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Bc,u,d → X(3872)P
X(3872) X(3872) 1++

B+c → X(3872)π+

B+c → X(3872)K+

B+→ X(3872)K+ (3.8+1.1
−1.0)×10−4

B0,+→ X(3872)K0,+

X(3872) Bu,d → X(3872)K Bu,d → X(3872)π
10−6

10−3 ∼ 10−2

B→ X(3872)K0
S

sin2β = (69.9±1.7)
SU(3) X(3872)

Abstract: We study the  decays in the perturbative QCD (PQCD) approach, involving the puzz-
ling resonance ,  where P represents  a  light  pseudoscalar  meson (K or π).  Assuming  to  be a 
charmonium  state,  we  obtain  the  following  results.  (a)  The  branching  ratios  of  the  and

 decays are  consistent  with  the  results  predicted  by the  covariant  light-front  approach within  er-
rors; however, they are larger than those given by the generalized factorization approach. (b) The branching ratio of
the  decay is predicted as ,  which is smaller than the previous PQCD calculation
result  but  still  slightly  larger  than  the  upper  limits  set  by  Belle  and  BaBar.  Hence,  we  suggest  that
the  decays should be precisely measured by the LHCb and Belle II experiments to help probe
the inner structure of . (c) Compared with the decays, the  decays have
significantly  smaller  branching ratios,  which drop to  values  as  low as .  (d)  The direct CP violations  of  these
considered decays are small ( ) because the penguin contributions are loop suppressed compared to the
tree contributions. The mixing-induced CP violation of the  decay is highly consistent with the cur-
rent world average value %. Experimentally testing the results for the branching ratios and CP
violations, including the implicit  and isospin symmetries of these decays, helps probe the nature of .
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I.  INTRODUCTION

X(3872)

B±→ K±π+π−J/Ψ X(3872)

JPC = 1++ I = 0
X(3872)

D0D̄∗0

X(3872)

cc̄g

X(3872)
1P

The hadron  has attracted considerable atten-
tion since it  was first  observed by Belle in the exclusive
decay  [1].  Though  has  been
confirmed by many experimental  collaborations,  such as
the  CDF  [2],  D0  [3],  Babar  [4],  and  LHCb  [5],  with
quantum numbers  and  isospin ,  there  are
still  many uncertainties.  Because  the  mass  of  is
close  to  the  threshold,  several  authors  interpret  it
as  a  loosely  bound  molecular  state  [6–10],  in  which  the
building  blocks  are  hadrons  [11].  Others  regard 
as a compact tetraquark state [12–15], in which the build-
ing blocks are quarks and anti-quarks. There are other ex-
planations,  such as  hybrid  meson [16, 17] and glue-
balls  [18]. Though  there  are  many  different  exotic  had-
ron state interpretations of , it has not been ruled
out  that  the first  radial  excitation of  the  charmonium

χc1(1P)
X(3872) χc1(3872)

state  is  the  most  natural  assignment  [19– 21].
Note that  was renamed  by the Particle
Data Group (PDG) [22].

X(3872)
X(3872)

Γ(X(3872)→ J/ψπ+π−)
97

X(3872)

B→ χc1(1P,2P)K

X(3872) cc̄
D0D̄∗0+D∗0D̄0

Bc→ X(3872)π(K)

Many  studies  on  the  production  and  decays  of
have  been  performed  to  investigate  the  inner

structure of  [23–26]. In Ref. [26], the authors cal-
culated  using QCD sum rules and
concluded  that  X(3872)  is  approximately % a  char-
monium state with a small molecular component. Many B
meson decays with  in the final states have been
studied using different approaches [27–33]. In Ref. [28],
the authors studied the  decays using the
QCD  factorization  (QCDF)  approach  and  argued  that

 has a dominant  component but mixes with the
 continuum  component.  The

 decays were studied both using the co-
variant  light-front  (CLF)  approach  [29]  and  generalized
factorization  (GF)  approach  [30],  respectively.  In  the
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X(3872) 1++

X(3872)
B→ X(3872)K

X(3872)
D0D̄∗0(D∗0D̄0)

B+→ X(3872)K+ (0.07 ∼ 1)×10−4

B0→ X(3872)K0

B+→ X(3872)K+

B+→ X(3872)K+

B0→ X(3872)K0

X(3872)
B+→ X(3872)K+

X(3872) cc̄
Br(B+→ X(3872)K+) =

(7.88+4.87
−3.76)×10−4

90

former,  was  identified  as  a  charmonium
state, whereas a tetraquark state was assumed in the latter.
One may expect different results for the same decays un-
der  the  different  structure  hypotheses  of .  The

 decay has  also  received  significant  atten-
tion from many researchers. In Refs. [31, 32], the authors
assumed  to be a loosely bound S-wave molecu-
lar state of  and estimated the branching ra-
tio of  the  decay to be .
Furthermore,  they  considered  the  branching  ratio  of  the

 decay  to  be  suppressed  by  more  than
one  order  of  magnitude  compared  with  that  of  the

decay, which indicates that there is large
isospin  symmetry  between  the  and

decays. If this type of large isospin sym-
metry is observed in experiments, any charmonium inter-
pretation of  will be disfavored. Two years later,
the  branching  ratio  of  the  decay  was
calculated using the perturbative QCD (PQCD) approach,
assuming  as  a  regular  charmonium  state,  in
Ref.  [33];  a  large  value  of 

was obtained.  Clearly,  this  result  is  sig-
nificantly larger than the present experimental upper lim-
its given by Belle [34] and BaBar [35] at the % C.L., 

Br(B+→ X(3872)K+) < 2.6×10−4 (Belle), (1)
 

Br(B+→ X(3872)K+) < 3.2×10−4 (BaBar). (2)

Bc,u,d → X(3872)P

Bc,u,d → X(3872)P

Here,  we  conduct  a  systematic  study  of  the
 decays  using  the  PQCD  approach,

where P represents  a  light  pseudoscalar  meson (K or π).
The  layout  of  this  paper  is  as  follows.  We  present  the
analytic  calculations  of  the  amplitudes  of  the

 decays  in  Section  II.  The  numerical
results and discussions are given in Section III, where we
compare our results with other theoretical predictions and

experimental data. The conclusions are presented in Sec-
tion IV. 

Bc,u,d → X(3872)PII.  AMPLITUDES OF THE 
DECAYS

kT

Bc,u,d → X(3872)P

B+c →X(3872)π+(K+)

Because  the  PQCD  approach  based  on  factoriza-
tion  has  been  successfully  applied  to  many  two-body
charmed B meson decays [36–39],  we use this  approach
to investigate the  decays in this study.
First,  the  effective  Hamiltonian  for  the

 decays can be written as [40] 

Heff =
GF√

2
V∗cbVuq

[
C1(µ)O1(µ)+C2(µ)O2(µ)

]
+H.c., (3)

GF ≃ 1.166×10−5

−2 V∗cbVuq

q = d q = s
B+c → X(3872)π+ B+c → X(3872)K+

Ci(µ)(i = 1,2)
Oi(i = 1,2)

where  the  Fermi  coupling  constant 
GeV  [22],  is the product of the Cabibbo-Kobay-
ashi-Maskawa (CKM) matrix elements with  ( )
for  ( )  decay,

 are the Wilson coefficients at the renormal-
ization  scale μ,  and  are  the  local  four-quark
operators, 

O1 =d̄αγµ(1−γ5)uβ⊗ c̄βγµ(1−γ5)bα,

O2 =d̄αγµ(1−γ5)uα⊗ c̄βγµ(1−γ5)bβ, (4)

SU(3)

B+c → X(3872)π+

where α and β are the  color indices, and the sum-
mation  convention  over  repeated  indices  is  understood.
Because  the  four  quarks  in  the  operators  are  different,
there is no penguin contribution and thus no CP violation.
Here,  we  analyze  the  decay as  an  ex-
ample,  and  its  Feynman  diagrams  are  given  in Fig.  1,
where only  the  factorizable  and  non-factorizable  emis-
sion  diagrams  need  to  be  considered  at  the  leading
order1). The  amplitude  for  the  factorizable  emission  dia-
grams in Fig. 1(a) and Fig. 1(b) can be written as

FLL
Bc→X =2

√
2
3
πCFm4

Bc
fπ fBc

√
1− r2

X

∫ 1

0
dx2

∫ ∞

0
b1db1b2db2 exp

−ω2
Bc

b2
1

2

{[
ΨL(x2)(x2−2rb)+Ψt(x2)(rb−2x2)

]
Ee(ta)h(α,βa,b1,b2)S t(x2)

−ΨL(x2)(rc+ r2
X(x1−1))Ee(tb)h(α,βb,b2,b1)S t(x1)

}
, (5)

LL
(V −A)(V −A)

CF = 4/3, fπ(Bc) π(Bc)
rX(b,c) = mX(mb,mc)/mBc

exp(−ω2
Bc

b2
1/2) Bc

where  the  superscript  denotes  the  contribution  from
the  operators,  the  color  factor

 is the decay constant for the meson ,
the  mass  ratio ,  the  exponent

 originates  from the  meson wave func-

ΨL,t(x2)

X(3872)

tion,  and  are  the  distribution  amplitudes  for

 (given in Sec. III).

The amplitude for  the non-factorizable  spectator  dia-

grams in Fig. 1(c) and Fig. 1(d) is given as 
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MLL
Bc→X =

8
3
πCFm4

Bc
fBc

√
1− r2

X

∫ 1

0
dx2

∫ ∞

0
b1db1b3db3 exp

−ω2
Bc

b2
1

2

ϕA
π (x3){

[ΨL(x2)(x3− x1)(1− r2
X)+ rXΨ

t(x2)(1− x1− x2)]Ecd(tc)h(α,βc,b1,b3)

+[ΨL(x2)(r2
X(x2− x3)+2x1+ x2+ x3−2)+ rXΨ

t(x2)(1− x1− x2)] Ecd(td)h(α,βd,b1,b3)
}
. (6)

Note  that  the  hard  function h originates  from  the
Fourier transform of the virtual quark and gluon propag-
ators, which is defined as 

h(α,β,b1,b2) = h1(α,b1)×h2(β,b1,b2), (7)
 

h1(α,b1) =

 K0(
√
αb1), α > 0,

K0(i
√
−αb1), α < 0,

(8)

 

h1(β,b1,b2)

=

 θ(b1−b2)I0(
√
βb2)K0(

√
βb1)+ (b1↔ b2), β > 0,

θ(b1−b2)J0(
√
−βb2)K0(i

√
−βb1)+ (b1↔ b2), β < 0,

(9)

J0 K0, I0
K0(ix) = π(−N0(x)+ iJ0(x))/2.

βa,b,c,d

ta,b,c,d

where  is the Bessel function, and  are the modi-
fied  Bessel  functions  with 
In Eqs. (5) and (6), α and  in the hard function h are
the invariant masses of the internal quarks and gluons, re-
spectively. The hard scales  are given as the maxim-
um energy  scale  appearing  in  each  Feynman  diagram to
remove the large logarithmic radiative corrections.  Their

Ee(t),Ecd(t)
S t(x)

expressions  are  listed  in  the  appendix.  The  evolution
factors  evolving  the  Sudakov  exponent  and
jet function  can be found in Refs. [38, 41]. For the
reader's convenience,  their  explicit  forms  are  also  sum-
marized in the appendix.

Bu,d → X(3872)π(K)
Second,  the  effective  Hamiltonian  for  the

 decays is written as
 

Heff =
GF√

2

[
V∗cbVcq(C1(µ)Oc

1(µ)+C2(µ)Oc
2(µ))

−V∗tbVtq

10∑
i=3

Ci(µ)Oi(µ)
]
, (10)

V∗c(t)bVc(t)q

q = d Oi(µ)

Ci(µ)
B+→ X(3872)π+

(V −A)(V −A) FLL
B→π MLL

B→π

where  is the  product  of  the  CKM  matrix  ele-
ments,  or s.  The  local  four-quark  operators 
and  corresponding  QCD-corrected  Wilson  coefficients

 can  be  found  in  Ref.  [40].  Here,  we  analyze
 as an  example,  and  its  Feynman  dia-

grams are given in Fig. 2. The amplitudes for the factoriz-
able  and  nonfactorizable  emission  diagrams  from  the

 operators are denoted as  and ,
respectively. Their analytical expressions are given as

FLL
B→π =

8πCFm4
B fX√

1− r2
X

∫ 1

0
dx1dx3

∫ ∞

0
b1db1b3db3ϕB(x1,b1)

{[(
r2

X −1)ϕA
π (x3)((r2

X −1)x3−1
)

+(r2
X −1)ϕP

π (x3)rπ(2x3−1)+ϕT
π (x3)rπ(2x3(r2

X −1)+1+ r2
X)

]
×Ee′ (t′a)h(α′,β′a,b1,b3)S t(x3)−2rπ(1− r2

X)ϕP
π (x3) Ee′ (t′b)h(α′,β′b,b3,b1)S t(x1)

}
, (11)

 

MLL
B→π =

32
√

6

1√
(1− r2

X)
πCFm4

B

∫ 1

0
dx1dx2

∫ ∞

0
b1db1b2db2ϕB(x1,b1)

{[
ΨL(x2)(ϕA

π (x3)(r2
X −1)

+2ϕT
π (x3)rπ)(r2

X(x1+ x3−2x2)+ x1− x3)+4rπrXrcϕ
T
π (x3)Ψt(x2)

]}
Ec(t′c)h(α′,β′c,b1,b2), (12)

B+c → X(3872)π+Fig. 1.    Feynman diagrams contributing to the  decay at the leading order.
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Ee′ (t),Ec(t)

(V −A)(V −A)

where  the  evolution  factors  evolving the  Su-
dakov  exponent  are  given  in  the  appendix.  Besides  the
upper  two  type amplitudes,  there  are  fac-
torizable and nonfactorizable emission diagram contribu-

(V −A)(V +A) (S −P)(S +P)
FLR

B→π MS P
B→π

tions from the  and  operators,
which are expressed as  and , respectively. 

FLR
B→π = −FLL

B→π, (13)

MS P
B→π =−

32
√

6

1√
(1− r2

X)
πCFm4

B

∫ 1

0
dx1dx2

∫ ∞

0
b1db1b2db2ϕB(x1,b1)

×
{[
ΨL(x2)(ϕA

π (x3)(r2
X −1)+2ϕT

π (x3)rπ)(r2
X(x1+ x3−2x2)+ x1− x3)−4rπrXrcϕ

T
π (x3)Ψt(x2)

]}
Ec(t′c)h(β′c,α

′,b2,b1),
(14)

α′,β′a,b,c
t′a,b,c

where  in  the  upper  hard  function  and  the  hard
scales  are defined in the appendix.

By combining the amplitudes from the different Feyn-
man diagrams,  the  total  decay  amplitudes  for  the  con-
sidered decays are given as 

A(Bc→ X(3872)P) = V∗cbVuq

[
a1FLL

Bc→X +C1MLL
Bc→X

]
,

(15)
 

A(Bu,d → X(3872)P) =V∗cbVcq

[
a2FLL

B→P+C2MLL
B→P

]
−V∗tbVtq

[
(a3+a9−a5−a7)FLL

B→P

+(C4+C10)MLL
B→P+(C6+C8)MS P

B→P

]
,

(16)

a1 =C1/3+C2,a2 =C1+C2/3,ai =Ci+Ci+1/3 i =
q = d q = s

b→ d b→ s

where  the  combinations  of  the  Wilson  coefficients
 with  3,

5,  7,  and  9,  and  ( )  corresponds  to  the  decays
induced by the  ( ) transition. 

III.  NUMERICAL RESULTS AND DISCUSSIONS

We use the following input parameters for the numer-
ical calculations [22, 29, 30]: 

fBc
=0.398+0.054

−0.055 GeV, fB = 0.19 GeV,
fX =0.234±0.052 GeV, (17)

 

MBc
=6.275 GeV, MB = 5.279 GeV,

MX =3.87169 GeV, (18)
 

τBc
=0.510×10−12s, τ±B = 1.638×10−12s,

τB0 =1.519×10−12s. (19)

A = 0.814
λ = 0.22537, ρ̄ = 0.117±0.021 η̄ = 0.353±0.013

For the CKM matrix elements, we adopt the Wolfen-
stein  parameterization  and the  updated  values ,

, and  [22].
With the  total  amplitudes,  the  decay  width  can  be  ex-
pressed as
 

Γ(B→ X(3872)P) =
G2

F

32πmB
(1− r2

X)|A(B→ X(3872)P)|2.
(20)

B,π
Bc

X(3872) Bc

The  wave  functions  of ,  and K have  been  well
defined  in  many  studies,  whereas  those  of  and

 still have many uncertainties. For the   meson,
we use its wave function in the nonrelativistic limit [42],
 

ΦBc
(x) =

i fBc

4NC

[
(̸pBc
+MBc

)γ5δ(x− rc)
]
exp

−b2ω2
Bc

2

 , (21)

kT

ωBc
= 0.6 kT

where b is  the  conjugate  space  coordinate  of  the  parton
transverse  momentum ,  and  the  shape  parameter

 GeV. The last exponent term reveals the  de-
pendence.

X(3872)
χc1

For the light  cone distribution amplitude of ,
we adopt a similar formula to that of the  meson [33,
43],
 

B+→ X(3872)π+Fig. 2.    Feynman diagrams contributing to the  decay at the leading order.
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⟨X(p, ϵL)|c̄α(z)cβ(0)|0⟩

=
1
√

2Nc

∫
dxeixp·z {mX[γ5 ̸ϵL]βαϕL

X(x)+ [γ5 ̸ϵL ̸p]βαϕt
X(x)

}
,

(22)

ϵL mX
X(3872)

ϕL
X(x)

ϕt
X(x)

where  is  the  longitudinal  polarization  vector,  and 
is the  mass. Here, only the longitudinal polariza-
tion contributes to the considered decays, and the asymp-
totic  models  of  the  twist-2  distribution  amplitude 
and twist-3 distribution amplitude  are given as 

ϕL
X(x) =24.68

fX

2
√

2Nc
x(1− x)

×
{

x(1− x)(1−2x)2 [1−4x(1− x)]
[1−3.47x(1− x)]3

}0.7

,

(23)
 

ϕt
X(x) =13.53

fX

2
√

2Nc
(1−2x)2

×
{

x(1− x)(1−2x)2 [1−4x(1− x)]
[1−3.47x(1− x)]3

}0.7

,

(24)

fX X(3872)where  is the  decay constant.

B+c → X(3872)π+(K+)

Using the  input  parameters  and  wave  functions  spe-
cified  in  this  section,  we  present  the  branching  ratios  of
the  decays as follows: 

Br(B+c → X(3872)π+) = (2.7+1.4+0.9+0.7+0.2
−1.0−0.6−0.5−0.1)×10−4, (25)

 

Br(B+c → X(3872)K+) = (2.5+1.3+0.8+0.6+0.2
−1.0−0.6−0.4−0.1)×10−5, (26)

X(3872)
fX = 0.234±0.052

ωBc
= 0.6±0.1

fBc
= 0.398+0.054

−0.055

0.8t 1.2t

fX

fX B+c → X(3872)π+

B−c → X(3872)K−

Vud = 1−λ2/2
Vus = λ

where  the  first  error  arises  from the  decay con-
stant,  GeV, the second and third uncer-
tainties are caused by the shape parameter 
GeV  and  decay  constant  GeV, respect-
ively, and the final error is from the variation in the hard
scale from  to , which characterizes the size of the
next-to-leading-order  QCD  contributions.  The  branching
ratios  are  sensitive  to  the  decay  constant  because  the
dominant  contributions  for  these  two  channels  are  from
the factorization emission amplitudes,  which are  propor-
tional  to .  The  branching  ratio  of  is
approximately one order of magnitude larger than that of

, which is mainly induced by the differ-
ence  between  the  CKM  elements  and

. From Table 1, it is shown that our predictions are
consistent  with  the  results  given  in  the  covariant  light-
front  quark  model  within  errors  [29];  however,  they  are
significantly larger than those calculated using the gener-

alized factorization approach [30].
B→ X(3872)PSimilarly,  the  branching  ratios  of  the 

decays are calculated as follows: 

Br(B+→ X(3872)K+) = (3.8+0.9+0.6+0.3
−0.8−0.5−0.2)×10−4, (27)

 

Br(B0→ X(3872)K0) = (3.5+0.7+0.5+0.3
−0.6−0.4−0.2)×10−4, (28)

 

Br(B+→ X(3872)π+) = (9.3+1.5+0.9+0.5
−1.3−0.8−0.4)×10−6, (29)

 

Br(B0→ X(3872)π0) = (4.3+0.7+0.5+0.3
−0.6−0.4−0.3)×10−6, (30)

ωB = 0.4±0.04
fX = 0.234±0.052

X(3872)
0.8t 1.2t

B+→ X(3872)K+ B0→ X(3872)K0

B+

B0

B+→ X(3872)K+

(7.88+4.87
−3.76)×10−4

2.6×10−4

3.2×10−4

X(3872)

B0,+→ X(3872)K0,+

X(3872)

where the first uncertainty arises from the shape paramet-
er  GeV in the B meson wave function, the
second error is from the decay constant 
GeV  of ,  and  the  third  error  arises  from  the
choice of hard scales, which vary from  to . From
the  results,  we  find  that  the  branching  ratios  of  the

 and  decays are similar
because they differ only in the lifetimes between  and

 in our formalism. Our prediction for the branching ra-
tio of the decay is less than the previous
PQCD calculation result  [33]. However,
it  is  still  slightly  larger  than  the  upper  limits 
given by Belle [34] and  given by BaBar [35]. If
the  present  experimental  upper  limits  are  confident,  a
pure  charmonium  assignment  for  may  not  be
suitable  under  the  PQCD  approach.  We  expect  that  the
branching ratios of the  decays can be
precisely measured at the current LHCb and SuperKEKB
experiments, which will help probe the inner structure of

.
X(3872) χc1(3872)

χc1(1P) χc1(1P)

J(PC) = 1++

3.511

B+→ χc1(1P)K+

(4.85±0.33)×10−4

However,  note  that  was  renamed 
by  the  current  PDG [22],  which  seems  to  assume it  is  a
radial  excited state  of .  As we know, the 
meson  is  another P-wave  charmonium  state  with  the
same quantum numbers  and a slightly lighter
mass of  GeV. In this case, they should have simil-
ar  properties  in B meson  decays.  For  example,  the
branching  ratio  of  the  decay is  meas-
ured as  [22],  which is  consistent  with
the  result  predicted  using  the  PQCD  approach

B+c → X(3872)π+(K+)
Table  1.    Our  predictions  for  the  branching  ratios  of  the

decays, along with the results from the co-
variant  light-front  (CLF)  approach  [29] and  generalized  fac-
torization (GF) approach [30].

Mode This study CLF [29] GF [30]

B+c → X(3872)π+(×10−4) 2.7+1.4+0.9+0.7+0.2
−1.0−0.6−0.5−0.1 1.7+0.7+0.1+0.4

−0.6−0.2−0.4 0.60+0.22+0.14
−0.18−0.07

B+c → X(3872)K+(×10−5) 2.5+1.3+0.8+0.6+0.2
−1.0−0.6−0.4−0.1 1.3+0.5+0.1+0.3

−0.5−0.2−0.3 0.47+0.17+0.11
−0.14−0.05
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(4.4+1.9
−1.6)×10−4

B+→ X(3872)K+

B→ X(3872)π(K) B→ χc1(1P)π(K)

B→ χc1(1P)π(K))

B→ X(3872)P

X(3872)

 [43].  The  corresponding  decay
 should have a similar but slightly smal-

ler  branching  ratio.  Comparisons  of  the  branching  ratios
of the  and  decays can
be found in Table 2, where the theoretical predictions for
the  branching  ratios  of  the  decays  are
taken from other PQCD calculations [43]. From Table 2,
we  know  that  calculations  for  the  decays
using the PQCD approach are under control and credible.
Therefore,  we  suggest  that  experimental  researchers
measure these  decays  at  LHCb and  Belle  II  to  help  dis-
criminate the inner structure of  from different as-
sumptions.

B→ X(3872)π(K)

Br(B+→ X(3872)π+) ≃ 2Br(B0→
X(3872)π0)

In Table 3, we compare our predictions with the res-
ults calculated  using  the  generalized  factorization  ap-
proach  [30].  It  is  interesting  that  the  branching  ratios  of
the  decays  calculated  with  these  two
different approaches are consistent with each other with-
in  errors.  We  find  that 

, which is supported by the isospin symmetry.

B→ X(3872)P

B+c → X(3872)π+(K+)

B+→ X(3872)π+(K+)
Adir

CP

In  the  following  we  discuss  the CP asymmetries  in
the decays.  As  we  know, CP asymmetry
arises from the interference between the tree and penguin
amplitudes; however, there are no contributions from the
penguin  amplitudes  for  the decays.
Therefore,  the corresponding direct CP violation is zero.
For  the  charged  decays  ,  we  only
need  to  consider  the  direct CP violation ,  which  is
defined as 

Adir
CP =

|Ā|2− |A|2
|Ā|2+ |A|2

, (31)

Ā Awhere  is  the CP-conjugate amplitude of . For neut-
ral B meson decays, there is another type of CP violation
that must be considered, known as as time-dependent CP
asymmetry, which is induced by interference between the
direct decay and the decay via oscillation. Time-depend-
ent CP violation can be defined as 

A(t)CP = A f cos(∆mt)+S f sin(∆mt), (32)

∆m

A f
S f

where  the  subscript f represents  a CP eigenstate,  is
the mass difference of the two neutral B meson mass ei-
genstates,  and  the  direct CP asymmetry  and  mixing-
induced CP asymmetry  are expressed as 

A f =
|λ f |2−1
|λ f |2+1

, S f =
2Im(λ f )
|λ f |2+1

, (33)

with 

λ f = η f e−2iβ Ā
A ,

(34)

η f 1(−1)where  is  for  a CP-even  (CP-odd)  final  state f,
and β is the CKM angle [22]. Because the charged decay
channel  and  corresponding  neutral  mode  are  the  same,
except for  the  lifetime  and  isospin  factor  in  the  amp-
litudes,  they  have  the  same  direct CP asymmetries.
Therefore,  we  only  need  to  consider  the  neutral  decays,
whose direct CP asymmetries are calculated as 

AX(3872)K0 = (1.2+0.0+0.0+0.2
−0.0−0.0−0.3)×10−3, (35)

 

Br(B→ X(3872)π(K)) Br(B→ χc1(1P)π(K))Table 2.    Comparison of  (this study) and  [43] calculated using the PQCD approach. The data
are taken from the Particle Data Group 2020 [22].

(×10−4)Mode B+→ X(3872)K+ B+→ χc1(1P)K+ B0→ X(3872)K0 B0→ χc1(1P)K0

PQCD 3.8+0.9+0.6+0.3
−0.8−0.5−0.2 4.4+1.9

−1.6 3.5+0.7+0.5+0.3
−0.6−0.4−0.2 4.1+1.8

−1.6

Exp. − 4.85±0.33 − 3.95±0.27

×10−5)Mode ( B+→ X(3872)π+ B+→ χc1(1P)π+ B0→ X(3872)π0 B0→ χc1(1P)π0

PQCD 0.93+0.15+0.09+0.05
−0.13−0.08−0.04 1.7±0.6 0.43+0.07+0.05+0.03

−0.06−0.04−0.03 0.8±0.3

Exp. − 2.2±0.5 − 1.12±0.28

B→ X(3872)π(K)Table 3.    Our predictions for the branching ratios of the decays, along with the results from the generalized factoriza-
tion (GF) approach [30].

Mode This study GF [30]

B+→ X(3872)K+(×10−4) 3.8+0.9+0.6+0.3
−0.8−0.5−0.2 2.3+1.1

−0.9 ±0.1

B0→ X(3872)K0(×10−4) 3.5+0.7+0.5+0.3
−0.6−0.4−0.2 2.1+1.0

−0.8 ±0.1

B+→ X(3872)π+(×10−6) 9.3+1.5+0.9+0.5
−1.3−0.8−0.4 11.5+5.7

−4.5 ±0.3

B0→ X(3872)π0(×10−6) 4.3+0.7+0.5+0.3
−0.6−0.4−0.3 5.3+2.6

−2.1 ±0.2
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AX(3872)π0 = (2.7+0.1+0.0+0.4
−0.2−0.0−0.4)×10−2, (36)

X(3872)K0

X(3872)K0
S

where the errors are induced by the same sources as those
for  the  branching  ratios;  however,  the  direct CP viola-
tions are less sensitive to the nonperturbative parameters
within  their  uncertainties,  except  for  the  hard  scale t.
Compared to  the  tree  contributions,  the  penguin  amp-
litudes are loop suppressed by one to two orders of mag-
nitude. At the same time, the product of the CKM matrix
elements associated with the tree amplitudes is approxim-
ately  four  times  larger  than  that  of  penguin  amplitudes.
Hence,  direct CP violations, which  arise  from  interfer-
ence between the tree and penguin contributions, are very
small. Because the final state  and its CP con-
jugate state are flavor-specific, we should use the CP-odd
eigenstate  to  analyze  the  mixing-induced CP
violations.  The  results  for  the  mixing-induced CP viola-
tions are calculated as 

S X(3872)K0
S
= (70.3+0.0+0.0+0.9

−0.0−0.0−1.2)%, (37)
 

S X(3872)π = (−60.8+0.0+0.0+1.5
−0.0−0.0−1.4)%, (38)

S X(3872)K0
S

sin2β = 0.699±0.017
B0 K0

S
X(3872)

B0→ X(3872)K0
S

B0→ X(3872)π0

sin2β

where  the  errors  are  similar  to  those  listed  in  the  direct
CP violations and are not sensitive to the nonperturbative
parameters  given  in  the  wave  functions.  We  find  that

 is highly consistent  with the current  world av-
erage value  [44],  which is obtained
from  decays  to  charmonium  and .  Therefore,  we
can check the  nature  of  by  extracting  the  CKM
phase β from  future  experimental  data  on  the

decay.  Conversely,  the  mixing-induced
CP asymmetry  of  the  decay  exhibits  a
significant  deviation  from  the  world  average  value  of

 because the imaginary parts of the total amplitudes
for  this  channel  and  its CP-conjugate  process  exhibit  a
large difference. Our results can be tested in future exper-
iments. 

IV.  SUMMARY

Bc,u,d → X(3872)π(K)
X(3872)

1++

In this study, we analyze the  de-
cays  using  the  PQCD approach  by  assuming  to
be  a  charmonium  state.  Comparing  our  predictions
for the branching ratios and CP asymmetries of the con-
sidered decays  with  other  theoretical  results  and  avail-
able experimental data, we find the following results:
 

B−c → X(3872)π−

B−c → X(3872)K− 10−4

10−5

(1)  The  branching  ratios  of  the  and
 decays  can  reach  orders  of  and

,  respectively,  which  are  consistent  with  the  results
obtained via the covariant light-front approach within er-

rors but larger than those given by the generalized factor-
ization  approach.  These  results  can  be  discriminated  at
the current LHCb and Belle II experiments.
 

B→ X(3872)K B→ X(3872)π

B→ X(3872)K)
10−4

B→ X(3872)π
b→ d

X(3872)
SU(3)

(2)  Our  predictions  for  the  branching  ratio  of  the
 and  decays  are  consistent

with the results given by the generalized factorization ap-
proach. The branching ratio of the  decay
can reach the order of ,  which is significantly larger
than  that  of  the  decay  induced  by  the

 transition. On the experimental side, it is helpful to
probe  the  inner  structure  of  by  measuring  the
branching  ratios  and  testing  the  and isospin  sym-
metries of these considered decays.
 

B→ X(3872)π(K)
10−3 ∼ 10−2

B→ X(3872)K0
S

sin2β = (69.9±1.7)
S X(3872)π0

B→ X(3872)π0

(3)  The direct CP violations of  the 
decays are small (only ). The mixing-induced
CP violation of the  decay agrees with the
current  world  average  value %.
However,  it  is  different  for  the  value  of  be-
cause  the  imaginary  parts  of  the  total  amplitudes  of  the

 decay  and  its CP-conjugate process  ex-
hibit a large difference. 

APPENDIX A

The invariant masses of virtual quarks and gluons are
given as follows: 

α = (x2+ x1−1)(r2
X(1− x2)− x1)m2

Bc
, (A1)

 

βa = (r2
b − x2(1− r2

X(1− x2))m2
Bc
, (A2)

 

βb = (r2
c − (1− x1)(r2

X − x1))m2
Bc
, (A3)

 

βc = −(1− x1− x2)(r2
X(1− x2− x3)+ x3− x1)m2

Bc
, (A4)

 

βd = −(1− x1− x2)(r2
X(x3− x2)+1− x3− x1)m2

Bc
, (A5)

 

α′ = x1x3(1− r2
X)m2

B, (A6)
 

β′a = x3(1− r2
X)m2

B, (A7)
 

β′b = x1(1− r2
X)m2

B, (A8)
 

β′c = (r2
c + (x1− x2)(x3+ r2

X(x2− x3)))m2
B. (A9)

The hard scale t is chosen as the maximum of the vir-
tuality of the internal momentum transition in each amp-
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1/bi(i = 1,2,3)litude, including  

ta(b) =max(
√
|α|,

√
|βa(b)|,1/b1,1/b2), (A10)

 

tc(d) =max(
√
|α|,

√
|βc(d)|,1/b1,1/b3), (A11)

 

t′a(b) =max(
√
|α′|,

√
|β′a(b)|,1/b1,1/b3), (A12)

 

t′c =max(
√
|α′|,

√
|β′c|,1/b1,1/b2). (A13)

Ee(c,d)(t)The functions  are defined by 

Ee(t) = αs(t)exp[−S B(t)−S X(t)], (A14)
 

Ecd = αs(t)exp[−S B(t)−S X(t)−S π(t)]|b1=b2
, (A15)

 

Ee′ (t) = αs(t)exp[−S B(t)−S π(t)], (A16)
 

Ec = αs(t)exp[−S B(t)−S X(t)−S π(t)]|b1=b3
, (A17)

where the Sudakov factors can be written as 

S B(t) = s
(
x1

mB√
2
,b1

)
+2

∫ t

1/b1

dµ̄
µ̄
γq(αs(µ̄)), (A18)

 

S X(t) = s
(
x2

mB√
2
,b2

)
+ s

(
(1− x2)

mB√
2
,b2

)
 

+2
∫ t

1/b2

dµ̄
µ̄
γq(αs(µ̄)), (A19)

 

S π(t) =s
(
x3

mB√
2
,b3

)
+ s

(
(1− x3)

mB√
2
,b3

)
+2

∫ t

1/b3

dµ̄
µ̄
γq(αs(µ̄)), (A20)

γq = −αs/π
s(Q,b)

where  the  quark  anomalous  dimension ,  and
the  expression  for  in the  one-loop  running  coup-
ling constant is used, 

s(Q,b) =
A(1)

2β1
q̂ ln

(
q̂

b̂

)
− A(1)

2β1
(q̂− b̂)+

A(2)

4β2
1

(
q̂

b̂
−1

)
−

A(2)

4β2
1

− A(1)

4β1
ln

(
e2γE−1

2

) ln
(

q̂

b̂

)
, (A21)

q̂ = ln[Q/(
√

2Λ)], q̂ =
ln[1/(bΛ)] A(1,2) β1

with  the  variables  defined  by 
 and the coefficients  and expressed as 

β1 =
33−2n f

12
, A(1) =

4
3
, (A22)

 

A(2) =
67
9
− π

2

3
− 10

27
n f +

8
3
β1 ln

(
1
2

eγE

)
, (A23)

n f γE is the number of quark flavors, and  is Euler's con-
stant.

αs ln2 xAs we know, the double logarithms  produced
by the radiative corrections are not small expansion para-
meters when  the  end  point  region  is  important.  To  im-
prove the perturbative expansion, the threshold resumma-
tion  of  these  logarithms  to  all  orders  is  required,  which
leads to a quark jet function 

S t(x) =
21+2cΓ(3/2+ c)
√
πΓ(1+ c)

[x(1− x)]c, (A24)

c = 0.3
x→ 0

with . It  is effective to smear the end point singu-
larity with a momentum fraction .
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