc; 6Q S,Pc
Ve oM B vzri A
\oP)gp., 37 &
(BM) vaem?r?
Cl =5 = >
Jdcy 0.P0C, 16m
C2 :(B_M) = V2C2m2r R
©2/or0e, 8x
oM m?
e :(_) _ncim? ©
1 0.P.0.c, 87T

One can calculate the critical value of the second-or-
der phase transition for the topological AdS black hole in

2
massive gravity [21] by (ZTP) =(%) =0. We find
+/T rylr

the critical position of the event horizon r,., critical tem-
perature T., and critical pressure P, to be

_ Velql
r+c _—’
Vk+m2c2c,

3/2
2.2
(k+m c cz) . m2ecy

T, = ,
¢ 3v6rg 4n
(k + mzczcz)
Po=—. (10)
96mg>

By adopting the conjugate variables P ~ V, the critic-
al value that is acquired by solving the expressions

P ’p
(Z—V)T = (%)T = 0 has the same form as Eq. (10).

OI. CONSTRUCTION OF MAXWELL’S EQUAL-
AREA LAW

For the topological AdS black hole in massive grav-
ity under the same condition, does the selection of con-
jugate variables influence the first-order phase transition
point in the canonical ensemble? We select the different
conjugate variables to construct the equal-area law and to
study the the phase transition's condition of the AdS

black in massive gravity.

A. The construction of equal-area law in P -V diagram

For the topological AdS black hole in massive grav-
ity with a given charge ¢ at a first-order phase transition
point, we denote the temperature and pressure as Ty, Py.
In the P-V diagram, the abscissas corresponding to the
boundary of the two-phase coexistence area are V, and
V1. One constructs Maxwell's equal-area law as follows

V,
Po(Vz—V1)=f Pav, (11)
Vi

the Py derived from Eq. (6) read as

p AnT —mPcey,  k+m*c3e, q2
0= -
8mry 87Tr% 87rr‘11
ArT —mPccy  k+m2cte, q2
8nry 873 8rrd’

3 (47rT0 - mzccl) (1+x)

8y (1 +x+x2)
2

3 (k + mzczcz)

2P, = -
0 4nr§(1+x+x2)

3
et (12)
drryx(1+x+x2)

where x = r;/r,. From the above equations, we can obtain

2 (1425627 +22% + x4
r§(k+m2c2c2)=%( +2x (l)i;;zx +x)

2
=q—2(1+4x+x2)5q2fq(x), (13)
X

(47rT0—m2ccl) (1+x) _(1+x)(1+x2)

47r(k+m2c2q)3/2 N 47rxqfql/2(x) 47rqfq3/2(x)x3 .
(14)

With the following definition

(k+m202cz)3/2 m2ecy
+
3V6rg 4n

To=x ,0<y <1, (15)

Eq. (14) can be rewritten as

szfj/z(X)ﬁ —(1+x). (16)

Obviously, when the temperature is given (y is a fixed
value), the ratio between the charge and the black hole
event horizon is a fixed value. It means the black hole
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Fig. 1. (color online) The P-V diagrams for the different k and y with m=1,¢g=1,¢; =1, 2 =10, v = 1.

event horizons of two coexistent phases (r, r;) are de-
termined when the charge ¢, <k+m2c2cz) is given. Ac-
cording to the Ehrenfest phase transition classification,
the position of the event horizon that satisfies Eq. (13) is
the first-order phase transition position. We plot the P—V
diagrams with different temperatures and & in Fig. 1.

As can be seen from Fig. 1, the isothermal curve
P -V of spacetime is similar to that of the VdW system.
When the temperature of spacetime is below the critical
temperature, the first-order phase transition occurs, and
the isotherm consists of three segments. The segment on
the left, which is parallel to the P axis (with a small
equal-compression coefficient), represents the liquid
phase (o phase) in the VAW system. The right segment
represents the gas phase (f phase) in the VAW system.
For the middle segment, which is parallel to the J axis,
the line from point 4 to B represents the coexistence state
of the two-phases. The proportion of each phase changes
with the temperature. The geometric properties of black
hole horizon hypersurfaces at the two coexistent phases
are different while the spacetime parameters are same.
The coexistence area of positive curvature (k= 1) is less
than that of negative curvature (k = —1); this means the
parameter & has influence on the pressure corresponding
to the coexistence region of two-phases.

B. The construction of equal-area law in 7 — S diagram

When pressure is a constant and is less than the critic-

al value, in the T-S diagram the boundary abscissa of
the coexistence region of two-phases are S, S,. The
temperature at a phase transition point is denoted by Tj.
One can construct the Maxwell's equal-area law as fol-
lows:

Toa-sn= [ Tas =22 [ (i-rn-T
0(S2=81) = ‘. %1, —riA-=

ry

+E(cc1r+ +c cz) dry, (17)

the Ty derived from Eq. (5) read as

T _k+m2c262 rnA q2 m2ce,
0= drtry 4n 47rrf r
_k+m26202 rnA q2 m2ce,
T dan 4n 47'”’; 4’
4nTo—m*cey 5 2
— 5 N (1 -X )
=r (k + mzcch) (1-x)
3
P 3y o2l-x
- =A(1-x")- . 18
3 ( * ) 1 rx (18)

From the above equations, we have
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r% (k+m2c2cz) = Z—j(l +4x+x2) = quq(x) (19)

(47TT0 — mzccl)

2xqf;"*(x) 375 =(1+2)f(x)

(k+m2c2cy)
(1 +3x+3x7 +x3)

X2 " (20)

Substituting Eq. (15) into Eq. (20), one find that it has the
same form as Eq. (16). Noting

3/2
(k+m2626‘2) / mcc,
+
3Véng 4n

To=x and

_ Welql
ry = —/—— =,
Vk+m2c2c,

we plot the T—S curves with the different pressures and
kin Fig. 2.

The pressure Py corresponding to the different y and &
are given in Table 1. Fig. 2 shows the different 7—S
curves with the different y and k and the region of the co-
existent area, in which the intersection points 4, C, and B,

respectively. The results indicate that the pressure is less
than the critical one; in different phases, the temperatures
varying with entropy have different behaviors. From A4 to
B, each point of the curve does not meet the requirement
of equilibrium stability of the thermodynamic system.
According to Maxwell's equal-area law, the curve
between 4 and B is replaced by the line. Figure 2 shows
that when the parameters of spacetime keep invariant, the
geometric property of black hole horizon hypersurface is
different, and the coexistence area of two-phases is also
different. The spacetime coexistence region for k=1 is
less than k = —1. It also shows the effect of k£ on the tem-
perature corresponding to the coexistence region of two-
phases.

C. The construction of equal-area law in C| — ¢
diagram

aWhen the pressure P and temperature 7 are con-
stants, the abscissas of a topological AdS black hole in

Table 1. The value of Py corresponding to the different
and .
k Pog Poo Py
-1 0.153136 0.204521 0.268574
0 0.189057 0.252496 0.331573
1 0.228759 0.30552 0.401203

02 04 06 08 10°
(a)k = 1.
T T
1.5 16-
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13 Ilﬁ.
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(c)k = —1. (d)Po=Pos
Fig. 2. (color online) The 7-S diagrams for the different k and pressure with m=1, g=1,c; =1, c2 =10, v = 1.
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coexistence region of two-phases in massive gravity are
Ci» and Cyy, and the ordinate temperature is ¢;. We con-
struct the Maxwell's equal-area law as

Ch, Ci
C]()(C]z—C]])Zf c1dC =f [47TT()—P087T}’Jr

1

k+m2c2e, q2 ] Vacm2r,

dr,. 21
Ty r 8r o+ @D

From the first law of black hole thermodynamics, one can
give the following:

k+m?cc,
m*cc =4n1Ty—8nPyry — — + 4
Iy ry

2m2cclo =8nTy— 8nPyr(1 + x)

2 3
k+m?cc, q (l+x )
-——+x0+ 3 , (22)
X rx3
2
2 3
k+m?c?cy q (l—x)
0=-8rPor(1-0)+ ———(-x)-—55—
rax rx3
(23)
From the above equations, we have
c
2.0
— x=0.8
1.5 — %209
1.0f - x=
0.5}
0.0f
-0.5}
000 002 004 006 008 048!
(a)k = 1.
C1
2.0;
— x=0.8
1.5¢ — x=0.9
1.0} X
0.5}
o.of
-05}
000 002 004 006 008 01T
(c)k = —1.
Fig. 3.

r% (k + mzczcz)

_q (1+2x—0x+2x+x)

X2 (1-x)?
:% (1+4x+22) = 2 fy(x), 24)

k+m?c?c, q2(1+x+x2)
5 _
dnryx

3 (47rT0 —mzccl)(l +X)

drryx3
3 (k +m? czcz)

- 4ﬂr§(1 +x+x2)

8rry (14 x+x2)

3q2

" drrdx(L+x+22) (23)

Taking P = P.s and Eq. (15) into Eq. (25), one get the
same form as Eq. (16). We plot m*cc; —C, curve under
an isobaric condition with different temperatures corres-
ponding to y =1, ¥ =0.9, y =0.8.

As can be seen from Fig. 3, the influence of & on the
two-phases' coexistence zone is similar to that on the iso-
thermal P-V and isobaric T—S. However, under the
conditions of different temperature and pressure, the
parameter c¢; that corresponds to the coexistence of two-
phases is not influenced by «.

Cc
2.0¢

1.5} — =09
1.0
0.5
0.0

-0.5f

0.00 0.02 0.04 0.06 0.08 0.10
(b)k = 0.

0.00 0.02 0.04 006 0.08 0.10
(d)x =0.8.

(color online) The isothermal-isobaric C; —¢; diagram with m=1, g=1, ¢ =10, v2 = 1.
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D. The construction of equal-area law in C; —c;
diagram
When the pressure P and temperature T are constants,
the abscissas of a topological AdS black hole in the coex-
istence region of two-phases in massive gravity are Ca)
and C;;, and the ordinate temperature is ¢;. One can con-
struct the Maxwell's equal-area law as

C:Z CZZ
€20(Cn—Cay) = 2dC =f [(47rTo—mzccl)r+
Cl] 21
2 2 2
—k- SJTriPO + q—2 rem ry.
ry 8 (26)

From the first law of black hole thermodynamics, we
obtain

Substituting Eqs. (27) and (29) into Eq. (12), one gets
the same form as Eq. (16). Noting P=P, and T, =

k+m2cc,) 2
)(( ) T we plot the m?cc;—C, curve
3V6ng 4

under an isobaric condition with different temperatures
corresponding to y = 1, 0.9, 0.8.

Figure 4 shows that the curves of C; —c¢; and C; —c¢
are similar, and the influence of k on the size of the coex-
istence region is similar to that in the P—V and T - S dia-
grams under the same parameters. However, the paramet-
er ¢, that corresponds to the two-phase coexistent state
for different phase transition points is independent of .

Comparing Figs. 1 and 2 with 3 and 4, we find that
the phase transition curve of a black hole followed the
law of the Van's system phase transition curve. However
in the diagrams of C| —c; and C; —c;, the parameters of
c1 and ¢, at different phase transition points (i.e., differ-
ent values of y) are both fixed. This is different from an

3 2 —_— 2 . . .
M(l —x)?= M, (27) isotherm P -V curve or an isobaric 7 —S curve. It means
3 X c1 and c; are fixed when a phase transition happens des-
pite different temperatures.
) 4¢%(1 + x) When we select the different conjugate variables, it is
(47r To—m ccl)r 2T T a2 (28) known from Eq. (16) that if the black hole radiation tem-
2 . . . . . .
perature is given (y is given), x satisfies the equation and
, does not change due to the difference of independent con-
r% (k+m202c2) _ ‘1_2(1 +4x+x2) = quq(x). (29) jugate variables. Instead, from.Eqs.. (13), (19),. (24), and
X (29) when the temperature Ty is given, the ratio of r, to
Co C
11.0p 11.0
10.5¢ 10.5f
10.0p 10.0p
9.5r 9.5F
O % Toos oo oos  C2 O o0a ooe oos  C2
(a)k = 1. (b)k = 0.
Co C2
11.0p 11.0
— x=0.8 — k=—1
— x=0.9 — k=0
105} et 105 ﬂ k=1
10.0p 10.0
9.5r 9.5F
0% Toos o0e 008 0182 O o0a oo oos  C2
(c)k = —1. (d)x =0.8.
Fig. 4. (color online) The isothermal-isobaric C; — ¢, diagram with ¢; =1, m=1,c=1,g=1, v, =1.
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the charge ¢ carried by the topological AdS black hole is
\/(k+m20202) / f,(x) when (k+m202c2) is set to be a con-
stant. Therefore, the phase transition point of the topolo-
gical AdS black hole in massive gravity with a given tem-
perature Ty is not only affected by the black hole's hori-
zon radius r, but also related to the charge ¢ and
(k+mzczcz). Namely, it is not only just a large/small
black holes phase transition. When T and (k+m262c2>
are fixed, the system with a given charge ¢ is in o phase if
ry <ry, which corresponds to the liquid phase of the
VdW system. The topological AdS black hole in massive
gravity is in f§ phase when r, > r,, which corresponds to
the vapor phase of the VAW system. And the system will
be in a two-phase coexistent state when r, >r, >r,
which is corresponds to the Vapor-liquid coexistence area
of the VAW system. According to the ratio between the
charge and the radius of the black hole horizon, we call
the three states the high potential phase (a phase), medi-
um potential phase (coexistent phases), and low potential
phase (5 phase).

From Egs. (13), (19), (24), and (29), we know that
when the temperature is given, the horizon radius of the
topological AdS black hole in massive gravity undergo-
ing a phase transition is related to the charge g and
(k+m2C2C2); it is independent of the parameters c¢; and
¢;. Furthermore when the black hole horizon is given, the
temperature and pressure of the topological AdS black
hole in massive gravity are both related to the charge ¢
and (k + mzczcz) but are irrelevant to cs.

As well as the Maxwell's equal-area law, Gibbs free
energy is an important thermodynamic quantity to study
phase transition. It exhibits a swallow tail behavior at the
first-order phase transition point and is continuous but not
smooth at a second-order phase transition. These two
methods are thermodynamically equivalent. Therefore,
we do not present the swallow tail behavior and only give
the relation of Gibbs free energies for two coexistent
phases in the following. Gibbs free energy can be written
as [21]

r3
G=M-TS = —vaé

m2r, (czcerr + 2c3C3) + (kr%r + 3q2)

+vy
1677,

At a phase transition, the Gibbs free energy for two
coexistent phases are

r% (47rT —mccy )

G2 ==V
487
) (k + mzczcz) q2 m2c3cs
+vy +vy +vy
127 671y 8

2(4nT — m?e k 2.2,
G, :_erl( 7T487rm LCl) +v2}’1( 4—1}:7TC Lz)

2 mc3es

and their difference reads

_(-x ) 2
G, -Gy =v T —r2(4JTT—m ccl)(1+x)
7
+4r2(k+m2c2c2)—8—]. (30)
rnx

Substituting Egs. (15), (16), and (19) into Eq. (30), we
find

G>-G =0. 31)

When the horizon radius and pressure (or temperature) of
a topological AdS black hole in massive gravity are giv-
en, we know that the Gibbs free energy of a black hole is
related to ¢, and c3. That is, the Gibbs free energy at two
points A and B is a function of ¢, and c3, and the Gibbs
free energy of the two points 4 and B are always equal,
satisfying the condition of the first-order phase transition.

IV. THE COEXISTENCE CURVE

For an ordinary thermodynamic system, due to the
lack of knowledge regarding the chemical thermal poten-
tial, the coexistent curve is directly determined by experi-
ment in fact. The slope of the P—V curve is given by the
Clapeyron equation:

w___ L (32)
a7 (ve-Va)
Here, L = T(S B —Sa) is the latent heat; V,, and Vj are the
volumes corresponding to a and f phases. The Clapeyron
equation of an ordinary thermodynamic system is in good
agreement with the experimental results, providing a dir-
ect experimental verification for the correctness of ther-
modynamics.

For the topological AdS black hole in massive grav-
ity, substituting Eq. (29) into Egs. (14) and (18), we have

~ 3 (k + mzczcz)2 B 3x2 (k + m2czcz)2

B 87x2q2 f7(x) - 87q2 (1 +4x+x2)>

3/2
_(1 +x)x(k+mzczcz) m2ecy

(33)
7q(1+4x+x2)"? 4
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der phase transition. The end of the coexistent curve is
the second-order phase transition point (i.e., the critical

point). Therefore, the curve also shows the influence of

From the above equations, we can see that P and T
can be obtained for a given value of x. The coexistent
different parameters on phase transition.
The slope of the coexistent curve of P—T is given by

curve of P—T with different parameters are presented in

Fig. 5.
Figure 5 shows the influence of parameters on the co-
existent curve when the black hole undergoes a first-or-
P P P
0.05F — nice,=1 :" ! 0.08r mPee;=1 '." ' o — nlce;=1 ,1’ '
- nlec;=5 :" - nlec;=5 ‘.' i 0.10f === nlce,=5 ,,"
0.04 woee 2 ,.‘I 0.06f == mlce;=10 ‘,l mlee, !
; i ; 0.08 H
0.03 i /
i 0.04 H i 0.06 /
0.02 0.04
0.02
0.01 0.02 /
02 04 06 08 1.0 T 02 04 0.6 0.8- 1.0 12 T 02 04 ’0.6 0.8 - 1.0 12 14 T
(a)k = —1,m3c%cy = 5. (b)k = 0,m2c%cy = 5. (c)k = 1,m3c%cy = 5.
P P
s s 04 1o
0.25 — mce =1 ! — nleei=1 / H
/ 3 P 2 = /
— mZL‘L‘|:5 /, . 0 === m’cc, =5 ”,
0.20 niee,=10 J 0.30 T e meey=10
0.25
0.15 7 /
0.20 02
0.10 0.15
0.10 01
0.05
0.05
0.5‘ 10 1.5 Z.OT T 0.5 1.(; 15 2.0 T
(f)k = 1,m2c2c2 = 10.

(i)k = 1,m2c?ca = 20.

(h)k = 0, m?c%cy = 20.

(g)k = —1,m?c%cay = 20.

P
05
— k=-1
0.4 - k=0 ,
k=1
03
02
0.1
00 0.5 1.0 15 2.0T
(j)m2c?ce = 10,m2ccq = 1.
Fig. 5. (color online) The P-T diagram.
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dp 3x(1—xz)(k+ch2cz)l/2
dr _4q(1 +ax+x2) 2 (1-23)

3x(1 +x) (k + mzczcz)l/2

_4q(1 +ax+x) (1 +x+22)

L=

qzx(l —xz)(l +4x+x2)

4(k+m2c%cy)
41+ 0)x (k+mPces) "

q(1+4x+x2)*?

+m’ce |, (34)

In an ordinary thermodynamic system, the slope of
the coexistent curve of P—T is given by Eq. (28). So the
latent heat of phase transition for the topological AdS
black hole in massive gravity can be written as

which is a function of x. In order to present the influence
of different parameters on the latent heat of phase trans-
ition, we plot the L — x diagram in Fig. 6.

For the topological AdS black hole in massive grav-
ity, we have from Eq. (34):

L L L
— nmPcey=1 ost — mleey=1 — mPcey=1
0.6, ) N 0.4
--- mPce;=5 === m*cc;=5 --- mPce;=5
0.5 s s
- mzcc|=10',»" rrrch:]()',- - mch:lO/:
0.4 3

02 04 06 08 107 02 04 06 08 10 02 04 06 08 107
(a)k = —1,m?c%cy = 5. (b)k = 0,m3c?cy = 5. (c)k =1,m?c%cy = 5.
L L L
0.35
— mee=l 0.30 030
0.30 R
=== mrcc;=5 025 0.25
o2t o, :
a0 mleey= 0.20 0.20
ols 0.15 0.15
0.10 0.10 0.10
0.05 0.05 0.05
X X
02 04 06 08 10 02 04 06 08 10 02 04 06 08 10
(d)k = —1,m2c%cy = 10. (e)k = 0,m2c%cy = 10. (f)k = 1,m2c2co = 10.
L L L
0.25
025 mPcei=1 025 mleci=1 — mPcei=1
0.20f == meei=5 0.20f === mlee;=5 020} === mlce,=5
- mPee;=10 - mPec;=10 - mPee;=10
0.15 0.15 0.15
0.10 0.10 0.10
0.0 0.05 0.05 y
02 04 06 08 10% 02 04 06 08 10" 02 04 06 08 10%
(g)k = —1,m?c%ca = 20. (h)k = 0,m?c?ca = 20 ()k = 1,m3c?ca = 20.
0.22
021
0.20
0.19
0.18
0.17
0.16
05 06 07 08 09 10"
(j)m3c?ca = 10,m3cc; = 1.
Fig. 6. (color online) The L-x diagram.
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5/2
dL dLdx _dL mq(1+4x+2)

T = == 35
dT dxdT dx ¢! —x3)(k+m2c2cZ)3/2 (35)
with
dL q2<1+8x—16x3—5x4)
dx 4(k+m2c%cy)
4(1 +x))c(k+m2czcz)3/2
X P +m2cc1
q(1+4x+x2)
qx(l —xz)(l —x3)(k+m2c202)1/2
+ , (36)

(1+4x+x2)°?

whose pictures are shown in Fig. 7.

Figure 7 shows that the phase transition latent heat
changes has an extreme value with increasing temperat-
ure and the different parameters of the black hole influ-
ence on this extreme value, but the extreme value has
nothing to do with the constant & that characterizes the
geometric property of the black hole horizon hypersur-
face.

V. THE MICROSTRUCTURE OF BLACK HOLE
PHASE TRANSITION

A growing number of research efforts show that black
holes have thermodynamic properties that are similar to
that of an ordinary thermodynamical system. To more
clearly understand the thermodynamic properties of black
holes, it is necessary to have a reasonable explanation for
the origin of black hole's entropy from a micro perspect-
ive, although a lot of work has been done on this topic
[61-77]. However, the microstructures of a black hole is
still unclear. In order to make sense of physical proper-
ties at the critical point, it is required to (k+m2czc2) > 0.
When taking (7,P,V), (P,T,S), (T,Cy, c1), and (T,Cs,¢c2)
as state functions, the conditions at the second-order and
the first-order phase transition points, which all satisfy
Egs. (13), (19), (24), and (29), are the same. Therefore,
for the phase transition of the topological AdS black hole
in massive gravity, we can choose any set of conjugate
variables P~ V, T ~ S, C; ~ ¢y, and C; ~ ¢; according to
different conditions. These results indicate that, when the
temperature is given, the phase transition of this system is
independent of the conjugate variable, and from a micro
persective, it is the change of the order for the black hole
molecules. According to the reference [68], the black
hole molecule itself carries the microscopic freedom de-
gree of black hole entropy.

From Figs. 1, 2, 3, and 4, we know that when the tem-
perature is given, the black hole can be in three different

states. And the phase transition is determined by the elec-
tric potential at the black hole's horizon for the given tem-
perature and pressure. The system at point A4 stands for a
high potential, low symmetry of the effective molecules,
and high degree of order state. While at point B, it be-
comes a low potential, high symmetry of the effective
molecules, and low degree of order state. For any point
between 4 and B, it is a medium potential, mixed orderly,
and disorderly sate. This is analogous to the electromag-
netic polarization in electromagnetics. When a media is
under a strong electrical field, the molecules in the media
are translated, polarized, and reorientated. As a result,
they are orderly arranged. These similarities indicate that
the black hole molecules have a tendency to align after
being affected by the electric field, and they are more or-
derly than without the electric field. In order to illustrate
this issue, with the help of the electric potential concept
we can define an order parameter, which is the difference
between the high potential and low potential

d1— @2 \/6(1 - X)
¢ T = = . 37

Here ¢, and ¢, stands for the potentials of two coexist-
ent phases

2 1/2
q (k+m202c2)1/ q (k+m2c2c‘2) /
e A e
o o
(38)

where x is given by Eq. (16). We take the order paramet-
er as ¢(T), and plot the ¢(T)—y curve in Fig. 8 when
1/V2<y<l.

As shown in Fig. 8, we know that the order paramet-
er has a non-zero value when the system passes through
the first-order phase transition of high potential and low
potential, the value decreases with increasing temperat-
ure. When the temperature takes the critical temperature,
that is x — 1, this value is zero. Figure 6 shows that the
phase transition heat of a black hole is zero at the critical
point. It indicates that when the black hole is below the
critical temperature, the high-potential and low-potential
black holes have different microstructures. However, the
black hole microstructure tends to be consistent if the
black hole temperature is above the critical point.

VI. CONCLUSION AND DISCUSSION

In this manuscript, we have presented the properties
of phase transition for the five-dimensional AdS black
hole in massive gravity through Maxwell's equal-areca
law, Gibbs free energy, and Clapeyron equation. And by
introducing a new order parameter, we also discussed the
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Fig. 7. (color online) The L-T diagram.

maybe microstructure of this system.

Firstly, considering topological AdS black hole in
massive gravity as a thermodynamic system, the system's
equation of state does not satisfy the equilibrium and sta-
bility requirements in some regions. When analyzing the
phase transition of the system, we found there exists a
certain region in which the system does not meet the
equilibrium and stability conditions. As shown in Fig. 1,
when the temperature is lower than the critical temperat-

ure in the P ~ V phase diagram, a part of it was replaced
by an isotherm-isobaric straight line. This straight line
means that the system has the same temperature and pres-
sure in this interval, but its volume changed at different
points, i.e., the black hole horizon radius has changed. On
the other hand, the potential of AdS black hole in massive
gravity is different on the straight line. Therefore, this in-
terval is the one of the high-potential and low-potential
coexistence. The phase transition of the system, which
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0.05F

0.2 0.4 0.6 0.8 1.0 X

Fig. 8. The curve of ¢(T)—yx.

occurs at the phase transition point r; and point r,, is a
first-order phase transition based on the Ehrenfest classi-
fication.

Since the topological AdS black hole in massive grav-
ity is a multi-parameter thermodynamic system, there are
many adoptions of the independent conjugate state func-
tion for the five-dimensional topological AdS black hole.
At the first-order phase transition point, this system
should meet the thermal equilibrium condition 7, = Tp,
the mechanical equilibrium condition P, = Pg, and the
phase transition equilibrium condition G, = Gg, which
have nothing to do with the adoption of independent con-
jugate state functions. Through the discussion in the third
part, we also proved that the second-order and first-order
phase transition points were the same for different adop-
tion of independent conjugate state functions (P~ V,

T~S, Cy~cy, and C; ~ ;). Furthermore, for an ordin-
ary thermodynamic system, Clapeyron equation is in
good agreement with the experimental results, providing
a direct experimental verification for the correctness of
the thermodynamics. On this issue, we have shown the
coexistent curve of P~ T, its slope, and the latent heat of
the first-order phase transition. The provided conditions
can help seek ordinary thermodynamic systems similar to
the thermodynamic properties of black holes, and provide
a theoretical basis for various experimental studies of
black holes.

Due to the similarity between the topological AdS
black holes in massive gravity and the VAW system, it
can be assumed that an AdS black hole may have a simil-
ar microstructure. From a microscopic point of view, the
VdW fluid is composed of fluid molecules, and it can be
assumed that black holes are also composed of black hole
molecules, which themselves carry the microscopic de-
gree of freedom for black hole entropy. Since the phase
transition of this system is between the high-potential and
low-potential black holes, we introduced a new order
parameter associated with the electric potential and dis-
cussed the microstructure of five-dimensional topologic-
al AdS black holes in massive gravity from a different
perspective. These conclusions provide an insight for ex-
ploring the microstructure of black holes. In particular,
the further study of black hole microstructure will help
with the understanding of the basic properties of the grav-
ity of black holes and provide important value for the es-
tablishment of quantum gravity.
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