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Abstract: We study the B, s — X(3872)P decays in the perturbative QCD (PQCD) approach, involving the puzz-
ling resonance X(3872), where P represents a light pseudoscalar meson (K or 7). Assuming X(3872) to be a 17+
charmonium state, we obtain the following results. (a) The branching ratios of the B} — X(3872)n* and
B} — X(3872)K* decays are consistent with the results predicted by the covariant light-front approach within er-
rors; however, they are larger than those given by the generalized factorization approach. (b) The branching ratio of
the BT — X(3872)K* decay is predicted as (S.Sfi:(l)) x 1074, which is smaller than the previous PQCD calculation
result but still slightly larger than the upper limits set by Belle and BaBar. Hence, we suggest that
the B+ — X(3872)K%* decays should be precisely measured by the LHCb and Belle II experiments to help probe
the inner structure of X(3872). (c) Compared with the B, ; — X(3872)Kdecays, the B, 4 — X(3872)r decays have
significantly smaller branching ratios, which drop to values as low as 107°. (d) The direct CP violations of these
considered decays are small (1073 ~ 1072) because the penguin contributions are loop suppressed compared to the
tree contributions. The mixing-induced CP violation of the B — X (3872)1(2 decay is highly consistent with the cur-
rent world average value sin28 = (69.9 + 1.7)%. Experimentally testing the results for the branching ratios and CP
violations, including the implicit SU(3) and isospin symmetries of these decays, helps probe the nature of X(3872).
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I. INTRODUCTION

The hadron X(3872) has attracted considerable atten-
tion since it was first observed by Belle in the exclusive
decay B* —» K*n*nx~J/¥ [1]. Though X(3872) has been
confirmed by many experimental collaborations, such as
the CDF [2], DO [3], Babar [4], and LHCD [5], with
quantum numbers J©C =17 and isospin I = 0, there are
still many uncertainties. Because the mass of X(3872) is
close to the D°D* threshold, several authors interpret it
as a loosely bound molecular state [6—10], in which the
building blocks are hadrons [11]. Others regard X(3872)
as a compact tetraquark state [12—15], in which the build-
ing blocks are quarks and anti-quarks. There are other ex-
planations, such as c¢g hybrid meson [16, 17] and glue-
balls [18]. Though there are many different exotic had-
ron state interpretations of X(3872), it has not been ruled
out that the first radial excitation of the 1P charmonium

state y.1(1P) is the most natural assignment [19—21].
Note that X(3872) was renamed y.;(3872) by the Particle
Data Group (PDG) [22].

Many studies on the production and decays of
X(3872)have been performed to investigate the inner
structure ofX(3872) [23—-26]. In Ref. [26], the authors cal-
culated I'(X(3872) — J/yn*n~) using QCD sum rules and
concluded that X(3872) is approximately 97% a char-
monium state with a small molecular component. Many B
meson decays with X(3872) in the final states have been
studied using different approaches [27-33]. In Ref. [28],
the authors studied the B — y.1(1P,2P)K decays using the
QCD factorization (QCDF) approach and argued that
X(3872) has a dominant ¢c¢ component but mixes with the
DD 4+ p*OpO continuum component. The
B. — X(3872)n(K) decays were studied both using the co-
variant light-front (CLF) approach [29] and generalized
factorization (GF) approach [30], respectively. In the
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former, X(3872) was identified as a 1** charmonium
state, whereas a tetraquark state was assumed in the latter.
One may expect different results for the same decays un-
der the different structure hypotheses ofX(3872). The
B — X(3872)K decay has also received significant atten-
tion from many researchers. In Refs. [31, 32], the authors
assumed X(3872) to be a loosely bound S-wave molecu-
lar state of D°D**(D*D®) and estimated the branching ra-
tio of the B* — X(3872)K* decay to be (0.07 ~ 1)x 1074,
Furthermore, they considered the branching ratio of the
B® — X(3872)K" decay to be suppressed by more than
one order of magnitude compared with that of the
B* — X(3872)K*decay, which indicates that there is large
isospin symmetry between the B* — X(3872)K* and
B® — X(3872)K decays. If this type of large isospin sym-
metry is observed in experiments, any charmonium inter-
pretation of X(3872) will be disfavored. Two years later,
the branching ratio of the B* — X(3872)K* decay was
calculated using the perturbative QCD (PQCD) approach,
assuming X(3872) as a regular ¢¢ charmonium state, in
Ref. [33]; a large value of Br(B* — X(3872)K*)=
(7.88*337)x 10~ was obtained. Clearly, this result is sig-
nificantly larger than the present experimental upper lim-
its given by Belle [34] and BaBar [35] at the 90 % C.L.,

Br(B* — X(3872)K*) <2.6x107* (Belle), 1)
Br(B* — X(3872)K*) <32x 107 (BaBar). 2)
Here, we conduct a systematic study of the

B.ya — X(3872)P decays using the PQCD approach,
where P represents a light pseudoscalar meson (K or ).
The layout of this paper is as follows. We present the
analytic calculations of the amplitudes of the
B.ya — X(3872)P decays in Section II. The numerical
results and discussions are given in Section 111, where we
compare our results with other theoretical predictions and

J
2 1 o (4)2 bz
Fl%(LaX :2\/;7TCFm3fnfB[ ‘[1—}’)2(~[0\ d)Qj; bldblbzdeGXp(— Bi 1

experimental data. The conclusions are presented in Sec-
tion IV.

II. AMPLITUDES OF THE B, ,, — X(3872)P
DECAYS

Because the PQCD approach based on k7 factoriza-
tion has been successfully applied to many two-body
charmed B meson decays [36—39], we use this approach
to investigate the B.,4 — X(3872)P decays in this study.
First, the effective Hamiltonian for the
B —»X(3872)n*(K*) decays can be written as [40]

He Vi Vg [C1) 01 (1) + Co() O ()] +Hee.,  (3)

i

where the Fermi coupling constant Gg =~ 1.166x 107>
GeV~2 [22], V2, Vuq 1 the product of the Cabibbo-Kobay-
ashi-Maskawa (CKM) matrix elements with g =d (g = s)
for B — X(3872)n* (Bf — X(3872)K™) decay,
Ci(w)(@ = 1,2) are the Wilson coefficients at the renormal-
ization scale y, and O;(i=1,2) are the local four-quark
operators,

01 =doy,(1 = y5)ug ® gy, (1 = y5)ba,
02 26207/1(1 _7’5)’4& ®Eﬁ7u(l _VS)b,Bs (4)

where a and S are the SU(3) color indices, and the sum-
mation convention over repeated indices is understood.
Because the four quarks in the operators are different,
there is no penguin contribution and thus no CP violation.
Here, we analyze the B — X(3872)n* decay as an ex-
ample, and its Feynman diagrams are given in Fig. 1,
where only the factorizable and non-factorizable emis-
sion diagrams need to be considered at the leading
order”. The amplitude for the factorizable emission dia-
grams in Fig. 1(a) and Fig. 1(b) can be written as

{[ #0062 = 27) + W' (02) (1 = 220) | Eelta) (v, Bar b1, 52)S o(32)

W) + Py = D)Ee(t)h(e b, b1)S (x)). 5)

where the superscript LL denotes the contribution from
the (V-A)V-A) operators, the color factor
Cr =4/3, fxs,) 1s the decay constant for the meson n(B,),
the mass ratio rxp.) = mx(mp,m:)/mp , the exponent
exp(-wy, b7/2) originates from the B. meson wave func-

1) From now on, we will use X to denote X(3872) for simply in some places.

tion, and W.X/(x,) are the distribution amplitudes for
X(3872) (given in Sec. III).
The amplitude for the non-factorizable spectator dia-

grams in Fig. 1(c) and Fig. 1(d) is given as
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Feynman diagrams contributing to the B} — X(3872)n* decay at the leading order.

)¢,, (x3)

{[‘P (02)(x3 = x1)(1 = 7%) + rx P (x2)(1 = x1 = x2) 1 Eca(to (e, Be, b1, b3)

H[PE) (1 (2 — x3) + 21 + X2+ x3 = 2) + 1P (02)(1 = X1 — x2)] Eca(ta)h(a,Ba, bl,b3)}-

Note that the hard function 4 originates from the
Fourier transform of the virtual quark and gluon propag-
ators, which is defined as

h(a,B,b1,b2) = hi(a,b1) X ha(B,b1,b2), @)
Ko(Vaby), a>0,
h(a,by) = 8
1, 51) {Ko(i@bl), @ <0, ®)
h1(B,b1,b2)

_ 6(by — by)Io( VBb2)Ko(VBb1) + (b1 & by),  B>0,
0(b1 — b2)Jo( NV-Bb2)Ko(i V-Bb1) + (b1 & by), B <0,

Q)

where Jj is the Bessel function, and Ky, I, are the modi-
fied Bessel functions with Ky(ix) = m(—No(x) +iJo(x))/2.
In Egs. (5) and (6), « and B, 44 in the hard function / are
the invariant masses of the internal quarks and gluons, re-
spectively. The hard scales 1, .4 are given as the maxim-
um energy scale appearing in each Feynman diagram to
remove the large logarithmic radiative corrections. Their

LL SﬂCFmeX

B—-nrn —
A=

(6)

expressions are listed in the appendix. The evolution
factors E,(t),E.q(t) evolving the Sudakov exponent and
jet function S,(x) can be found in Refs. [38, 41]. For the
reader's convenience, their explicit forms are also sum-
marized in the appendix.

Second, the effective Hamiltonian for the
B, 4 — X(3872)n(K) decays is written as
G C
Her = [VCchq(Cl(H)O () + C2 ()05 (1))
V2
10
—v;v,ch,-wo,w], (10)
i=3
where V., Ve 18 the product of the CKM matrix ele-

ments, g =d or s. The local four-quark operators O;(u)
and corresponding QCD-corrected Wilson coefficients
Ci(u) can be found in Ref. [40]. Here, we analyze
B* — X(3872)r* as an example, and its Feynman dia-
grams are given in Fig. 2. The amplitudes for the factoriz-
able and nonfactorizable emission diagrams from the
(V—A)(V—A) operators are denoted as FE£ and MLE

B—nr B—-n>
respectively. Their analytical expressions are given as

f dxidxs f bidbibsdbadatar, b (B = DG - Dxs = 1)

+(rg = DL (3)ra(2x3 = 1) + 6L (x3)r2 2330k = D+ 1+ 13)

XEe’(t;)h(a/’ﬁ;’blvbS)Sl(XS) - 2r7r(1 - r}2()¢71-()(-x3) Ee’(tl/;)h(a/’ﬁ/b’b3’bl)sl(xl)} 5

MLL _

Bom ™ \/— \/7

+ 267 (x3)r) (g (X1 + X3 = 20) + X1 = X3) + 4rarx et (x3)W (x) | Ec(£)h(e’ 8. b1, b2),

(11)

L f dxidxs f bidbybadbad(ar, b PHC) @A (1)~ 1)

(12)
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Fig. 2. Feynman diagrams contributing to the B* — X(3872)n* decay at the leading order.

where the evolution factors E, (¢), E.(f) evolving the Su-
dakov exponent are given in the appendix. Besides the
upper two (V—-A)(V—-A) type amplitudes, there are fac-
torizable and nonfactorizable emission diagram contribu-

MSP _

B—r — \/— \/7

tions from the (V- A)(V +A) and (S — P)(S + P) operators,

which are expressed as F5X and M3” | respectively.
Fgln==Fihr (13)

HCFme dxldxzf bldblbzdb2¢3(xl,b1)

[P (@ (63)(rg = 1) + 207 (63)re) (r (x1 + X3 = 2x2) + X1 = X3) = Arerredh (x3) P (00) || Ec(XOR(B,. o b2, by),

where .8/, . in the upper hard function and the hard
scales 17, . are defined in the appendix.

By combining the amplitudes from the different Feyn-
man diagrams, the total decay amplitudes for the con-
sidered decays are given as

A(B. — X(38T2)P) = Vi, Vg lar FE-y + CrME" L |,
(15)

A(Byq — X(3872)P) =V, V,, [a2F1L3£>p + CZMéL_m]
4@W$m+@—%—wwgw
+(C4+C10)M1él;>p+(C6+Cg) BHP]

(16)

where the combinations of the Wilson -coefficients
a) = C1/3+C2,a2 = C] +C2/3,a,- = C,'+C,'+1/3 with i= 3,
5,7,and 9, and ¢=d (g =s) corresponds to the decays
induced by the b — d (b — s) transition.

III. NUMERICAL RESULTS AND DISCUSSIONS
We use the following input parameters for the numer-
ical calculations [22, 29, 30]:

f5.=0.398*003 GeV, f5=0.19 GeV,
fx =0.23420.052 GeV, (17)

My, =6.275GeV, My =5279 GeV,
My =3.87169 GeV, (18)

(14)

75 =0.510x107"%s, 75 =1.638x 107'%s,
T =1.519x 107 '%s. (19)

For the CKM matrix elements, we adopt the Wolfen-
stein parameterization and the updated values A = 0.814,
A=0.22537, p=0.117+0.021, and 7 = 0.353+0.013 [22].
With the total amplitudes, the decay width can be ex-
pressed as

2

['(B— X(3872)P) = —~
32nmp

(1-r2)\AB — X(3872)P)*.
(20)

The wave functions of B,7, and K have been well
defined in many studies, whereas those of B, and
X(3872) still have many uncertainties. For the B, meson,
we use its wave function in the nonrelativistic limit [42],

2w2

B.
. ] @D

Dp (x) = —[(]ﬁB +Mp )ys6(x— VL)]GXP[

where b is the conjugate space coordinate of the parton
transverse momentum ky, and the shape parameter
wp. = 0.6 GeV. The last exponent term reveals the k7 de-
pendence.

For the light cone distribution amplitude of X(3872),
we adopt a similar formula to that of the y.; meson [33,
43],
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(X(p, ev)Ica(2)cp(0)10)

1 .
v f dxel*P? {mx[)/s 110 % (%) + [vs dBlpady (x)},
(22)

where ¢, is the longitudinal polarization vector, and my
is the X(3872) mass. Here, only the longitudinal polariza-
tion contributes to the considered decays, and the asymp-
totic models of the twist-2 distribution amplitude ¢§((x)
and twist-3 distribution amplitude ¢} (x) are given as

P (x) =24.682 \gwx(l - %)
y x(1=)(1 =22 [1 = 4x(1 = )]’
[1-3.47x(1-x))? ’
(23)
¢e(x) =13.53%(1 —2x)?
XL 012021 —4a(1 - )] 07
[1-3.47x(1- 0] ’
(24)

where fx is the X(3872) decay constant.

Using the input parameters and wave functions spe-
cified in this section, we present the branching ratios of
the BY — X(3872)7*(K™*) decays as follows:

Br(B} — X(3872)n%) = (2.7 a0t o x 1074, (25)
Br(B} — X(3872)K*) = (257240800404 107°,  (26)

where the first error arises from the X(3872) decay con-
stant, fx =0.234+0.052 GeV, the second and third uncer-
tainties are caused by the shape parameter wg =0.6+0.1
GeV and decay constant f = 0.398*0031 GeV, respect-
ively, and the final error is from the variation in the hard
scale from 0.87 to 1.2¢, which characterizes the size of the
next-to-leading-order QCD contributions. The branching
ratios are sensitive to the decay constant fx because the
dominant contributions for these two channels are from
the factorization emission amplitudes, which are propor-
tional to fx. The branching ratio of B} — X(3872)x* is
approximately one order of magnitude larger than that of
B; — X(3872)K~, which is mainly induced by the differ-
ence between the CKM elements V,;,=1-4%/2 and
Vs = A. From Table 1, it is shown that our predictions are
consistent with the results given in the covariant light-
front quark model within errors [29]; however, they are
significantly larger than those calculated using the gener-

Table 1. Our predictions for the branching ratios of the
B} — X(3872)n* (K*)decays, along with the results from the co-
variant light-front (CLF) approach [29] and generalized fac-
torization (GF) approach [30].

Mode This study CLF [29] GF [30]
B} = X(879m" (x107%) 275 80T 170805708 060703550
Bf - XG872)K*(x107%) 250 570¢708"07 1370570503 047013 0s

alized factorization approach [30].
Similarly, the branching ratios of the B — X(3872)P
decays are calculated as follows:

Br(B* - X(3872)K") = 38703 030y x 1074, (27)

Br(B” — X(3872)K") = (3.57 0703103y x 1074, (28)
Br(B* — X(3872)r%) = (9.37 130970y x 107, (29)

Br(B” — X(3872)n°) = (4.3*3770403)x 107%,  (30)

where the first uncertainty arises from the shape paramet-
er wg =0.4+0.04 GeV in the B meson wave function, the
second error is from the decay constant fy = 0.234 +0.052
GeV of X(3872), and the third error arises from the
choice of hard scales, which vary from 0.8¢ to 1.2¢. From
the results, we find that the branching ratios of the
B* — X(3872)K* and B — X(3872)K" decays are similar
because they differ only in the lifetimes between B* and
BY in our formalism. Our prediction for the branching ra-
tio of the B* — X(3872)K* decay is less than the previous
PQCD calculation result (7.88*357)x 107 [33]. However,
it is still slightly larger than the upper limits 2.6 x 10~
given by Belle [34] and 3.2x 10~* given by BaBar [35]. If
the present experimental upper limits are confident, a
pure charmonium assignment for X(3872) may not be
suitable under the PQCD approach. We expect that the
branching ratios of the B* — X(3872)K** decays can be
precisely measured at the current LHCb and SuperKEKB
experiments, which will help probe the inner structure of
X(3872).

However, note that X(3872) was renamed y.;(3872)
by the current PDG [22], which seems to assume it is a
radial excited state of y.(1P). As we know, the y.(1P)
meson is another P-wave charmonium state with the
same quantum numbers J©) = 1** and a slightly lighter
mass of 3.511 GeV. In this case, they should have simil-
ar properties in B meson decays. For example, the
branching ratio of the B* — y.(1P)K* decay is meas-
ured as (4.85+0.33)x10™* [22], which is consistent with
the result predicted using the PQCD approach
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(44*19)x10*  [43]. The corresponding  decay
B* — X(3872)K* should have a similar but slightly smal-
ler branching ratio. Comparisons of the branching ratios
of the B — X(3872)x(K) and B — y.1(1P)n(K) decays can
be found in Table 2, where the theoretical predictions for
the branching ratios of the B — y.(1P)n(K)) decays are
taken from other PQCD calculations [43]. From Table 2,
we know that calculations for the B — X(3872)P decays
using the PQCD approach are under control and credible.
Therefore, we suggest that experimental researchers
measure these decays at LHCb and Belle II to help dis-
criminate the inner structure of X(3872) from different as-
sumptions.

In Table 3, we compare our predictions with the res-
ults calculated using the generalized factorization ap-
proach [30]. It is interesting that the branching ratios of
the B — X(3872)n(K) decays calculated with these two
different approaches are consistent with each other with-
in errors. We find that Br(B* — X(3872)n*) ~ 2Br(B° —
X(3872)7°), which is supported by the isospin symmetry.

In the following we discuss the CP asymmetries in
the B — X(3872)Pdecays. As we know, CP asymmetry
arises from the interference between the tree and penguin
amplitudes; however, there are no contributions from the
penguin amplitudes for the B — X(3872)n*(K*)decays.
Therefore, the corresponding direct CP violation is zero.
For the charged decays B* — X(3872)7*(K*), we only

need to consider the direct CP violation A‘éi;,, which is
defined as
g _ AR —|AL?
= 31
LNAR + AP D

where A is the CP-conjugate amplitude of A. For neut-
ral B meson decays, there is another type of CP violation
that must be considered, known as as time-dependent CP
asymmetry, which is induced by interference between the
direct decay and the decay via oscillation. Time-depend-
ent CP violation can be defined as

A(t)cp = Arcos(Amt) +S ysin(Amt), (32)

where the subscript f represents a CP eigenstate, Am is
the mass difference of the two neutral B meson mass ei-
genstates, and the direct CP asymmetry A; and mixing-
induced CP asymmetry S s are expressed as

2 -1 2Im(A;)
p=pl— §p= (33)
|/1f| +1 |/lf| +1
with
A
Ar=nre 2B 34
f=nsc A ( )

where 777 is 1(=1) for a CP-even (CP-odd) final state f,
and f is the CKM angle [22]. Because the charged decay
channel and corresponding neutral mode are the same,
except for the lifetime and isospin factor in the amp-
litudes, they have the same direct CP asymmetries.
Therefore, we only need to consider the neutral decays,
whose direct CP asymmetries are calculated as

Axgsrore = (12750700402 x 1072, (3%)

Table 2. Comparison of Br(B — X(3872)x(K)) (this study) and Br(B — y.1(1P)n(K)) [43] calculated using the PQCD approach. The data

are taken from the Particle Data Group 2020 [22].

Mode(x107%) B* — X(3872)K* B* = x1(1P)K* B — X(3872)K° B 5 xa(1P)K°
0.9+0.6+0.3 1.9 0.7+0.5+0.3 1.8
PQCD 3‘8t0,8t0,5t0.2 4'4t1.6 3'5:)‘(;0‘4:)‘2 4'1i1.6
Exp. - 4.85+0.33 - 3.95+0.27
Mode (x1075) B* — X(3872)n* B* = xa(1P)n* B® - X(3872)n° B® 5 ye (1P)x°
PQCD 093 01100083 17206 043050310 08403
Exp. - 22+0.5 - 1.12+0.28

Table 3. Our predictions for the branching ratios of the B — X(3872)n(K)decays, along with the results from the generalized factoriza-

tion (GF) approach [30].

Mode This study GF [30]
B — X(3872)K*(x107) 3.8%0 00803 237 01+0.1
B® > X(3872)K°(x107%) 35707003 2.1739+0.1
B* — X(3872)n*(x107°) 93715702402 11.5%37+03
B® — X(3872)n%(x107%) 4370740403 53726402
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Axasrye = QTINF00H0H x 1072, (36)

where the errors are induced by the same sources as those
for the branching ratios; however, the direct CP viola-
tions are less sensitive to the nonperturbative parameters
within their uncertainties, except for the hard scale .
Compared to the tree contributions, the penguin amp-
litudes are loop suppressed by one to two orders of mag-
nitude. At the same time, the product of the CKM matrix
elements associated with the tree amplitudes is approxim-
ately four times larger than that of penguin amplitudes.
Hence, direct CP violations, which arise from interfer-
ence between the tree and penguin contributions, are very
small. Because the final state X(3872)K° and its CP con-
jugate state are flavor-specific, we should use the CP-odd
cigenstate X(3872)K? to analyze the mixing-induced CP
violations. The results for the mixing-induced CP viola-
tions are calculated as

Sxasroke = (70.370.0700+09)%, (37

S xa872)r = (—60.870.0+0-0410)%, (38)

where the errors are similar to those listed in the direct
CP violations and are not sensitive to the nonperturbative
parameters given in the wave functions. We find that
S xa3s72)ke 1s highly consistent with the current world av-
erage value sin28 =0.699 +0.017 [44], which is obtained
from B® decays to charmonium and K°. Therefore, we
can check the nature of X(3872) by extracting the CKM
phase f from future experimental data on the
B" - X(3872)K)decay. Conversely, the mixing-induced
CP asymmetry of the B® — X(3872)n° decay exhibits a
significant deviation from the world average value of
sin2p because the imaginary parts of the total amplitudes
for this channel and its CP-conjugate process exhibit a
large difference. Our results can be tested in future exper-
iments.

IV. SUMMARY

In this study, we analyze the B., s — X(3872)x(K) de-
cays using the PQCD approach by assuming X(3872) to
be a 1** charmonium state. Comparing our predictions
for the branching ratios and CP asymmetries of the con-
sidered decays with other theoretical results and avail-
able experimental data, we find the following results:

(1) The branching ratios of the B, — X(3872)n~ and
B; — X(3872)K~ decays can reach orders of 107* and
1073, respectively, which are consistent with the results
obtained via the covariant light-front approach within er-

rors but larger than those given by the generalized factor-
ization approach. These results can be discriminated at
the current LHCb and Belle II experiments.

(2) Our predictions for the branching ratio of the
B — X(3872)K and B — X(3872)r decays are consistent
with the results given by the generalized factorization ap-
proach. The branching ratio of the B — X(3872)K) decay
can reach the order of 107*, which is significantly larger
than that of the B — X(3872)r decay induced by the
b — d transition. On the experimental side, it is helpful to
probe the inner structure of X(3872) by measuring the
branching ratios and testing the SU(3) and isospin sym-
metries of these considered decays.

(3) The direct CP violations of the B — X(3872)n(K)
decays are small (only 10~* ~ 1072). The mixing-induced
CP violation of the B — X(3872)K} decay agrees with the
current world average value sin28=(69.9+1.7) %.
However, it is different for the value of Sx3s72) be-
cause the imaginary parts of the total amplitudes of the
B — X(3872)n° decay and its CP-conjugate process ex-
hibit a large difference.

APPENDIX A

The invariant masses of virtual quarks and gluons are
given as follows:

@ = (x+x = Drg(1 = x2) = x)my,, (A1)
Ba = (ry = x2(1 = rz(1 = x2))mp, , (A2)
By = (2 = (1= x)(rg — x1))m3 , (A3)
Be = —(1—x1 = x2)(rg(1 —x2 = x3) + X3 — x1)my; , (A4)
Ba= —(1=x1=x)(rx(xs—x2)+ 1= x3—x1)my, (A5)
o = xx(1—ry)ms, (A6)
B = x3(1=ry)m, (A7)
B, = x1(1=ry)m3, (A8)
B = (r + (1 = x2)(x3 + 13 (02 = x3))m. (A9)

The hard scale ¢ is chosen as the maximum of the vir-
tuality of the internal momentum transition in each amp-
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litude, including 1/b;(i = 1,2,3)

tapy = max(lal, \Baw)|, 1/b1,1/b2), (A10)
tetay = max(\lal, \[IBecal, 1/b1,1/b3), (Al1)
) = max(ie’l, / " iyl 1/01,1/b3), (A12)
2. = max(\la'l, VIBL, 1/b1,1/b2). (A13)
The functions E, 4)(f) are defined by
E (1) = ay(t)exp[-S p(t) = S x ()], (A14)
Ecq = ay(t)exp[—=S (1) = S x(t) = S x(D]lp,=b,» (A15)
E (1) = (1) exp[~S (1)~ S ()], (Al6)
E. = a,(t)exp[=S p(1) = S x(1) = S z(D]lp,=b, (A17)
where the Sudakov factors can be written as
hm:%'T )mflgn@m» (A18)
Sx() = s(xz%,bz) + s((l - xz)m—\/g,bz)
! dﬁ _
wf By (@), (A19)
1/b, M

S S()C3\/§bs)JrS((l—xs)\/z 3)

! dﬂ _
+2 f B @, (A20)
1/by M
where the quark anomalous dimension y, = —a,/7, and

the expression for s(Q,b) in the one-loop running coup-
ling constant is used,

AD g AD B A® g
s( ’b)=—Aln(r)——( —b)+ —(;—1)
¢ ) 2T 4\
2) (1) 2y,—1 A~
—{A——A—ln(e )]m(?),
47 4B 2 b

with the variables defined by §=In[Q/(V2A)], §=
In[1/(hA)] and the coefficientsA"» and S, expressed as

(A21)

_33-2nf 4

RO A22

. o > (A22)
67 7 10 8 1

A(z) = E — ? - Enf+ 5,81 ln(zeh), (A23)

ny is the number of quark flavors, and yg is Euler's con-
stant.

As we know, the double logarithms «,In® x produced
by the radiative corrections are not small expansion para-
meters when the end point region is important. To im-
prove the perturbative expansion, the threshold resumma-
tion of these logarithms to all orders is required, which
leads to a quark jet function

1+2¢
Sim= TG,

Val(1+¢) (A29)

with ¢ =0.3. It is effective to smear the end point singu-
larity with a momentum fraction x — 0.
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