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Abstract: In this study, we investigate the entropies of photons, ideal gas-like dust (baryonic matter), and a special
kind of dark energy in the context of cosmology. When these components expand freely with the universe, we calcu-
late the entropy and specific entropy of each component from the perspective of statistics. Under specific assump-

tions and conditions, the entropies of these components can satisfy the second law of thermodynamics independ-

ently. Our calculations show that the specific entropy of matter cannot be a constant during the expansion of the uni-

verse, except for photons. When these components interact with the space-time background, particle production (an-

nihilation) can occur. We study the influence of the interaction on the entropies of these components and obtain the

conditions guaranteeing that the entropy of each component satisfies the second law of thermodynamics.
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I. INTRODUCTION

Since it was found that the universe is expanding, the
entropy problem and heat death of the universe have been
intriguing topics about the past, present, and future en-
tropies of the universe [1, 2]. The entropy problem in-
cludes two aspects involving the past and present entrop-
ies of the universe. Although physicists have predicted
that the entropy production mechanism in the early uni-
verse may be associated with vacuum energy, Higgs
particles, and the shear and bulk viscosities of the cosmo-
logical fluid [3—6], they have not explained satisfactorily
why the initial state of the universe possesses low en-
tropy. This question about the past entropy of the uni-
verse is also known as the Boltzmann-Penrose question
(see [7] and references therein). For the present entropy
of the universe, the problem boils down to why the value
of the entropy is enormous, which is closely related to the
horizon problem [8]. In 2008, Frampton et al. calculated
the total entropy of the supermassive black holes inside
the observable universe and found that it is the largest
contributor to the entropy of the universe [9—11]. On the
basis of the work of Frampton et al., the following year,
Egan and Lineweaver took into account the latest meas-
urements of the supermassive black hole mass function at

the time and found that the total entropy of the super-
massive black holes inside the observable universe is ap-
proximately 3.1739x10!%k [12], which is an unimagin-
ably enormous number. As for cosmic heat death, it
presents a gloomy prediction of the future entropy and the
fate of the universe [13—15]. Research on the cosmic en-
tropy shows that the entropy of an expanding universe
generally satisfies the second law of thermodynamics
[16—18]. Therefore, with the expansion of the universe,
all life will eventually disappear, and the universe will be
in a state of chaos and disorder. In order to avoid cosmic
heat death, researchers proposed the cyclic model of the
universe, in which the law of entropy increase may be in-
applicable [19-21].

Thus far, the cosmic entropy has been generalized
widely on the basis of classical thermodynamics, which
contains horizon entropy [22, 23], information entropy
[24, 25], entanglement entropy [26—28], etc. Moreover,
there are studies focusing on the entropy of the universe
in the presence of particle production (annihilation) and
interaction (i.e., energy conversion). In general, particle
production necessarily comes with interaction, but inter-
action does not necessarily lead to the phenomenon of
particle production. The common feature of these two
kinds of processes is that they can influence the thermo-
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dynamic properties of the universe. Therefore, it is im-
portant to study the entropy changes of these processes in
cosmology.

The early pioneering works of Parker on particle pro-
duction provided a microscopic mechanism of particle
production in the context of cosmology [29—31], which
laid the theoretical foundation for subsequent research on
the entropy of the universe in the presence of particle pro-
duction. From the perspective of quantum cosmology,
particle production could be related to the origin of the
universe [32—35]; thus, it may influence the low-entropy
state of the early universe. On this issue, the Big Bang
theory [36—39] and Big Bounce theory [40—44] already
have multiple mechanisms to create the particles and en-
tropy of the early universe. On the other hand, cosmolo-
gical particle production can affect the entropy evolution
of each component of the universe [22, 45—49]. In Refs.
[50—52], the authors proposed using the second law of
thermodynamics to constrain particle production in cos-
mology. In recent years, research on the entropy evolu-
tion in cosmology has shown that by using the thermody-
namic constraints on the entropy, one can effectively re-
strain the gravitational theories in which there exists
particle production. For example, considering scalar
particle production in Horndeski's theory [53], the coup-
ling coefficients between the scalar field and geometric
quantities can be constrained with the second law of ther-
modynamics and thermodynamic equilibrium [54]. Simil-
arly, if there exists particle production in running vacu-
um models [55, 56], the change rate of the running vacu-
um can be constrained by studying the entropy evolution
of matter [57].

For most gravitational theories (such as non-minimal
coupling theories [58—61]), if a matter field interacts with
other fields (i.e., there is a non-minimal coupling between
them), the energy-momentum tensor of the matter field is
usually not conserved, unless one redefines the form of
the energy-momentum tensor. The non-conservation of
the energy-momentum tensor of the matter field, by ana-
logy with the non-conservation of the particle number in
an open thermodynamic system, can be explained as irre-
versible particle production [54, 62—65]. In this case, for
these gravitational theories, the research on the entropy
evolution of matter in cosmology is similar to the re-
search on the entropy evolution of cosmological particle
production [54, 57]. However, when the matter field in-
teracts with other fields without particle production, how
can we study the entropy evolution of matter in cosmo-
logy? We discuss this issue in the present work.

In addition, by investigating the statistical entropy of
matter in a freely expanding universe, we will prove that
the specific entropy of matter (except for photons) in-
deed evolves with the expansion of the universe [48, 66],
whereas it is assumed to be a constant in some literature
[52, 54, 63]. It is worth mentioning that it is an extremely

special case that the specific entropy of matter in the uni-
verse remains unchanged. In classical thermodynamics, if
the specific entropy of an isolated system (with a strictly
conserved particle number) is a constant, it must be in
thermal equilibrium (i.e., the total entropy is a constant).
However, for an evolving isolated system (such as our
expanding universe), the total entropy is increasing ow-
ing to the second law of thermodynamics. Thus, if the
specific entropy of our expanding universe is a constant,
there must exist particle production, and it needs to meet
some extremely special conditions. In view of this, it is
more reasonable to consider that the specific entropy of
matter in the universe can evolve over time. Taking ideal
gas-like dust (baryonic matter) as the main object of
study, we will analyze the difference between the en-
tropy changes in the cases with and without particle pro-
duction.

The remainder of this paper is organized as follows.
Sec. 11 is devoted to the review of some basic thermody-
namic formulas related to cosmological particle produc-
tion (annihilation). In Sec. III, we discuss the entropy and
specific entropy of each component of the universe when
they expand freely. We focus on photons, ideal gas-like
dust (baryonic matter), and a special kind of dark energy.
In Sec. 1V, we describe the entropies and specific entrop-
ies of these components when they interact with the
space-time background. The last part, Sec. V, is a sum-
mary of our research.

II. THERMODYNAMICS OF COSMOLOGICAL
PARTICLE PRODUCTION (ANNIHILATION)

We consider a homogeneous and isotropic universe,
and the FLRW metric is given as

d 2
ds? = —c2d2 +d*(0) <ﬁ +r7d6* + rzsin20d¢2> . (D
I

where a(r) is the scale factor, ¢ represents the speed of
light, and k represents the curvature of the space. For
simplicity, we assume that the universe is spatially flat,
ie,k=0.

Let us review some basic thermodynamic formulas of
cosmological particle production (annihilation). Because
we focus on the entropy of matter in the universe, it is ap-
propriate to choose the co-moving volume as the thermo-
dynamic system in this work. For a given species of mat-
ter, we label the particle number density as n, which,
combined with the four velocity U* of the co-moving ob-
server, can be used to define the particle flow as
n® =nU®. If there exists a particle production (annihila-
tion) process, the particle flow satisfies V,n® =, where
¥ >0 and ¢ <0 represent a source and sink of particles,
respectively. As the difference between particle produc-
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tion and annihilation only depends on the sign of v, here-
inafter, they are collectively called particle production for
convenience unless otherwise indicated. Then, one can
define the particle production rate as follows:

2

For the co-moving observer, the entropy flow vector can
be given as

s =noU”". 3)

Note that o represents the specific entropy of
particles, which denotes the entropy per particle but not
per unit mass. To calculate the specific entropy, we re-
view the definition of the Gibbs free energy, which is giv-
en by

G(p,T)=U+pV-TS =H-TS, 4)

where U represents the internal energy of the system, p
represents the pressure, V represents the volume, T rep-
resents the temperature, S represents the entropy, and H
represents the enthalpy. Because the statistics for the sys-
tem with long-range interaction has not been constructed
yet and the internal energy is in principle not additional
for a general gravitational system, the integrated Gibbs
free energy of a gravitational system cannot be directly
equal to the sum of all components. However, if the en-
ergy density of the gravitational system is small enough,
we can ignore the impact of gravity on the internal en-
ergy (and thus the Gibbs free energy) of each component.
In this work, the universe we study does not involve the
early stage; thus, the integrated Gibbs free energy can be
approximately equal to the sum of all components:

G(p.T)=> Ui+pV-TY S;=> Hi-T> S 5)

Here, the evolution of the system is seen as a quasi-equi-
librium process. The temperatures of all components are
the same, and the parameter j represents the total pres-
sure of the system. For such an ideal system, it can be
simplified as follows:

Gi(p,T) = Z uiNj, (©6)

1

where we have used ZU,-zTZS,-—pV+Zu,-Ni

i i i
(Euler equation). The parameter u; represents the chemic-

al potential of the i-th component, and N; represents the
corresponding particle number. The total internal energy

is equal to VZp,-, where p; represents the energy dens-

ity of the i-th component. According to Z U; = VZ pi

and the Euler equation, the chemical potiential of éach
component satisfies the following relationship:

Z,uiNi:VZpi-i_ﬁV_TZSi' (7)
i i i

If there is only one kind of matter in the system, we can
set 7 to 1. Then, the specific entropy of the matter is giv-
en by [48]

p+p u
Tn T’

®)

With Eq. (8) and the Gibbs-Duhem equation (_S:d7-

Vdp+) Nidu; =0), for the system containing olnly one
kind of matter, the differential form of Eq. (5) can be ex-
pressed as

+
udn.
n

nTdo=dp- ©)

With this equation and the definition of the entropy flow
(3), the authors in Ref. [48], for the first time, obtained
the following formula for the thermodynamics of cosmo-
logical particle production:

7:
(10)

0 .
Vos® =V (noUY) =yo+no = T <p+p+§> _w

where  =V,U?®. For the FLRW metric, 8 = 3H, where H
is the Hubble parameter.

Note that the above pressure p includes only the pres-
sure of the fluid itself. In cosmology, however, we usu-
ally treat the extraneous term caused by particle produc-
tion in the equation of motion as an extra pressure, which
is called production pressure. We label the production
pressure as p.; then, the equation corresponding to the di-
vergence of the energy-momentum tensor of the (ideal)
fluid can be written as

p+3H(p+p+pe)=0. (11)

Suppose that the production pressure satisfies p.=
—By¥/3H, where f is a positive parameter. For an expand-
ing universe with a particle production (not annihilation)
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process, we have 3H > 0 and ¢ > 0. Then, the production
pressure should be p. <0, which is in line with the con-
clusion of most literature [49, 52, 67—72]. Substituting
Eq. (11) into Eq. (10) yields
PPN\ Y
s

Vos' = 2w =yo+ (B
where we have used Eq. (8) to obtain the second equality.
For ¢ > 0 and B > u, the entropy of particles is increasing.
If B <u, we require ¢ <0 (because of the second law of
thermodynamics), which means that particles can be only
annihilated. It is worth mentioning that £ and u are not in-
dependent. Therefore, the condition 8 < u is not easy to
implement, which relies on the specific model of the uni-
verse and the species of matter. By comparing Eq. (12)
with Eq. (10), one can obtain

If the specific entropy o is a constant, we need 8= (o+
p)/n or ¥ =0. ¢ =0 implies that the particle number is
conserved and the system has always been in a state of
thermodynamic equilibrium. If 8= (o + p)/n, the produc-
tion pressure is given as

p+p
e =— . 14
p 3Hnw (14)

According to Eq. (9), o =0 yields
.on
p="(o+p). (15)

With Egs. (11), (14) and (15), we finally obtain T 3H+
n
I', where I” represents the particle production rate defined

by Eq. (2). Here, it seems that % — _3H+T is based on &

being a constant, but it is easy tg prove that the result also
holds true for the universal o with Egs. (9), (11), and (13).
This result actually can be obtained directly from the
definition of the particle number inside the co-moving
volume, which is given as N ~ na’. Therefore, the intuit-
ive definition of the particle production rate is
: . 3 . 9 .
r= N _fatdnaa” i (16)
N na’ n

According to the definition of the specific entropy,
the entropy of a given species of matter can be denoted as
S =onV =0N. Therefore, the growth rate of the en-
tropy in the thermodynamics of cosmological particle
production is given by

z|=

$ . o .
= +Core 22" 3m1 2 (17)
S o o n o

It is convenient to rewrite the change rate of the entropy
of the system in the following form:

‘L—Stzs(gw). (18)

o . .

If o #0, the term — complicates the entropy evolution.
g

For example, it can be seen that even though I <O,

— >0 can be still true with some special choices of the

1
parameter ¢ [48], which means that particle annihilation
can occur under the constraint of the second law of ther-
modynamics.

III. (SPECIFIC) ENTROPY OF MATTER IN AB-
SENCE OF INTERACTION

It is known that for an expanding system in classical
thermodynamics, the entropy evolution depends on the
way the system expands and the properties of internal
matter. Because the expansion of the universe is an in-
trinsic property of space-time, we can suppose that the
boundary of the co-moving volume does not work on its
surroundings. On the other hand, owing to the uniformity
of the universe, the co-moving volume can be regarded as
an adiabatic system. Therefore, there is no interaction
between the matter in the co-moving volume and the out-
side, which means that the expansion of the universe is
similar to the free expansion of a classical thermodynam-
ic system. The non-conservation of the energy of the mat-
ter in the co-moving volume does not conflict with the
free expansion, because there may exist interaction
between the matter and the space-time background. For
matter with unknown properties, we can assume that its
specific entropy is a constant, so that the entropy of the
system is only related to the particle number [52, 54, 63].
However, such an assumption is obviously rough, and the
specific entropy evolving over time is more in line with
the real situation of the universe [48, 66]. In this section,
we assume that there is no interaction between any com-
ponents of the universe, and we study the entropy and
specific entropy of matter in the context of general re-
lativity (that is, the coupling between matter and gravity
is minimal). In this case, we can study different sub-
stances individually. Note that the substances we study
here are the particles inside the co-moving volume. It is
currently unclear whether the boundary of the co-moving
volume has an area entropy similar to the horizon en-
tropy. Even if it has an area entropy, we do not know
whether the definition of the area entropy is consistent
with the horizon entropy. Moreover, we do not know if
the area entropy of the co-moving volume and the particle
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entropy inside the co-moving volume can convert to each
other. If so, they should satisfy the general second law of
thermodynamics, i.e., the particle entropy inside the co-
moving volume plus the area entropy is always increas-
ing. However, if they are independent, then when we
study the evolution of the particle entropy, we can ignore
the area entropy. In this work, we consider that they are
independent and only focus on the particle entropy inside
the co-moving volume; thus, we ignore the area entropy
of the co-moving volume.

A. Photons

We first consider the cosmic microwave background
(CMB) radiation, which can be regarded as black-body
radiation. Therefore, the entropy of photons inside the co-
moving volume (V ~ a*) is given by [73-75]

B 42k
T 45633

VT3 = Const., (19)

where k is the Boltzmann constant and T ~a~! repres-
ents the temperature of photons. Because the entropy of
photons is a constant, we can think of photons as being in
special thermodynamic equilibrium, which is in accord-
ance with the second law of thermodynamics. The
particle number of photons is given as

_2K¢0)

3 _
N = EYETS VT’ = Const., (20)

where /(n) is the Riemann zeta function. Therefore, the
specific entropy of photons is

S 2k
o(a) = N 1500 21

which is also a constant. The result that the specific en-
tropy of photons is a constant can also be obtained via
Eq. (8), because the chemical potential of photons is zero

. 1
[73—75] and the pressure of photons satisfies p = —p. Ac-

cording to Eq. (8), the specific entropy of photons can be
given as

p+p 4 U 21tk
o= = INT T 4505y 22)
2,4
where U = 373 VT#* represents the internal energy of

photons. For matter whose chemical potential and equa-
tion of state are unclear, it is not feasible to calculate its
specific entropy using Eq. (8).

B. Ideal gas-like dust (baryonic matter)
Next, we consider ideal gas-like dust (baryonic mat-

ter). The so-called ideal gas-like dust refers to special
dust with weak pressure, which can be regarded as an
ideal gas. This consideration is based on two aspects. On
the one hand, it is known that the substance with vanish-
ing pressure (absolute zero temperature) actually does not
exist; thus, the baryonic matter in the universe should
also have kinetic energy. In cosmology, the kinetic en-
ergy of the baryonic matter is assumed as zero (p =0),
which is an appropriate approximation because the kinet-
ic energy of the baryonic matter is so weak that it does
not affect the results of most research. However, in study-
ing the thermodynamic property of the universe, the van-
ishing kinetic energy of the baryonic matter is inadvis-
able owing to the third law of thermodynamics. There-
fore, we assume that the baryonic matter has a weak pres-
sure. On the other hand, the properties of the baryonic
matter are similar to those of the ideal gas. The definition
of the ideal gas can be reduced to two aspects: (a) the
volume of a single particle can be ignored; (b) there is no
potential energy between particles, and the collision is
completely elastic. Because the average number density
and kinetic energy of the baryonic matter are low after
the early stage of the universe, they naturally satisfy con-
dition (a). As for condition (b), because the gravitational
potential energy between baryonic particles is negligible
in practice, it can also be satisfied. Thus, we regard the
baryonic matter as an ideal gas. It is worth mentioning
that researchers generally agree that the pressure of dark

matter is also weak [76], but the equation of state of dark

. . 1
matter is currently unclear (which even can be p=--p

[77]). In light of this, we do not regard dark matter as
ideal gas-like dust in this work.
The equation of state of ideal gas-like dust is given as

RT
V 9

=

p= 23)

where p and T represent the pressure and temperature of
ideal gas-like dust, respectively. V ~a’ is still the co-
moving volume. The parameter /i = N/N, represents the
amount of substance, where N represents the total num-
ber of ideal gas-like dust particles inside the co-moving
volume and N, = 6.022x 10> is the Avogadro constant. R
is the universal gas constant, whose value is the product
of the Boltzmann constant & and Avogadro constant Ny.
It is convenient to rewrite Eq. (23) as

pV =NkT. (24)

If ideal gas-like dust expands freely from the co-moving
volume V, to Vi, by using the macro definition of en-
tropy or letting the process be equivalent to a reversible
isothermal expansion, the entropy change of ideal gas-
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like dust is expressed as

1 A 1
d v
AS=Sl—SO=/ —Qz/ PEY  NKInV, -1nVj),
o T o T

(25)

where dQ =dU + pdV. Because ideal gas-like dust ex-
pands freely, dU =0 and T is a constant throughout the
process. The above formula indicates that the entropy of
ideal gas-like dust satisfies the second law of thermody-
namics in an expanding universe.

From the definition S =onV =0 N, AS isalso de-
rived as

AS =0'1N—O'()N, (26)

where o and o represent the specific entropies of ideal
gas-like dust particles at the beginning and end of the
process, respectively. By comparing Egs. (25) and (26),
we obtain

g1—00p = k(ln V] —In V()). (27)

Because V; # V), o is not a constant. According to Eq.
(27), the specific entropy of ideal gas-like dust can be
defined as

o@=kInV+o,=kln(a®) +o,, (28)

whose evolution is only related to the scale factor. The
parameter o, depends on the temperature, the particle
number, and the mass of a single ideal gas-like dust
particle. Here, the calculation of the entropy of ideal gas-
like dust is concise according to classical thermodynam-
ics. If the entropy of ideal gas-like dust is calculated ac-
cording to statistics, the specific expression of o, can be
determined .

If there exists energy conversion between ideal gas-
like dust and the space-time background, the expansion of
the universe is not an isothermal process for ideal gas-like
dust. To calculate the entropy change of ideal gas-like
dust, one needs to determine the initial and final states of
the system. Regardless of how the universe expands, the
number of ideal gas-like dust particles inside the co-mov-

ing volume is always conserved in the absence of particle
production. If we require ¢ =0 (which means that
AS =0), the expansion of the universe obeys dQ = dU+
pdV = 0. Therefore, in the absence of particle production,
the specific entropy of ideal gas-like dust can remain con-
stant only when the expansion of the universe is revers-
ible and adiabatic.

C. Dark energy

In this section, we discuss the entropy and specific
entropy of a special kind of dark energy. Regarding the
thermodynamic properties of dark energy, it has been de-
termined that its pressure is negative, which makes it dif-
ficult to calculate its entropy using classical thermody-
namics. Owing to the lack of exploratory data on dark en-
ergy, we have to make some assumptions in advance to
study the entropy evolution of dark energy. In this work,
we regard it as a special kind of substance that obeys
classical statistical laws and has a non-conserved particle
number. Then, we can calculate the entropy of dark en-
ergy with classical statistical mechanics. The main pur-
pose of assuming that it satisfies classical statistical
mechanics is to facilitate subsequent calculations. If we
assume that dark energy particles obey quantum statistics,
the calculations may be more complicated, but this does
not mean that it is more significant. Definitely, it is a top-
ic worth considering, but in this section, our main re-
search target is a special kind of dark energy with a non-
conserved particle number. As for what statistical laws it
actually obeys, we are unable to judge this according to
the current observation and experiment. In fact, dark en-
ergy (the accelerating expansion of the universe) is prob-
ably nothing but a macro phenomenon caused by particle
production, although many physicists believe that dark
energy may be vacuum energy or unknown particles with
long-range interaction. The process of particle produc-
tion in the universe can contribute a negative pressure to
the Friedmann equations, which is a possible explanation
for the accelerating expansion of the universe [49, 52,
67—-72]. Because the particle number of the dark energy
we study is non-conserved, even if "the dark energy
particles" are some kind of known particles (without
long-range interaction but evenly distributed throughout
the universe), they can also result in the accelerating ex-
pansion of the universe. Therefore, the statistical law that
dark energy particles satisfy does not have to be the stat-
istics for the system with long-range interaction. We will

1) According to classical statistical mechanics, for an ideal gas, the number of microscopic states satisfies Q(V, E, V) oc VN . The entropy of the system is given as
S =kInQ(N,E,V). To calculate o, we need to figure out the specific form of Q(N,E,V). For example, if the ideal gas consists of monatomic molecules,

S =kInQ(N,E,V)=Nkln [%(2"?’#)3/ 2} + %N k, where m is the mass of a molecule. Note that /g is an undetermined constant, because the concept of absolute en-
0

tropy does not exist in classical statistics. Then, o is given as o, = kln L2mkmT3/2 4 §k, where N, m, and T are all constants for the ideal gas that expands
Py g A 2 g P

freely. In this work, we assume that the particle number densities of all substances (Oexcept photons) are low enough to render quantum effects negligible and thus they
satisfy Maxwell-Boltzmann statistics. The statistical entropy obtained in this way is sufficient to reflect whether the thermodynamic evolution of the system is reason-

able, without employing ensemble theory.
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not delve into the details of the issue here but try to
provide a basis for the assumption that it is possible to re-
gard dark energy (which can be the presently known mat-
ter with a non-conserved particle number) as a special
ideal gas.

In order to study such dark energy, we assume that
the number of free (decoupled) dark energy particles in-
side the co-moving volume can evolve with the expan-
sion of the universe, and the corresponding particle pro-
duction rate is I'. Note that the decoupled dust and
photons have no such special property, and this property
is similar to the spontaneous decay of radioactive materi-
als. The dark energy particles with such a property may
have a complex entropy evolution. If dark energy
particles expand freely from the co-moving volume V, to
V, the particle number is expressed as

b
Np = N,exp ( / l"dt) . (29)

Because entropy is a quantity determined by the state
of the system, to calculate the entropy change of dark en-
ergy in the process, we only need to determine the initial
and final states of the system. For the given N, and N,,
there could be different I''s (see Fig. 1). For all lines, the
thermodynamic arguments of dark energy in the initial
(final) state are the same; thus, we can calculate the en-
tropy change of dark energy with any of the lines shown
in the figure. We choose the blue solid line to calculate
the entropy change of dark energy from the co-moving
volume V, to V,. From point a to point ¢, the particle
number inside the co-moving volume does not change.
For convenience, we can further assume that the statistic-
al properties of dark energy particles are similar to those
of an ideal monatomic gas. Because the statistical law
that dark energy particles satisfy is not clear at present, in
order to obtain intuitive results, we have to make such an
unwarranted assumption. For different statistical laws, the
particle number always has a significant effect on the en-
tropy of the system. Therefore, the assumption on the
statistical law of dark energy particles is a far less import-
ant effect on the entropy evolution of dark energy
particles than the non-conserved particle number, and
hence, the latter is the focus of our research.

Assume that the number of microscopic states of dark
energy particles with energy between E and E+AE is
given as

3N/2
) - 3N AE < v) QrmE)

2E) (o
(3,

Here, m represents the mass of a single dark energy
particle, and N represents the number of dark energy
particles. It is worth noting that %y is a small quantity,

|4
Iy I'e
c b
Vb lr'l ==
_ " LU r
I i K 7
[ 7’ 7’
/;‘/ . ' . L .
./'II S ’_f s Fz ['5
1/ - .
Va /. - - I~
a 2 d
N, Ny N
Fig. 1.  (color online) Plot of the relationship between the

particle production rate (I') of dark energy and the volume of
the system. For any I';, we have N, - N, = fa b I';dt. Because the
states of the system are definite at the points a(V,,N,) and
b(Vy,Np), for all curves, the entropy changes of the system
between the points a and b are the same. The blue solid line
(') indicates that the system first expands from V, to Vv, with
a conserved particle number, and then the particle number in-
creases from N, to N, in the constant volume V. The pro-
cesses of the green solid line (I';) are exactly the opposite of
I';. The solid yellow line (I'3) indicates that the increase in the
particle number is proportional to the increase in the volume.
The two black dash-dotted lines indicate that the particle pro-
duction rate changes with respect to the volume slowly first
and fast afterwards for I'; and fast first and slowly afterwards
for I's. The two red dashed lines (I's and I';) indicate the situ-
ation where the relationship between the particle production
rate and the volume is complicated. It should be noted that we
actually cannot judge which particle production rate is consist-
ent with reality, because of a lack of observations. In other
words, from a macro perspective, there is no physical motiva-
tion for these particle production rates, but we can determine
which one is reasonable according to the (future) observation.
We mentioned earlier that particle production can accelerate
the expansion of the universe [49, 52, 67-72]. If we know all
the details of the expansion of the universe, the particle pro-
duction rate of dark energy can be theoretically determined.

whose dimension is the same as that of the Planck con-
stant. In general, the smaller the value of &g, the higher
the precision of our description of the classical thermody-
namic system. For quantum statistics, sy is exactly the
Planck constant. Because there is no concept of absolute
entropy in classical thermodynamics, the value of Ay can
be arbitrarily small. However, the values of entropy cor-
responding to different hy's differ only by a constant;
thus, hy does not affect the evolution of entropy. Accord-
ing to the definition of Boltzmann entropy (S =kInQ),
the entropy of dark energy can be given as
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5
—Nk. 31
+2Nk 3D

3/2
dmkmT
S =NkIn| ¥ (22
N\ R

Therefore, the entropy increase of dark energy in the pro-
cess from point a to point ¢ is

AS g = Nok {In [Vy(mcTe)*?] =1n [Va(ma T, % . (32)

Vi

If energy conservation holds for dark energyl), the tem-
perature of dark energy particles will remain unchanged.
Because the particle number is conserved in the process,
we have m.T.=m,T,, which leads to Eq. (32) being
equal to Eq. (25).

Then, from point ¢ to point b, it is an isochoric pro-
cess, and the particle number increases from N, to Np.
According to Eq. (31), the entropy increase of dark en-
ergy in the process can be given by

b 3/2 b
2mkm,T 5
AS ey =Naexp ( / th> kln . ( ) ”) + 2 Nyexp ( / th) k
a N, exp ( f th) hy 2 a

- {Nakln

3/2
Vy [ 2rnkm.T
N, (hgcc> ] +Nak}. (33)

Then, the entropy increase of dark energy from point a to point b is

b 3/2
V 2mkmy,T
S =885 = N [ | (2T )
a N, exp

5
+2Nak}.

& 2rnkm,T, 3
N, h}

- {Nakln

There are many factors that affect the value of AS,_;;
thus, it is not easy to determine the conditions guarantee-
ing AS . > 0. However, if we have

b
exp (/ th) >1, and

Vi 2rkmy T 32 V. [ 2nkm,T, 3
N < b 12 "N 12 ,
4 €XP fa th) 0 a 0

(35)

AS . > 0 is tenable; thus, the second law of thermody-
namics is satisfied. On account of energy conservation,
exp ( fab l"dt) > 1 means that m, T, < m,T,. With Eq. (26),
the specific entropy of dark energy particles can be
defined as

o(V,N,m,T) =klIn

N\ Hh

3/2
V(”"’”) ]+;k (36)

which evolves with four parameters of the system com-
posed of dark energy particles. If we can determine the

5 b
+ EN” exp (/ th) k

h

( fab th)

(34

I
particle production rate of dark energy during the expan-
sion of the universe and the evolution of other variables
over the scale factor, the specific entropy of dark energy
particles will only evolve with the scale factor:

g

3@ 2km@T@\"*| 5

o(a) =kln 3 - il m(g) (a + 2k,
Noexp ([, T(a)dr) g 2

(37)

where Ny represents the number of dark energy particles
in the initial state.

According to the above calculations, it is found that
for a freely expanding component of the universe, the
specific entropy generally evolves over time, except for
photons. For the co-moving volume, the entropy of
photons (which are considered as black-body radiation) is
a constant (see Eq. (19)). Regarding dust as a classical
ideal gas with weak pressure, its entropy inside the co-
moving volume increases with the expansion of the uni-
verse (see Eq. (25)). As for dark energy (whose statistic-
al law is assumed to be the same as that of a classical
ideal monatomic gas but with a non-conserved particle
number), the entropy inside the co-moving volume can

1) It is generally believed that only photons and ultra-relativistic particles have the characteristic of energy non-conservation in the expanding universe.
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satisfy the second law of thermodynamics under certain
constraints (see Eq. (35)). In the next section, we discuss
the entropy changes of these components in the presence
of interaction.

IV. (SPECIFIC) ENTROPY OF MATTER IN
PRESENCE OF INTERACTION

When matter interacts with an unknown substance (or
the space-time background), there must be energy con-
version between them. If we do not delve into the micro-
scopic process of the interaction, the energy conversion
may result in two extreme macro phenomena for the mat-
ter: A) the particle number is conserved but the energy of
a single particle changes; B) the particle number is non-
conserved but the energy of a single particle remains un-
changed. Both of these situations lead to a change in the
entropy of the matter. In this section, we analyze how
these two different processes affect the entropy of the
matter. For convenience, we ignore the entropy of the un-
known substance (or the space-time background), which
is the common practice employed in similar research,
such as that on particle production induced by non-min-
imal coupling between matter and geometry [54, 62—65]
or particle production induced by running vacuum [57].
We can consider the quantum field theory in curved
space-time to calculate the particle production rate caused
by the interaction between matter and the unknown sub-
stance (or the space-time background) in the context of
cosmology, as in the research of Parker [29- 31].
However, it is beyond the scope of this study and can be
pursued as an independent study in the future. Here, we
focus only on the possible effect of such interaction on
the entropies of the components of the universe.

A. Photons

In order to reasonably ignore the entropy of the sub-
stance coupled to the CMB radiation, we can assume that
the CMB radiation is non-minimally coupled to the
space-time background [78]. The thermodynamic state
functions for a black-body photon gas indicate that one
can completely describe photons inside the co-moving
volume with an independent argument: temperature.
Here, we need to emphasize two properties of photons.
First, the particle number of photons must be non-con-
served when they are coupled to the space-time back-
ground. For photons inside the co-moving volume, the
particle number is proportional to the cube of temperat-
ure. In the standard ACDM model, the temperature of
photons is inversely proportional to the scale factor; thus,
the particle number of photons inside the co-moving
volume is conserved. If photons are coupled to the space-
time background, the temperature is no longer inversely
proportional to the scale factor, which means that the
particle number is no longer conserved. Because the

particle number of photons inside the co-moving volume
is only a function of the temperature, when photons are
coupled to the space-time background, the two extreme
cases mentioned above are completely equivalent on the
macro level. Second, the energy of photons is not con-
served in the universe. Even if photons are not coupled to
any matgeft (as in the standard ACDM model), the energy
n°k
(U= 53
volume always decreases with the expansion of the uni-
verse.

We suppose that the temperature of the CMB radi-
ation is Ty and the co-moving volume is V, at some
point. After a period of time, the co-moving volume of
the universe becomes V;. The temperature of photons be-
comes T; owing to the expansion of the universe and the
interaction. The total energy transformed from the space-
time background to photons is labeled as E.

When E < 0 (the energy of photons is absorbed by the
space-time background), we have

VT*) of photons inside the co-moving

214 2.4
ok 4 ok 4
Ui = Vi T} <Uy= ——V, T*
T seR ! 15631 !
2k4 4
<Up= 22 v, Th 38
07 1563 000 (38)

Note that U, represents the energy of photons when the
co-moving volume is equal to V| and E =0. In other
words, U, represents the energy of the decoupled photons
inside the co-moving volume V;. According to Eq. (19),
for the decoupled photons inside the co-moving volume,
the entropy is a constant; thus, we have S, =Sy The in-
troduction of U, helps us judge the sizes of 7| and Tj.
Because Vi > V), it is obvious that Ty < T < Ty. The en-
tropy \;aaues for the ghiee cases are delzlo}ed as
4n°k 4n°k 4k

SIZW‘GTIS, SXZWVIT)?, and SO:W
respectively. Because Ty < T, < Ty and S, =Sy, the en-
tropy change of photons can be calculated as

VoT3,

Si—So=8,—8.= K U1 _vird <o (39)
1=D0=D1— x—45€73h3(11— 1737) <0,

which violates the second law of thermodynamics. It is
worth emphasizing again that there are two reasons why
we do not consider the area entropy of the co-moving
volume or the entropy of the space-time background.
First, their definitions need to be further confirmed, espe-
cially the entropy of the space-time background, which is
completely unclear. Second, we do not know whether the
entropy of photons and the entropy of the space-time
background (or the area entropy of the co-moving
volume) are independent. If we treat these entropies as a
whole, it is usually difficult to determine the evolution of
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the total entropy, because some parameters in the total
entropy are uncertain [57]. In order to avoid such a scen-
ario, we treat them as independent entropies, and each
satisfies the second law of thermodynamics.

We can compare the entropy of photons in this
scheme with the result in Sec. III.A. Because the interac-
tion causes the entropy of photons to decrease in this
scheme, it must be lower than the entropy of the de-
coupled photons in Sec. III.A. The temperature evolution
of photons in this scheme is determined by the interac-
tion. If the temperature of photons satisfies T ~ a~'=% ow-
ing to the interaction, where 6 > 0 is a constant, the ratio
of the entropies of the photons in the two schemes is

— ~a’. (40)

As the scale factor or 0 increases, the entropy (Sy) of

photons with the interaction will be far smaller than the

entropy (S1) of the decoupled photons in Sec. III.A.
When E >0 (photons absorb energy from the space-

time background), we have

2jt it

15630°

T

4
sem T U

U, = Vi T, (41)

which implies T > T,. Note that we cannot judge the
sizes of U; and Uy, but this does not affect our determin-
ation of the entropy evolution. Because 7| >T, and
S.=S80, the entropy change of photons satisfies the
second law of thermodynamics:

42kt

S1-S0=81-5, VT3 = ViT3) > 0. 42
1—=S0=3951 453713(11 1T5) (42)

Comparing the entropy of photons in this scheme
with the result in Sec. III.A reveals that the entropy of
photons in this scheme is higher than the entropy of the
decoupled photons in Sec. III.A. Similarly, if the temper-
ature of photons satisfies 7 ~a~'~° owing to the interac-
tion, where § <0 is a constant, the ratio of the entropies
of the photons in the two schemes is still given by Eq.
(40). As the scale factor increases or ¢ decreases, the en-
tropy (S11) of photons with the interaction will be far lar-
ger than the entropy (S1) of the decoupled photons in Sec.
ILA.

In summary, as long as photons absorb energy during
the interaction process, the entropy of photons inside the
co-moving volume will increase and vice versa. On the
other hand, according to Eqs. (19) and (20), the specific
entropy of photons is still a constant. The above study on
the interaction between the CMB radiation and the space-
time background can also be interpreted as the cosmic
adiabatic photon production [78]. The black-body photon

gas is a special ideal gas, whose particle number is al-
ways non-conserved in the presence of interaction. There-
fore, we mainly focus on ideal gas-like dust (baryonic
matter) and dark energy.

B. Ideal gas-like dust (baryonic matter)

In this section, we still treat dust (baryonic matter) as
an ideal monatomic gas, and we study its entropy and
specific entropy in the presence of interaction. Similarly,
we assume that ideal gas-like dust is non-minimally
coupled to the space-time background. Because the uni-
verse is homogeneous and isotropic, the interaction can
be regarded as occurring everywhere in the universe with
equal probability. Thus, we can suppose that ideal gas-
like dust is always in quasi-equilibrium. In this case, both
the extremes (with and without particle production) can
occur from a macro perspective.

1. In the presence of particle production

We first study the entropy change of ideal gas-like
dust in the presence of particle production. In the initial
state, we assume that the rest mass of an ideal gas-like
dust particle is myg, the temperature of ideal gas-like dust
is Tp, and the co-moving volume is Vy. The entropy of
ideal gas-like dust can be given as

2rnkmoTy
No n3

where Ny represents the particle number. If the total en-
ergy transformed from the space-time background to
ideal gas-like dust is £ when the co-moving volume ex-
pands from V, to V|, according to special relativity, the
change in the number of ideal gas-like dust particles is

5
So = Nokln + ENok, 43)

E
m()Cz.

AN = (44)

Note that the temperature of ideal gas-like dust and
the rest mass of an ideal gas-like dust particle have been
assumed to remain constant in the presence of particle
production. Therefore, when the co-moving volume is
equal to Vi, the entropy of ideal gas-like dust is given as

Vi ([ 2nkmoTo\ "
No+AN\ 12

+ %(No +AN)K. (45)

S1 =(No+AN)kIn

Thus, the entropy change of ideal gas-like dust is
equal to
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AS,=S-S¢=ANkln

V] 27Tkl’l’l()T0 3
No+AN 2
Vi N()} 5
— |+ -ANk. 46
No +AN Vo ( )

+N0kln{ +2

Let us compare Eq. (46) with Eq. (25). Note that Nyin
Eq. (46) is the parameter N in Eq. (25). Then, we obtain

V1 27rkm0T0 32
No+ AN h(z)

No ) 5
2 AN, 47
No+aN) T2 “7)

AS,—AS =ANkIn

+ Nokln <

When AN =0, we have AS, = AS. It can be seen that the
difference between the entropy of ideal gas-like dust with
the interaction and the entropy of ideal gas-like dust
without the interaction is determined by AN. If the
change in the number of ideal gas-like dust particles is
very small (JAN| < Np) in the presence of the interaction,
we have

AS,—AS ~ANkIn

3/2
Vi ( 2xkmoT, 3
_L(FETT0 +2ANk. (48)
N\ 1 2

Therefore, the difference is proportional to the change in
the number of particles, which may not be of great signi-
ficance, because |[AN| <« Ny. However, if the change in
the number of particles does not satisfy |[AN| < Ny, one
cannot easily determine the sign of Eq. (47). Next, we
analyze the entropy evolution of the ideal gas-like dust in
the presence of particle production in detail.

When E <0 (the energy of ideal gas-like dust is ab-
sorbed by the space-time background), the total number
of ideal gas-like dust particles inside the co-moving
volume decreases, i.e., AN < 0. Let us check whether the
specific entropy of ideal gas-like dust decreases as well.
From Egs. (43) and (45), it can be found that the differ-
ence in specific entropy between the initial and final
states satisfies

0'1—0'0=k1n( i NO) =k1n(n£), (49)

N0+AN70 ni

where no and n; represent the particle number densities
of ideal gas-like dust in the initial and final states, re-
spectively. Because the co-moving volume is increasing
and the particle number is decreasing, we have PN 1,

n
which implies o} > 0. Therefore, the specific entrolpy of
ideal gas-like dust increases as the particle number de-

creases. Accordingly, to determine the entropy change of
ideal gas-like dust, we need to further discuss the para-
meters in Eq. (46). Note that there are five independent
parameters (Vy, Vo, Ny, AN, and myTy) that can influ-
ence the sign of Eq. (46). Taking no account of the con-
straints of observations, the values of the parameters at
least need to satisfy the following fundamental con-
straints:

I) So > 0 (entropy is positive);

I) S| > 0 (entropy is positive);

IIT) V| > Vy > 0 (the universe is expanding);

IV) =Ny <AN <0 (the particle number in the final
state cannot be negative);

V) moTy > 0 (the temperature of matter cannot be ab-
solute zero).

Despite the above constraints, it is still difficult to de-
termine whether Eq. (46) satisfies the second law of ther-
modynamics. To determine the entropy evolution of ideal
gas-like dust, we can calculate the time derivative of the
entropy of ideal gas-like dust. According to Eq. (43), it is

given as
ds Vv (2nkmoTo \ " VN 5
— =N'kIn | [ =52 +Nk(———)+fN’k
dr N 3 v N/ 2
N v (2mkmoTo ] 3N WV
=Nk{ ~In |~ [ Z5H0%0 +-—+ =,
N |N n 2NV
(50)

where the prime indicates the derivative with respect to
time. When N tends to 0, ideal gas-like dust particles are
completely annihilated, and the entropy of the system
must be 0. In this case, the system cannot always satisfy
the second law of thermodynamics. To avoid the viola-
tion of the second law of thermodynamics, we assume
that there is a critical particle number density n. for ideal
gas-like dust at which the interaction will be terminated.
We call this the truncation of the interaction between
ideal gas-like dust and the space-time background. After
the particle number density of ideal gas-like dust reaches
the critical value, they will expand freely. From previous
research, we know that the entropy of ideal gas-like dust
always increases if it expands freely. Therefore, as long
as the entropy of ideal gas-like dust keeps increasing be-
fore reaching the critical condition, the interaction
between ideal gas-like dust and the space-time back-
ground does not violate the second law of thermodynam-
ics. Next, we analyze the entropy evolution of ideal gas-
like dust in three cases.

Case I: If the annihilation rate of ideal gas-like dust
particles is far lower than the expansion rate of the uni-

’ 7

N Voo, . .
verse (0 < —— <« —), in order to determine the sign of

Eq. (50), we mneed to estimate the value of
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In

\%4 2rk moT()
N h3

baryon, which is approximated as my ~ 1.6 x 10727 kg. We
assume that the temperature of ideal gas-like dust in the
universe is ~ 1 K. It is found in the following discussion
that the temperature of ideal gas-like dust has little effect
on the final result. If the particle number density of ideal
gas-like dust is equal to the particle number density of ba-
ryons (which is about 0.2m™3 at present), we can take

3/2
) ] . Let my be the average mass of a

% .
N ~5 m?3. By plugging the Boltzmann constant and
F 3/2
. V [ 2rnkmoT,
Planck constant into In T <7T;:2100> ], we finally
0
obtain -

Vv [ 21kmoTo\ "]
In |~ ( ZZEM00
A

2rx1.6x10727 x1.38x 10723\
N}ﬂ%( ax1.6x10727x1.38% 10 ) —62. (51)

(6.6x 10-34)2

Note that with the annihilation of ideal gas-like dust and

. . Voo
the expansion of the universe, — will increase; thus, the

value of the above expression will be larger. However,

because of the logarithm to —, the increase rate of Eq.

(51) is extremely low. For example, even though

— =5x10% m3, Eq. (51) gives a value of only approx-

imately 122. For the same reason, the temperature of
ideal gas-like dust has little effect on the value of Eq.
(51). When the temperature changes from 107'° to 10'°
K, it only increases from 28 to 97. Therefore, if

’ ’

Vv ds

0 < —— <« —, we can deduce from Eq. (50) that — >0
N 14 dr

for the general case (such as 5m’< ¥ < 5x10%°m3,

mo ~1.6x107%7 kg, and 107K < Ty < 10'°K). It is pre-

. \%
dictable that, for general my and T, values, only when N

ds
becomes extremely large can — < 0 occur. Therefore, as

long as the critical particle number density n. is not ex-
tremely small, the entropy of ideal gas-like dust can satis-
fy the second law of thermodynamics throughout the
evolution of the universe.

Case II: If the annihilation rate of ideal gas-like dust

particles is far higher than the expansion rate of the uni-

7 ’

N . . . d
verse (_ﬁ >> VV > 0), it is not difficult to obtain d—i <0

3/2
2 T
for the general case. Only when In l}‘\/] <7rk;:2100> ] <
0

. . . S
—5 can the entropy of ideal gas-like dust satisfy — > 0.
Because the entropy of ideal gas-like dust is always posit-

ive definite:

5

S =Nkln +§Nk>0, (52)

X 2tk mo T() 02
N h}

we finally obtain that c(lTS; > 0 requires

3/2
|4 27Z'km()T0 3
Y[ ZEmoto _2 53
n N( 2 ) ]< 2 (53)

In the subsequent study, we will see that this condition is
unlikely to occur in the realistic universe. Therefore, in
this case, the entropy of ideal gas-like dust usually viol-
ates the second law of thermodynamics.

Case III: If the annihilation rate of ideal gas-like dust
particles is not significantly different from the expansion

5
—2<l
2’<

. \%
rate of the universe, we can set v _bﬁ‘ Then, Eq.

(50) can be rewritten as
yv1ds_ —lln i+ 2rkmoTo " _i+1
V' Nkdt | b n} 2b ’

that the range of the parameter b is 0.01 < b < 100, and we
choose specific values of b to examine the entropy evolu-
tion of ideal gas-like dust. As shown in Fig. 2, for any
value of b, the entropy increase rate of ideal gas-like dust
decreases monotonically with volume V. When V is large
enough, the entropy increase rate is negative, which viol-
ates the second law of thermodynamics. Moreover, when
V tends to 0, the entropy increase rate of ideal gas-like
dust is always positive. Therefore, if the truncation of the
interaction occurs early enough, the entropy of ideal gas-
like dust will not violate the second law of thermodynam-
ics for any value of b. We assume that the critical particle
number density n. for ideal gas-like dust corresponds to
the volume V, = 1m>. Then, it can be seen that only when
61.955 < b < 100 can the derivative of the entropy be lar-
ger than 0 at V. = 1m?>. In other cases (0.01 < b < 61.955),
the derivative of the entropy will be less than 0 at
V, = 1 m?. Note that the critical value 61.955 is based on

V1 .
where we have v NE > 0. For convenience, we assume

<2nkm0T0)3/2_{27r><1.6><10‘27><1.38><10‘23 e
h? - (6.6 10734)2
~1.80x10*m™.
(55)

From the analysis of the three cases, we can conclude
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Fig. 2.

v [m3 )

(color online) Plot of the entropy increase rate of ideal gas-like dust with the co-moving volume in the case of particle annihil-

ation. There are eight values of the parameter b: b =0.01 (red dashed line), b = 0.05 (blue dashed line), b = 0.1 (green dashed line), b = 61
(orange dashed line), b = 61.955 (black solid line), b = 63 (orange solid line), b = 85 (blue solid line), and » = 100 (red solid line). The en-
tropy increase rates of all the dashed lines are negative at V. = Im3. The entropy increase rate of the black solid line (b = 61.955) is ex-
actly 0 at V. = Im3. The entropy increase rates of all other solid lines are positive at V. = 1m?.

that if the interaction between ideal gas-like dust and the
space-time background reduces the number of ideal gas-
like dust particles, there is an upper limit to the annihila-
tion rate of ideal gas-like dust particles, which is determ-
ined by the critical particle number density n. (or the cor-
responding V,) and the expansion rate of the universe.
Beyond the upper limit, the entropy evolution of ideal
gas-like dust violates the second law of thermodynamics.

When E >0 (ideal gas-like dust absorbs energy from
the space-time background), the total number of ideal
gas-like dust particles inside the co-moving volume in-
creases, i.e., AN >0. The difference in the specific en-
tropy of ideal gas-like dust between the initial and final
states is also given by Eq. (49) but with AN > 0. To judge
whether the specific entropy is increasing, we need more
details about the particle production rate of ideal gas-like
dust and the expansion rate of the universe. Similarly, in
light of Eq. (49), if the particle number density of ideal
gas-like dust increases, the specific entropy decreases and
vice versa.

The entropy evolution of ideal gas-like dust can be
analyzed on the basis of the previous discussion. Review

Eq. (50) and note that % > 0. According to the positive
definiteness of entropy (see Eq. (52)) and the first equal-

’ ’

ity in Eq. (50), if VV > % >0, then ds >0 is always

dt
true.
vV N \% N’ .
If 0<— < —, we can set — =b— (V ~N”) with
vV N \%4 N

\%4
0<b<1.Because — = N1 (0 <b < 1) decreases mono-

tonically with particle number N, with the help of the
second equality in Eq. (50), it is predictable that only

% 2nk my T()
when In|— | ———
N 1

However, as stated earlier, this condition is uncommon in
the realistic universe; thus, in this case, the entropy of
ideal gas-like dust usually also satisfies the second law of
thermodynamics. Let us briefly analyze why this condi-
tion and Eq. (53) are uncommon. We rewrite Eq. (50) as

3/2
ds
) ] <0 can we have E<O'

1 3/2
vV 1 dS 1 I-— ( 2nkmoT 3
AL - S N VA il + 1
VINKd b < " ) 2b

(56)

For any value of b (0 <b < 1), the entropy of ideal gas-
like dust will decrease at some point as V increases. Ow-
ing to the existence of the truncation, if the entropy of
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(color online) Plot of the entropy increase rate of ideal gas-like dust with respect to the co-moving volume in the case of

particle production. There are five values of the parameter b: b=0.009 (red line), b=0.011 (black line), »=0.02 (green line), b=0.1
(blue line), and » =0.9 (orange line). The entropy increase rate indicated by the red line is negative at V, = 2m?>. The entropy increase
rate indicated by the black line (b =0.011) is exactly 0 at V. =2m3. The entropy increase rates of all other lines are positive at V, =2m?3.

ideal gas-like dust keeps increasing before the interaction

is truncated, the second law of thermodynamics can be

guaranteed. It can be seen from Fig. 3 that the larger b is,
4

the,: larger V. can be. When b tends to 1 (i.e., VV tends to
%), with the help of Egs. (52) and (50), one finds that V.

can be infinite. For example, when 4 =0.9, — =0 cor-
responds the volume V ~ 4.7 x 10** m?, which means that

the second law of thermodynamics is always satisfied as
. . Vv’
long as V, <4.7x 10> m>. When b is very small (i.e., v

. N
is far smaller than —), to guarantee that the entropy of

ideal gas-like dust satisfies the second law of thermody-
namics, V, must be small enough. If V. < 1m?, for any
value of b (0 < b < 1), the second law of thermodynamics
is always satisfied. For a given V. > I m?, the second law
of thermodynamics will give a lower bound on b. For ex-
ample, if V. =2m?3, b needs to be larger than 0.011 (see
Fig. 3). These results do not seem to suggest anything ex-
treme. However, if one calculates the number of ideal
gas-like dust particles inside the co-moving volume, one
can find that the particle number density of ideal gas-like

dust is unacceptable. According to — =N’ when

b=09 and V,=4.7x10>*m3, we have N =9.3x10%"2.
When b =0.011 and V, =2m?, we have N =2.3x10%. In

both cases, the particle number densities of ideal gas-like

dust are unrealistic. Therefore, if 0 < v < N the en-

tropy of ideal gas-like dust under normal circumstances
will not violate the second law of thermodynamics.

According to the above discussion, we can conclude
that, if the interaction between ideal gas-like dust and the
space-time background increases the number of ideal gas-
like dust particles, the entropy of ideal gas-like dust satis-
fies the second law of thermodynamics in general.

2. In the absence of particle production

Now, we study the entropy change of ideal gas-like
dust in the absence of particle production. We assume
that the initial state of the system is the same as that in the
case of particle production: the rest mass of an ideal gas-
like dust particle is my, the temperature of ideal gas-like
dust is Ty, and the co-moving volume is Vy. Therefore,
the entropy of ideal gas-like dust in the initial state is giv-
en by Eq. (43). When the energy conversion between
ideal gas-like dust and the space-time background is
equal to E, the co-moving volume is still V;. In this case,
both the temperature and the rest mass can change over
time. For convenience, we can treat these two parameters
as a whole. Although the energy of ideal gas-like dust is
conserved as the universe expands, we cannot give the re-
lationship between E and mT (which depends on the spe-
cific microscopic process). Thus, we simply denote m; T
as a function of E. Then, the entropy of ideal gas-like
dust at the end of the process can be written as
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5

S1=Nokln + ENok. (57)

Vi ( 2mkm T, 302
No h
The entropy change of ideal gas-like dust is equal to

" (m1T1 )3/2} . 69)

AS, =8-S0 =Nykl
p =217 0= Mok Vo \moTg

We can compare Eq. (58) with Eq. (25), and Ny in
Eq. (58) is the parameter N in Eq. (25). Then, we can ob-
tain

A 3 (I’I’l]T])
AS ,—AS = —Nokl . 59
p ) ok In moTo ( )

When m Ty =moTy, we have AS, =AS. The differ-
ence between the entropy of ideal gas-like dust with the
interaction and the entropy of ideal gas-like dust without
the interaction depends on m, T . If the change in the tem-
perature of ideal gas-like dust is slow in the presence of
the interaction, in a relatively short period of time, we
have AS, ~ AS . However, if the change in the temperat-
ure of ideal gas-like dust is fast, AS, will soon deviate
from AS. Regardless of whether m;T; is monotonically
increasing or decreasing owing to the interaction, the gap
between AS, and AS will increase over time.

When E <0, the total energy of ideal gas-like dust
particles inside the co-moving volume will decrease. Be-
cause the energy of ideal gas-like dust particles expand-
ing freely is conserved (i.e., mT is a constant for ideal
gas-like dust particles expanding freely), E <0 means
that m; T, <myTy. Because m T <mgTy and V| > V,, we
cannot judge whether the value of Eq. (58) is larger than

E V1 27Tkm0T0 32
my 6‘2 In E_ ]’l2
No + 0

mo c?

where we have substituted the expression of Eq. (44) for
AN. Equation (60) indicates that m; T, is related to the
volume (V) of the system, which contradicts the fact that
the energy of ideal gas-like dust particles expanding
freely is conserved. This contradiction can be comprehen-
ded in the following way. For ideal gas-like dust with a
conserved particle number, if it absorbs the energy E, the
temperature and the rest mass should be completely de-
termined. These two parameters are entirely unrelated to
the volume of the system, because the free expansion of
the system does not change the temperature; thus, it does
not change the rest mass. However, m; T in Eq. (60) de-

my C2 N()

0. However, if the expansion of the universe and the en-
ergy decay3 /20f ideal gas-like dust particles satisfy

T . . .
Vi (mh = 1, the entropy of ideal gas-like dust will
2

VO myTo v T 3/
remain unchanged. If -1 <m1 l) >1,8,-S0>0 sat-
moT

Vo
isfies the second law of thermodynamics and vice versa.
Moreover, the number of ideal gas-like dust particles is
conserved; thus, the evolution of the specific entropy is
consistent with the behavior of the entropy.

When E >0, the total energy of ideal gas-like dust
particles inside the co-moving volume will increase, and
we have m Ty > moTy. In this case, because V; >V, one

Vi (T,
can obtain —
moTo

32
) > 1; thus, §;-S¢ >0, which
0

means that the second law of thermodynamics is always
satisfied. Therefore, the specific entropy of ideal gas-like
dust will keep increasing.

3. Comparison

In this section, we compare the entropy changes of
ideal gas-like dust obtained in the above two cases and
analyze the difference between these two kinds of en-
tropy changes. Note that we do not know the specific re-
lationship between E and mT in the absence of particle
production. Therefore, the relationship between E and
mT is the most critical factor in the comparison of the
two kinds of entropy changes.

First, we discuss a special case in which the relation-
ship between E and mT can guarantee that the two kinds
of entropy changes are equal. Comparing Eq. (46) with
Eq. (58) reveals that the equivalence between the two
kinds of entropy changes (S| —So =8, -S¢) requires that
mTy, moTy, and E satisfy

: (60)

I
pends on the volume (V;) of the system. Therefore, Eq.
(60) contradicts the fact that the energy of ideal gas-like
dust particles expanding freely is conserved. The contra-
diction means that the two kinds of entropy changes can-
not be consistent.

Next, we qualitatively analyze the difference between
these two kinds of entropy changes under different cir-
cumstances. Because the initial states of the two cases are
the same, we only need to consider the difference in the
entropy in the final state between the two cases. Subtract-
ing the entropy corresponding to particle conservation
(see Eq. (45)) from the entropy corresponding to particle
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production (see Eq. (57)) yields

_ 32 _
. E V 2rkmoT 5 E
S -8 =——kln L () 2=k
mo c? E I 2 mgc?
N0+ 5
myc
N T.\3/2
+ Nokln OE <m2?)
m
N()+ 5 1
mogyc

(61)

It can be verified that the above formula gives a value
of 0 when E = 0. For a given E, because we do not know
the specific expression of m T with respect to £, we can
only qualitatively analyze the sign of Eq. (61). We as-
sume that E is an infinitesimal quantity, i.e., the interac-
tion is extremely weak, which is evidently in line with the
current observations of the universe. Letting m; T, be an
arbitrary function of E; when E=0, we have
mT1(E =0)=mgTy. By expanding S;-S; in Eq. (61)

with respect to the parameter and retaining the

; mg c?
first-order term, we obtain

A E Vi [ 2rkmgTy 02
S1-81~ skdIn | — | —5—
myc No hy
3.3 (mlTl)'|E‘:0}
——=Ny————— 62
+2 2 0 moT() ( )

where (mT)) |z 1S the derivative of m;T; with respect

to

5 evaluated at £ = 0. The value of (m T |z re-
moc _
flects the change rate of mT with respect to the energy E

at the point moTy. The key to judging whether the right
hand side of Eq. (62) is larger than 0 is to determine

3/2
Vi 2rnkmyT Ty |5= .
In|—~ w and Now. It is known
No hg moT

. V] 27Tkm0T0 3 .
from previous research that In|-— | —5— is
No h2

. .. LV
insensitive to n and myTy. For example, even if 1
N() NO
takes values from 5 m? to 5x10%° m3, the value of
Vl 27rkm0To 32
In|—| —————
N\ 72
To~1 K) only increases from 62 to 122. Therefore,
whether the right hand side of Eq. (62) is larger than 0

(with mg ~ 1.6x107?’ kg and

. T\ 5=
mainly depends on NOM. For the general case,

moTo
we still cannot judge the sign of Eq. (62). Nevertheless,
we can analyze the following two extreme cases.
When mT changes rapidly with respect to the energy

T1) |5 n =
7(’”1 D |E‘0| > 1), if E>0,

E at the point moTy (i.e., |No

(miTh) |g=o

o

E <0, then Ny

§1 <8,. Thereforgi,oir(l) this case, S is always less than
Si.

l When mT changes slowly with respect to the energy

T |5 o
@145&%<1LﬁE>m

> 1, and so S;<38;. Moreover, if

0
(m1T1) |5=o

then Ny

< -1, and one can also obtain

E at the point moTy (i.e., |No

T1) 5= o .
then 0 < NOM < 1,and so S| >S;. However, if
moT
_ T1) |5
E<0, then 0< —Now <1, and we have

S, < 8. Therefore, in thi?%age, the sizes of S; and $,
depend on the sign of E.

In summary, when there exists energy conversion
between ideal gas-like dust and the space-time back-
ground, it is unrealistic to keep the two kinds of entropy
changes of ideal gas-like dust consistent. For mT chan-
ging rapidly with respect to the energy, the entropy
change of ideal gas-like dust corresponding to particle
production is always smaller than that corresponding to
no particle production, regardless of whether ideal gas-
like dust absorbs energy from the space-time background.
For mT changing slowly with respect to the energy, when
ideal gas-like dust absorbs energy, the entropy change of
ideal gas-like dust corresponding to particle production is
larger than that corresponding to no particle production.
However, when the energy of ideal gas-like dust is ab-
sorbed, the conclusion is opposite. For the general case,
we cannot decide which process has the larger entropy
change.

C. Dark energy

In this section, we discuss the entropy of dark energy
when there exists interaction between dark energy and the
space-time background. Because we have assumed that
the number of dark energy particles may be a function of
the temperature, if dark energy interacts with the space-
time background, both the particle number and temperat-
ure (or rest mass) will change over time and be affected
by the interaction. Therefore, there are not two kinds of
entropy changes for dark energy. As it is difficult to
quantitatively calculate the entropy change of dark energy
in such a complicated situation, we qualitatively analyze
the entropy change of dark energy in special cases.

Recalling Eq. (34), when mT), = m,T,, it degenerates
into Eq. (46) (ideal gas-like dust with particle
production), and when I' = 0, it degenerates into Eq. (58)
(ideal gas-like dust without particle production). Assum-
ing that the energy conversion between dark energy and
the space-time background is E during the expansion of
the co-moving volume from V, to Vj, the entropy change
of dark energy is similar to that given by Eq. (34):
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Vi

b
AS ., =Nexp ( / fdt) kln
a N, exp

_{Nakln ( )/

where T represents the particle production rate of dark
energy due to the expansion of the system and the inter-
action. The parameter i, T}, is a function of the energy E
and the co-moving volume V,,. Here, the specific entropy
of dark energy can still be given by Eq. (36), but the para-
meters N, m, and T are affected by the energy E. For dark
energy particles expanding freely, we know that, under

Va

Na

2nkm,T,
h

( fa” fdt)

5
2Nk b,
2 }

+

Vi

< 2k imy, Tb
h

2] b
) + =N exp ( / fdt) k
2 a

(63)

the constraints of Eq. (35), the entropy of the system will
increase. For dark energy particles interacting with the
space-time background, the entropy of the system can sat-
isfy the second law of thermodynamics under certain con-
ditions.

2rk ﬁ’leb

b
AS oy —AS 4 =Ngexp (/ fdt) kln
a N, exp

( 7 Tdr)

5
+ —N,exp

Comparing Eq. (63) with Eq. (34) yields
( 2

3/2 b
I'dr ) k
") (/1)

2rnkmy Ty

b
—{ Nyexp ( / Fdz) kln Y
a Ngexp ( 1, l"dt)

When m,T), = mpT, and T =T, we have AS ., = AS 4sp.
The difference between the entropy of dark energy with
the interaction and the entropy of dark energy without the
interaction actually only depends on the difference
between T'and I'. In general, it is difficult to determine the
sign of Eq. (64) without more information on the para-
meters. Therefore, here, we cannot judge the difference
between the entropy of dark energy with the interaction
and the entropy of dark energy without the interaction.
Now, we return to Eq. (63). When E > 0, the number
of dark energy particles at the end of the process satisfies

\Z

2rnkmy Ty,

(

Next, we investigate the properties of the following

function:
) 3/2

where X = N, exp [ fabl_"dt]. The derivative of F(X) with

b
AS .y > N exp (/ fdt) kln 5
a N, exp g

( I Tdr)

Vi

X

5

F(X) = Xkln +3Xk(67)

h

<2n'kmbTh

)3/2

5
+ N, exp

. (64)

3/2 b
(2432 -t )
b _ b
Ny = N,exp (/ th) > Ny = N,exp </ th) > N,
(65)

where I' represents the particle production rate of dark
energy in the absence of interaction (see Eq. (29)).
Moreover, the energy of a single particle should be high-
er than that in the case without interaction, i.e.,
ﬁ’leh > myT,. With Eq. (65), ﬁl},Th >myT), and the con-
straints on dark energy particles expanding freely (see Eq.
(35)), we can prove that AS ,_,, > 0 is generally tenable.
Because m;,T), > m T}, it is obvious that

(

hy

Va

Na

2rnkm,T,

5
+ —N,exp 2
0

2

b
(/ fdt) k— {Nakln

respect to X is given as

i

(66)

3

dF(X)
= + 2k.

dx

\0
X

kIn (68)

7

2nk my, Tb 32
h
\Z
X

2nkmy Ty,
hg

As we analyzed earlier, In
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generally positive, except if the particle numlzﬁg Si(ensity
of dark energy is extremely large. Therefore, ) >0,

Vi

and F(X) increases with the variable X. With Eq. (65), we

can finally obtain

b
AS ., > Nyexp </ th) kln
a N, exp
Va

- {Nakln N

a

h

where AS,,; is given by Eq. (34).
When E <0, the number of dark energy particles at
the end of the process satisfies

b b
szN,,exp(/ fdt) <Nb=Naexp(/ th). (70)

where I' is still the particle production rate of dark en-
ergy in the absence of interaction (see Eq. (29)). The en-
ergy of a single particle is lower than that in the case
without interaction, i.e., mpT, <mpTy <m,T,. In this
case, it is not easy to judge the sign of AS,_,. According
to the previous analysis, if the energy of a single particle
changes slowly in the process (i.e., /Ty ~ mpT), ~ m,T,)
and the number of dark energy particles satisfies
Nj, = Nexp [ fab l_"dt] > N, (the increase in the particle
number caused by the expansion of the system is larger
than the decrease in the particle number caused by the en-
ergy loss), the entropy of dark energy can keep increas-
ing.

V. CONCLUSIONS

We reviewed the thermodynamics of cosmological
particle production (annihilation). Combining classical
statistics and cosmology, we studied the entropies of
photons, ideal gas-like dust (baryonic matter), and dark
energy in the context of the universe.

When these components of the universe are regarded
as ideal fluids expanding freely, we can calculate their
entropies and specific entropies separately. For photons,
the entropy and specific entropy inside the co-moving
volume are both constants (see Egs. (19) and (21)). For
dust (baryonic matter), we supposed that its thermody-
namic properties are similar to those of an ideal gas; thus,
it is called ideal gas-like dust (baryonic matter). It was
found that both the entropy and the specific entropy of
ideal gas-like dust increase with the expansion of the uni-
verse (see Eqgs. (25) and (27)). Therefore, the entropy of
ideal gas-like dust satisfies the second law of thermody-

( fah th)

( 2nkm,T,

2km, T, \ S
—N,ex
2 g e cxP

3/2 5
) ] + 2Nak} =AS,.p >0,

(/;l"dt) k

(69)

namics. For dark energy, because we do not know wheth-
er the number of dark energy particles is conserved, we
assumed that the number of dark energy particles inside
the co-moving volume evolves with the expansion of the
universe (i.e., particle production occurs even if dark en-
ergy expands freely). Supposing that they possess the
statistical law of an ideal monatomic gas, we found that if
the free expansion of such special dark energy satisfies
Eq. (35), the entropy of dark energy obeys the second law
of thermodynamics.

It is worth noting that the assumption that dust is sim-
ilar to an ideal gas is based on the properties and distribu-
tion of dust in the universe. Generally, the ideal gas has
two characteristics: the volume of a single particle can be
approximated to 0, and there is no interaction between
particles (i.e., potential energy). Because the number
density of dust particles in the universe is small enough,
we can ignore the volume of a single dust particle.
Moreover, the interaction between dust particles cannot
be ignored only in the early universe. Therefore, it is
feasible to treat dust as an ideal gas in this work. On the
other hand, we assume that dark energy particles satisfy
the classical statistical mechanics, which is mainly based
on two aspects. First, dark energy may be a macro effect
resulting from the known particles that satisfy the classic-
al statistical mechanics, rather than the real vacuum en-
ergy. As long as such particles are generated continually
in the universe, there will be a negative pressure in the
Friedmann equations, which can be used to explain the
accelerating expansion of the universe [49, 52, 67-72]. In
this work, we focus on such special "dark energy
particles"; thus, the property of the non-conserved
particle number is necessary for dark energy. Second, if
dark energy is composed of unknown particles and we do
not know what statistical mechanics it satisfies, it is con-
venient to assume that it satisfies classical statistical
mechanics, to simplify calculations. Dark energy satisfy-
ing quantum statistics is worthy of future detailed study.

When these components of the universe interact with
the space-time background, their entropies and specific
entropies are influenced by the interaction. For photons,
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if they absorb (lose) energy, the entropy inside the co-
moving volume will increase (decrease) with the expan-
sion of the universe. However, the specific entropy of
photons is still a constant, which is independent of the in-
teraction. For ideal gas-like dust, if it absorbs (loses) en-
ergy, there are two possible extreme outcomes. One is
that the particle number inside the co-moving volume in-
creases (decreases) and the energy per particle remains
unchanged. The other is that the energy per particle in-
creases (decreases) and the particle number inside the co-
moving volume is conserved. We calculated the entropy
and specific entropy of ideal gas-like dust in the two
cases, respectively. By analyzing the relationship
between the entropy and the parameters, we obtained the
conditions for the entropy satisfying the second law of
thermodynamics in different situations. When there ex-
ists particle production, the evolution of the specific en-
tropy of ideal gas-like dust depends on the change in the
particle number density. When there exists no particle
production, the evolution of the specific entropy of ideal
gas-like dust is consistent with the entropy. By compar-
ing the entropy changes of ideal gas-like dust in the two

cases, we found that the two kinds of entropy changes
cannot be identical. The difference between the two kinds
of entropy changes mainly depends on two aspects: the
sign of the energy conversion and the change rate of mT
with the energy conversion. Finally, we analyzed the con-
ditions for the entropy of dark energy continuously in-
creasing in different situations when there exists interac-
tion between dark energy and the space-time background.

The entropy of each component of the universe is
closely related to the evolution of the universe. Studying
the entropy of the universe is important for understand-
ing the fate of the universe. For the realistic universe,
both particle production and interaction between differ-
ent substances are common phenomena. In this study,
when we investigated the interaction between matter and
the space-time background, we did not consider the mi-
croscopic process or the entropy of the space-time back-
ground, which is the practice followed in most literature
[54, 57, 62—65]. Evidently, if the entropies of two inter-
acting substances can be taken into account simultan-
eously, more convincing results can be obtained, which is
a topic that we can study in the future.
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