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Abstract: The leptonic di-flavor violation (LFV) processes pu*u* — e*e* and p*u* — 7% and leptonic di-num-
ber violation (LNV) processes uu* — WiEW7F (i, j=1, 2) at same-sign high energy p*u* colliders are studied.

The new physics (NP) factors that may play roles in these processes are highlighted by cataloging them into three

types. Taking into account the experimental constraints, the processes at u*u* colliders are computed, and the res-

ults are presented properly. The results lead to the conclusion that observing the NP factors through the LFV and

LNV processes at TeV-energy u*u* colliders has significant advantages that cannot be achieved elsewhere. There-

fore, once the techniques for muon acceleration and collision are developed successfully, the option of building
same-sign high energy muon colliders should be seriously considered.
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I. INTRODUCTION

Neutrino oscillations and flavor mixing among the
three generations of neutrinos have been observed for
years [1]. These phenomena definitely mean that the
neutrinos have tiny but nonzero masses and are unam-
biguous pieces of evidence of new physics (NP) beyond
the standard model (SM). Regarding NP, one natural way
for neutrinos to acquire tiny masses is through the so-
called "seesaw mechanisms" [2]. In these mechanisms,
neutrinos, along with the newly introduced heavy neutral
leptons, acquire Majorana components, allowing for
leptonic di-flavor violation (LFV) processes u*u* — e*e*
and p*u* — 77 and leptonic di-number violation (LNV)
processes u*p* — W*W*. Thus, studying these types of
same-sign di-lepton and di-boson processes quantitat-
ively to explore how the NP factors (such as the leptonic
Majorana components, right handed W-boson, and
doubly charged Higgs etc.) play roles is interesting and

forms the motivation for this paper. Furthermore, it is
known that flavor mixing parameters are strongly con-
strained by charged lepton flavor violation decays [3—6],
whereas the LFV and LNV processes considered in this
study may not significantly depend on flavor mixing for
the neutral leptons. Therefore, precisely observing the
contributions of these mechanisms and NP factors to
these processes is particularly intriguing.

Considering the possibility of constructing high en-
ergy u*u colliders (e.g., vs> 1.0 TeV)" [7-10] and the
important physics at the high energy colliders, we aim to
investigate the important processes at high energy same-
sign p*u* colliders [11-14]. If there is important physics
present at high energy same-sign p*u* colliders compar-
able to that at high energy p*u~ colliders, it is reasonable
to consider both of them as potential future options. From
the experiences derived from building a proton-antipro-
ton (pp) collider (Tevatron) and a proton-proton (pp)
collider (LHC), no serious problems should exist for
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building high energy same-sign u*u* colliders in compar-
ison with those for building high energy u*u~ colliders,
provided that the necessary techniques for muon sources,
muon acceleration, and muon colliding are developed
successfully. Therefore, constructing high energy same-
sign p*u* collider(s) is a natural extension of building
high energy u*p colliders, as long as there is sufficient
amount of interesting and significant physics to observe.
However, fewer studies have investigated the NP of
same-sign p*u* colliders compared to those focusing on
pru~ colliders [15—23]. Therefore, in this work, we
quantitatively investigate the characteristic processes,
LFV processes u*u* — e*e*, u*u* — v*7*, and LNV pro-
cesses prut — WiW5 (i, j=1, 2) at high energy same-
sign muon colliders.

The process e*e* — u*u* was studied in Ref. [24],
and the authors presented the theoretical predictions with
the minimal type-I seesaw mechanism and analyzed the
contributions from the supersymmetric particles. In Refs.
[25—27], the contributions from the doubly charged Higgs
to the process e*e* — p*u* were also examined. Studies
of the LNV di-boson process e*e* — W; W} were repor-
ted in Refs. [28—39]. Theoretical predictions on the cross
sections of e*e* — W W}, e*e* - W W in the left-right
symmetric model (LRSM) were presented in Refs.
[40—43]. In this work, we investigate the NP contribu-
tions to the LFV di-lepton and LNV di-boson processes
and explore their phenomenological behaviors at high en-
ergy p*p* colliders. It is worth noting that the contribu-
tions to the LFV and LNV processes from the e-flavor
heavy neutral lepton are significantly constrained by the
recent experimental upper bound on the 0v23 decay half-
life. This is because the "core" process of 0v23 decays is
d+d— u+u+e+e; that is, all the processes with e*e*
being in the initial state are also constrained by the 0v23
experiments [44].

In this study, we mainly focus on exploring the
sources of NP that generate the LFV di-lepton and LNV
di-boson processes, namely, a) the neutral leptons' Major-
ana components with the help of the left-handed W, bo-
son only or with the help of both the left-handed and
right-handed bosons W, and Wy , respectively, and b) the
doubly charged Higgs and the interference effects of the
Higgs and neutral leptons' Majorana components”. To
explore the phenomena of the NP factors and their com-
binations, we categorize them into three types: Type I of
NP (TI-NP), such as the B—L symmetric SUSY model
(B-LSSM) [45—48], which involves the combination of
neutral leptons' Majorana components and the left-handed
W, boson; Type II of NP (TII-NP), such as the left-right
symmetric model (LRSM) without doubly charged Higgs,
which involves the combination of neutral leptons' Ma-

jorana components, the left-handed boson W, and the
right-handed boson Wg; Type III of NP (TIII-NP), such
as the LRSM [49-55], which encompasses the presence
of doubly charged Higgs alongside the W, and Wi bo-
sons and neutral leptons' Majorana components. The be-
haviors of the LFV di-lepton and LNV di-boson pro-
cesses at high energy pu*u* colliders resulting from these
three types of NP will be computed and discussed in this
paper.

The paper is organized as follows: in Sec. II, the
seesaw mechanisms giving rise to the heavy neutral
lepton masses, tiny neutrino masses, relevant Majorana
components, and interaction vertices are outlined for later
applications. In Sec. III, the theoretical computations of
the processes pru* -l (=e,1v) and put-o
WiEWs (i, j=1, 2) for the three types of NP are presen-
ted. In Sec. 1V, the numerical results with suitable input
parameters, which are constrained by the available exper-
iments, are calculated and presented by figures. Finally,
in Sec. V, the results are discussed and a summary is
provided.

II. SEESAW MECHANISMS AND
RELEVANT INTERACTIONS

In this section, we briefly review the mechanisms that
make the neutrinos acquire tiny masses and mixtures.
Furthermore, we outline the necessary interactions that
relate to the three types of NP and are required for the
computation of the LFV di-lepton and LNV di-boson pro-
cesses.

First, as representative of TI-NP, let us consider the
B-LSSM. Its gauge group is extended by adding a local
group U(1)p_, to the SM, where B and L represent the ba-
ryon number and lepton number, respectively. In this
model, three right-handed neutral leptons and two singlet
scalars (Higgs), possessing a non-zero B—L charge, are
introduced. The Majorana masses of the right-handed
neutral leptons arise when the two singlet scalars (Higgs)
acquire vacuum expectation values (VEVs). Combining
the Majorana mass terms with the Dirac mass terms, tiny
neutrino masses can be obtained by the type-I seesaw
mechanism. Thus, the mass matrix of neutral leptons

reads
0, M?
MD’ MR

where Mp is the Dirac mass matrix of 3 by 3, and My is
the Majorana mass matrix of 3 by 3. We can define
&= (MLMg");;; then, the mass matrix in Eq. (1) can be

1) The relevant supersymmetric (SUSY) particles can also make contributions to the considered processes, but the contributions are highly suppressed (significantly
smaller compared to the contributions considered here) by their large masses and small flavor mixing parameters. Therefore, the present study will not consider the

SUSY cases.
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diagonalized approximately as

0 M i, 0
vr( 0 M (M 0] @
MpET Mg 0 My

where 7, = diag(m,,,m,,,m,;) with m,, i=1, 2, 3) denot-
ing the i—th generation of light neutrino masses,
My = diag(My,, My,, My,), with My, (i=1, 2, 3) denoting
the i—th generation of heavy neutral lepton masses, and

u §
U, =

1

1-_¢ge & U 0

= 2 1 . ( L ) ),
_é‘;T 1- Eé‘;Tég*

Then, we have

U i, Ul = -M}IMg' Mp,
Ug-My - UL = M. 4)

In the following analysis, the 3 by 3 matrix U is taken as
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing
matrix, which is measured from the neutrino oscillation
experiments. The relevant Lagrangian for the /-W—-v
and /[-W-N (I=e,u,7)interactions in the model be-
comes

. 3
1 - -
BL % > Uy PLv Wi, + Sy PLN; W, + hiel,
J=1
(5)

where P,z =(1F9°)/2, and v, N are the four-component
forms of mass eigenstates corresponding to light and
heavy neutral leptons, respectively. The LFV di-lepton
processes will be calculated in the Feynman gauge later
on; hence, the /-G —v and |-G — N interactions where G
denotes the Goldstone boson occur, and the relevant Lag-
rangian is written as

igo
-EBL —
¢ \2My,

+1[(M}y- V"), Pr = (- )P N,G +he}, (6)

3
SR TP = G- U)PL] v Gr

J=1

where U, S, T, V are matrices of 3 by 3 defined in Eq.
(3); 7y = diag(me,my,m;), with m,,m,,m. denoting the
charged lepton masses; G, is the goldstone boson which
is "eaten" by W, in unitary gauge; and My, is the W, bo-
son mass. Having the relevant Lagrangian £5¢ and £2F,

the theoretical predictions of the considered processes for
TI-NP can be calculated.

As representative of TII-NP and TIII-NP, let us con-
sider the left-right symmetric model (LRSM). Its gauge
group is SUB)c RSUR)L.QRSU2)r R U(1)p_.. The addi-
tional three generations of the right-handed neutral
leptons which with the three generations of the right-
handed charged leptons form doublets, the di-doublet
scalar (Higgs), and the two triplet scalars (Higgs)

N ¢
l//: 3(1): )
N <1R> (asl ¢8>

Air/ V2 ALk
Ma=( ™
AL,R _AZ,R/ \/z

are involved, and v, v», v;, v¢ are the VEVs of
0, 9, AY, A, respectively. The Yukawa Lagrangian for
the lepton sector is given by

Ly =—hj} D — i} g — Y] ,C(—ioH) Ay,

- YR,ijwlz’iC(iO'z)ARlﬂR’j + h.C., (8)

where the family indices i, j are summed over, and § =
o?®*g?. The tiny neutrino masses are obtained by both
the type-I and type-II seesaw mechanisms when the
Higgs ¢°, ¢9, A%, A% achieve VEVs [49-53]. Then, the
mass matrix of neutral leptons can be written as

M, M!
( b ) : ©)
MD’ MR
where
1 -
MD = 7(/’”/1 +I’lV2)T, ML = \/QYLVL, MR = \/EYRVR. (10)

V2

The Lagrangian for the I — A} ; — ™ interactions is

The mass matrix in Eq. (9) can be diagonalized in
terms of a unitary matrix U,, whereas the matrix U, can
be expressed similarly as that in the above case of the B-
LSSM, Eq. (3). Then, we can obtain [44]

U i, Ul ~M; — MMz Mp,

. 1 1 _
Ug-My-Ur ~Mg + EM,;‘M;MLT) + 5MDMLM,;1 ~ Mg.
(12)
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The second formula in Eq. (12) is obtained by using the
approximation Mz'MjyM?% ~ MpMyM;' < My. Because
of the SU(2)r gauge group, there are charged right-
handed gauge bosons Wj; additionally, and the two types
of bosons W, and Wy may be mixed. As the result of
W, — W mixing, the masses of the physical W; (domin-
ated by the left-handed W,) and W, (dominated by the
right-handed W) can be written as follows [44]:

82
My, ~ 3(v$+v§)”2,

My, ~ %VR, (13)

Then, the Lagrangian for the /- W —v and /- W — N inter-
actions for the LRSM is

L =i‘% i [l(cos LU,y Py +sin T}y Prv; Wi,
245
+1I;(cos (T P —sin{Uyy" PL)v; Wy,
+1:(cos S Y P+ sing“V;y“PR)NjWi#
+T(cos LV Pr —singS ;" PN, W3, + h.c] ., (14)

2vivy
Vi —1?

where tan2{ = denotes the mixing between W,

R L
and Wg, the matrices U, S, T, V are defined in Eq. (3),

and v, N are the four-component fermion fields of the
mass eigenstates corresponding to light and heavy neut-
ral leptons, respectively. The Lagrangian for the /-G —v
and /-G — N interactions may be written as [49]

. 3
182 7 -
LR — Li(A1i;PL+ A2iPr)V,G
¢ \/EMWL;{ R
+ l_i(/13,ijPL +A4;;Pr)N,G;

+ l_i(/lS,ijPL)VjGI_e + l_l(/l(),leL)NjG}_Z + hC:| , (15)

where G.,Gg are the unphysical Goldstone bosons when
the Feynman gauge is applied ", and

A =—i -U, A =M;,-T,
A3 =i - S Ay =M V*
3 = ml 4 = D 5
My, . My, - .
As=—ML-T, Ag=—2M}- V" (16)
MW2 W,

Finally, the relevant Lagrangian for the W—A7 .- W
interactions is

LRy =i \/zgngAzW’l” Wy, +i \/Egng sing A, Wi W,
+1V2gvesin{ AR W W3,
+1 V2g3vRAR WS W, + hec. (17)

Hence, the theoretical predictions of the considered pro-
cesses for TII-NP can now be calculated based on the
Lagrangian L5, L&, and those for TIII-NP can be calcu-
lated based on the Lagrangian L8 LLX LR LR .

Note that there is a possible model containing doubly
charged Higgs in its scalar triplet with Type-II seesaw
[56—59], and the doubly charged component of the triplet
Higgs can also cause the LFV and LNV processes.
However, the contributions to the processes (which are
much smaller than those considered here) are highly sup-
pressed as the relevant interactions are proportional to the
light neutrino masses. Thus, the contributions to the LFV
and LNV processes from the three types of NP con-
sidered here are much greater, and thus, we will not dis-
cuss this model here.

III. COMPUTATION OF THE PROCESSES
wEpE = FEE (I=e, 1) AND pu* - WEWE (i, j=1,2)

In this section we will provide the calculations of the
processes uu* — FI* (j=e, 1), pu* - WiEW: (1, j=1,2)
within TI-NP, TII-NP, and TIII-NP. The results for TI-
NP and TII-NP can be obtained by switching off certain
interactions from the relevant results for TIII-NP. In all
the computations, the flavor mixing parameters of the
heavy neutral leptons are ignored because the flavor mix-
ing parameters are strongly constrained by the charged
lepton flavor violating decays [3—6].

A. LFV processes “u* — [*I* (I=e, 7)

The leading-order Feynman diagrams for the LFV di-
lepton processes p*u* — [*I* (I=e, ) incorporating the
contributions from Majorana neutral leptons in TI-NP,
TII-NP, and TIII-NP are collected in Fig. 1. However, in
the case of TI-NP, the Feynman diagrams with W, and/or
Gr line(s) should be moved away. Note that here, for
simplification, the Feynman diagrams with the gauge bo-
son W, lines and/or Goldstone boson G, lines crossed
are not presented in the figure. In fact, the contributions
from these crossing diagrams to the processes should be
well taken into account. Hence, when doing the calcula-
tions, we do consider the contributions from these cross-
ing diagrams.

The mixing parameter ¢ between the left-handed bo-
son W, and the right-handed boson W; is constrained in
the range £ <7.7x10™* [60], and the charged lepton
masses are much smaller than the center-of-mass energy

1) For convenience we apply the Feynman gauge to computing the processes in this paper.
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VVL/VVQ
e AVAVAVAVEE S
14 / ]\“Y/ 123 / NL.
e VAVAVAVE D
W1/ Ws
(1)
G1/Gr
wlp)__ (k)
v /N, vy, /Ny,
ﬂ’(pz)_._/\/\/\/\/_,_l’(/@)
[/Vl/VVQ

(3)
Fig. 1.
lepton exchanges.

of the collisions. Thus, in the calculations, we ignore the
contributions proportional to O(£?) and charged lepton
masses. Then, the amplitude of the processes p*u* — I*I*
for THI-NP can be formulated as

M(,Ui/.li — lili)

— Y (clofr ey ol +cyroy

~ T2
o X,Y=LR

+CYOY +COY +CIOY + CYTOY), (19

where

())I(Y = (k) )y, Pxu (ky)uc(p2)y" Pyu(p),
OY = (k) ff 1 Pxu‘ (k)u(p2)i Pyu(p)),
OY" = ua(ky)Pxu‘ (k)us(py) Pyu(py),

VVL / VVQ

v/ Ny v/ N
H (]h)_,_ ————— _>_]7(]‘2)
Gr/Gr
(2)
Gr/Gr
L S (Y
14 /Nl 147 /]\“Y]‘.
wpe) o | _ _ _ |, (k)
Gr/Gr

Feynman diagrams (leading order) in Feynman gauge for the =y~ — 71" (I=¢, 1) processes via neutrino and neutral heavy

O = (k) )y, Pxu’ (ka)u (p2)y"H 1 Pyu(p:),

OF" = (ks )y, \ Pxu‘ (ko)us (p2)y" Pyu(py),

Oy" = (k) Pxu‘ (k)u (po)i 1 Pyu(py),

OF" = ii(ky)ff 1 Pxu‘ (ko)u (p2) Pyu(py), (19)

where u is the Dirac spinor of the leptons, u° = Cii’ is its
charge conjugation, the charge conjugation operator
C =1iyyyy, and 7o, v, are the Dirac matrices. The mo-
menta p, p2,ki,k, are defined as shown in Fig. 1, and the
coefficients CX¥ in Eq. (18) can be read out from the
amplitudes relating to the Feynman diagrams in Fig. 1.

To show how the coefficients are read out, now let us
take the Feynman diagram in Fig. 1 (1) as an example,
where v, v;, W;, W, appear in the loop. According to the
interactions in Sec. II, the amplitude can be written as

1 dPk e
MOvW, W) =fg3,u4_D/ 0P u(ki)(cos Uy, Pr+sindTyy, Pr)K + K1 — 1

4

+my )(cos Ty, Pr—sind Uy, Pr)u‘ (ko)u®(p2)(cos {Toy Py

: * v X . 1
—sinZUsy" Pr)(K +m,,)(cos L U5y P+ sin Tory* Pr)u(p, )m
Vi

1

1 1

(k+k1 —pl)z—mgi (k—pl)z—M‘%V] +iFW]MW1 (k+p2)2—M€V2 +iFW2MW2,

(20)

where I'y,, 'y, are the total decay widths of W, W, bosons, respectively. The integrals appearing in Eq. (20) can be cal-
culated by using Loop-Tools [61, 62]. Hence, for the further calculations, we define the functions following the conven-

tions in Loop-Tools as
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4-D

U d°q

d’q q,

D = b
0 iﬂD/zrr/[qz—m%][(q+ll)2—m%][(q+lz)2—mé][(q+ls)2—mi]

4-D
D H

d’q q.q,

4-D 3

u
D, = = > LD,
! lﬂ"”rr/[qz—m%][(q+ll)2—m%][(q+lz)2—M§][(q+ls)2—mi] Z:I: .

3

where [y, L, I; are combinations of out-leg particles' mo-
mentum (for example, for the loop integral in Eq. (20),
we may have [, =k, —p1, b =—p1, I3 = p2); q is the integ-
ral momentum, m? = M? —il;M;, with M; and T; denot-
ing the mass and total decay width of loop particle i, re-
spectively; and

_ I’1-or(l+e)

- D=4-2.
T r1-2¢ &

i

" iﬂD/er/[qz—m%][(q+ll)2—mﬁ][(q+lz)2—mé][(q+ls)2—mi]

= gvaOO + Zliylijija

ij=1

2D

According to the definitions in Eq. (21), the amp-
litude M(vwW,W,) can be simplified by neglecting the
tiny neutrino mass terms in the numerators of the neut-
rino propagators and the terms proportional to charged
lepton masses that appear after applying the on-shell con-
dition for the leptons. Then, the amplitude MW, W,)

finally becomes

MW, W>) zigi cos* ijkT;k U5 Ty [4D00ﬁ(k1 )J’pPLMC(kz)W(Pz)'}’HPLM(Pl)

64?2

+4(Do + Dy + Dy + Do)tk ) 1 P ()i (p)k Pru(py) |

(22)

where Dy, Dy, D1, D, D1, can be computed numerically by using Loop-Tools. Then, from M(vW,W,), the coeffi-
cients CX of OX (i=1,...,7), defined in Eq. (19), can be read out as

1
C{‘L(VVWI Wz) = Zgg COS4 (U/kT;k U;1T21(4D00),

l % *
Cé‘L(VVWI Wz) :Zgg COS4 (UjijkU2]T21[4(D0 + Dl + D2 + DIZ)] .

This is, corresponding to the amplitude for the Feynman
diagram in Fig. 1 (1), only the coefficients Ci and CLt
receive nonzero contributions. When we calculate the
other Feynman diagrams in Fig. 1, where the two outgo-
ing charged leptons / (I =e, 7) of the Feynman diagrams
are alternated, the identity formulas

[(ka)y, Pxu (k)] =aa(ky Yy, Pyuc (ka),

(ko) Pxuc (ky)]" = = i(ky ) Pyu (k7). (24)
are applied to 0¥ (i=1,...,7), as defined in Eq. (19). Be-
cause each of the amplitudes of the above Feynman dia-
grams may be treated in the same way as that in Fig. 1
(1), all the coefficients CX¥ in Eq. (18) for the relevant
processes may be obtained.

(23)

The contributions from doubly charged Higgs (A**)
to the LFV di-lepton processes p*u* — I*1* (I=e, 7) can
be estimated from the Feynman diagram in Fig. 2. The
amplitude corresponding to Fig. 2 can be formulated as in
Eq. (18), and the nonzero coefficients

4Y, Y, i
CRay) = 7 ,
(p1+p2) _MAZ +1FA;MA;
4Yr Yk i
C3H(Ap) = T (25)

(P14 P2 —M; +iT\- My’
R R L

are left, where j=e, 7, FAZR is the total decay width of
the Higgs A x. ‘

Based on the total amplitude formulated as Eq. (18),
the amplitude can be squared absolutely by summing up
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w(p1) 1= (k1)

Arr

w (p2) 17 (k2)

Fig. 2. Feynman diagrams for p*u* — I*I* (I=e, 1) due to
doubly charged Higgs.

the lepton spins in the initial and final states. Neglecting
the charged lepton masses from the square of
OX(i=1,..,7), i.e., those in Eq. (19), the result can be
simplified as
|M(/lilli N lj:li)|2
1
~ g1 1401 k) (CHP +ICTP) + 4(py k)P (CTHP
+ICF ) +4(p1 ki)’ (p1 - k)*(IC5 1 +IC5F +1C° P
+ICT) + (p1 - p2) (IG5 P +|CFFP + 5P +1C5 )
+8p1ki(p1 ko)’ Re[CHH G + CFCY™ 1+ 4py - kal(p1 - ki)?
+(p1-k2 = (pr- p2)’IRe[CCH™ + CTHCF™
+2p1-kipi-kapi - pal4(CERP +|CEFP +1CEF +1CERP)

M= > WEWD)P

+2IC}'Phy - ka(p -

+|CEP + |CERP + |CER P + |CEH + |CEA P + | CKR P + | CER 1
+ |C§L|2] +4py -k [(py 'P2)2 +(p 'k2)2 -(p 'kl)z]
X Re[CLECE 4 CRRCRR+ _ CLRCLR chc§L*]} .
(26)

Now, the cross section of LFV di-lepton processes can be
written as

1 '
= - = = FIH)Pdcos. 27
64ﬂ5[14|Mw S FE)deoss. (27)

where the factor 4 results from averaging the lepton spins
in the initial state, 8 is the angle between the direction of
the outgoing lepton / with the collision axis, and +/s is
the total collision energy of u*u* colliders.

B. LNV processes p*u* — WiW3 (i, j=1,2)

The Feynman diagrams contributing to the LNV pro-
cesses pru* — WiEWr,i, j=1,2 at the tree-level are plot-
ted in Fig. 3, where the final sates WW; denote WiWy
or WiWs or WyW;. Summing up the fermlons spin and
gauge bosons' polarizations, the squared amplitude for the
processes p*u* — WiW5 can be simplified by neglecting
the terms proportional to O(sin’¢) and the charged lepton
mass m, as

4
i {UC P +ICL PV, @p1-ip ko + M pi - pa/2)
441

k)? +2IC, Phy - ka(pr - ko) + R(CC2py - patky ko)

+ M3, 3My, i pr—4p1 -kupi ko) = 2k -ka((pr ki) + (1 - k)1 (28)

4

Mt = WiEWHP v —
2 2M§V1M§V2

{ICP1aM, M3, py ki (pa ki = 1+ pa)

+8Mj, p1-kipa-ka(ky -ky = py - ko) — My, (M3, py - p2+2p2-kapi - ka)

+4(p: -

D1 'P2)+8M€VZP| “kapa -

ki )> (M3, p1 - pa+2p2 - kapy - ko)1 +|C P IAMy, M3, pi - ka(pa - ko
ki(ky - ky —P1

kl)_Mévz(M‘z)vlpl P2

+2py-kipi ki) +4(p1 k2 (M3 py - pa +2p ki py -k} (29)

MG = W WP ~
272 Mévz

+2ICPPky - ka(p -

{(|c”|2+|c22| VM2, 2py -kipi ko + M, py - p2/2)

kl)2 +2|CL2,2|2k1 ko (p1 'kz)2 +%(C;22C52*)[2P1 - pa(ky 'k2)2

+ M3, (3My,p1 - pr—4p1 -kupi ko) = 2k -ka((pr ki) + (1 ko)1 (30)

where

043101-7



Jin-Lei Yang, Chao-Hsi Chang, Tai-Fu Feng

Chin. Phys. C 48, 043101 (2024)

)

wo (]’1)_,_/\/\/\/\/ Wi(ki)

I/,'/]\T, Vl/]vi

p(p2)

u (p2) 5 AVaVaVay Wi(k)
(1) (2)

Wi(ky)

Wi(ks)  p(pa) /

Wj(k2)

(3)

Fig. 3. Feynman diagrams for the LNV processes p*u* — Wi W3 as those in the LRSM: Figs. 1 and 2 are related to the neutral Major-
ana lepton contributions, and Fig. 3 is related to the doubly charged Higgs contributions. Here, the final sates Wy W} denote WyWry,

WiW5 , or WyWj.

My 2V2Y; 00V
C}IZCOSZK(Szj)zt sz +( M2 Ll"2 LM ’
— N S — Ait +1 A‘Z'i' Ait)
My, 2V2Y, ;1
C},l =COSZ§(S2J)ZM_M]2 * (S— M2 + il pss Mpss)’
N Az A7 EAT
(31
C = cos’¢ 7‘;]7[]2./ N ngszzj ’
t—mvj t_MNj
T,;.U,; V5.Sai
CP=cos?¢| 2L+ 2220, 32
u ¢ u_m‘%j t—Mlz\,j G2
My, 2V2Y R0V
m o R22VR
G =0 V) o Mt il M)
N; Az AR AR
L, My, 2V2Yr 20k
Cr=cos’{(V;) — 5+ (5= M2 410 M)
N; Ali(i A VIAGE
(33)

Note that the mixing parameter sin{ is not present in Egs.
(31)—(33). This is because, in the calculations of the fur-
ther approximation, the contributions up-to O(sin{) are
maintained, and the mass of the initial charged lepton is
set to be zero. This approximation also disregards the
contributions of doubly charged Higgs A% to the pro-
cess u*u* — WiWs. For TIII-NP, Eq. (31) and Eq. (33)
show that A7* primarily contributes to the process
pr s — WiWy, whereas Ag* primarily contributes to the
process u*u* — Wy Ws. Consequently, the distinct char-
acteristics of A7* and Az* can be identified by observing
the LNV di-boson processes at u*u* colliders.

The results of p*u* —» W;yW; for TI-NP can be ac-
quired by setting Y, =0 in Eq. (31), and the results of
s - WEWE, e - WiWs, and pp* — WiWs for
TII-NP can be acquired by setting Y; 2, = Yr2 =0 in Eqs.
(31) and (33). Based on the computations of the LNV di-
boson processes, one may realize that the results of the
wrut — WEWyi cross section for TII-NP are similar to
those of the p*u* — W;Wj cross section for TI-NP, and
the results of the p*u* — WiWj cross section for TIII-NP
are similar to those of the u*u* — WjW5 cross section for

TIH-NP. The cross sections of LNV di-boson processes
can be written as

G- MG, — M3, > =AM, MG, 112
B 327s2A

o

1
1
X / ZIM(/f,ui — WiWi)*dcosé, (34)
-1

1
where the factor 7 results from averaging the lepton

spins in the initial state, and @ is the angle between the
momentum of the outgoing W; and the collision axis.
Considering the phase space integration factor of the
identified particles, A=2 for W;W; =W, W,, W,W, and
A=1 for Win = W]Wg.

IV. NUMERICAL RESULTS

In this section, we will calculate numerical results for
the cross sections of the LFV and LNV processes associ-
ated with TI-NP, TII-NP, and TIII-NP, using the formu-
las derived in Sec. III. To carry out the numerical evalu-
ations, numerous parameters in the NP that are con-
strained by the available experiments need to be fixed.
Thus, let us explain how the parameters are fixed. The
PDG [1] have collected a large number of parameters
such as My, (My,) = 80.385 GeV, I'y, =2.08 GeV, a,,(mz)
=1/128.9, and the charged lepton masses m, = 0.511 MeV,
my, =0.105 GeV, m, = 1.77 GeV, among others, and we
adopt them all. The sum of neutrino masses is limited in
the range ) m,; <0.12¢eV by Plank [63]. This indicates
that the contributions of the neutrino mass terms are neg-
ligible, regardless of whether the neutrino masses are in
normal hierarchy (m,, <m,, <m,,) or inverse hierarchy
(m,, <m,, <m,,). Hence, we will ignore the contribu-
tions proportional to neutrino masses in the numerical
evaluations. The matrix U (the upper-left sub-matrix of
the whole matrix U, in Eq. (3)) is taken as the PMNS
mixing matrix [1] to describe the mixing of the light neut-
rinos.

For the light-heavy neutral lepton mixing (LHM) mat-

rix S;;, we set §7= ZlS"J'|2 (i,j = e,u,7) to describe the
strength of the LHM. ‘The direct constraint on S2 comes
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from the 0v23 decay searches as S2 < 107> [44]. The dir-
ect constraint on S, is given by CMS as S <0.4 for
TeV-scale heavy neutral lepton masses [64—66]. Re-
cently, the constraint on S, from the future high-luminos-
ity Large Hadron Collider (HL-LHC) was analyzed in
Ref. [67], and the authors claim that S2 < 0.06 for TeV-
scale heavy neutral lepton masses. There is no direct con-
straint presently on S2 for TeV-scale heavy neutral lepton
masses. In the following analysis, we will show that the
proposed pu*u* colliders are more sensitive to S, S2 than
the LHC and future HL-LHC for TeV-scale heavy neut-
ral lepton masses. Hence, we set

Here, S. and S? are set to a smaller value than that the
HL-LHC can reach.

Considering the direct observations on the right-
handed weak gauge boson Wi (W,), the lower bound for
the mass of the W, boson reads My, » 4.8 TeV [68-71],
and its total decay width can be approximately estimated
as T'y, = 0.028My, [52]. On the doubly charged Higgs
masses, the most recent limits from the LHC [72, 73] are
Mp:+ 2 800 GeV, M+ > 650 GeV. As pointed out above,
the signals of A¥* and A%* produced in the LFV di-lepton
and LNV di-boson processes at p*u* colliders can be
used to identify them, and the signatures may well show
their mass and width accordingly. According to Refs.
[74-77], the total decay widths of A7* and Az* can be

2 -5 2 2
$2<107%, 52<0.01, S2<0.01. (35 ritten as
3 2 2 4
_ o _ e YL,iiMA; 83"% MAZ MAZ M‘Z’VL
Lo, *I0(A, > D)+ (AL » W W1)+...zz o 167TMA’(3_M‘2;V +4M3v X 1_4M§, + o
i=1 L L L L
Lo, AT(Ag = D) +T(Ag > Wy Wy ) +T(Ap > Wy Wy) + ..
: Yl%iiMA’ —(x)
zZTR +T (A = Wo W) +T(Ag = Wy W) + ..., (36)
JT
i=1
where
6,,2 2
B o 82VrMa M,
LAz —» Wy W, %) ~ RF( £,
koo 1287 My, \ M3
4.2 M3 M: M2
T(A; — Wy Wy) ~—S2R (3— S —— )x -4 Ve (37)
16wM M3, AMY, M}
and
47 13 1 3(1 - 8x+20x2 3x-1
F(x) = —|1— A (7)6— -+ ;) +3(1 = 6x+ 4x%)| log Vx| + %arccos (#) . (38)

The relevant Yukawa coupling Yz, is not a free paramet-
er’; therefore, we only have the Yukawa coupling ¥, of
the left-handed doubly charged Higgs to the leptons that
need to be set. Generally, it takes the following formula-
tion:

Y, = diag (Y., Yo, Yeo). (39)

)

Y,. is strongly constrained by the 0v28 decay experi-
ments in the range Y, < 0.04. In addition, a small VEV v,

of A?, v, $5.0GeV, is constrained by the p—parameter
[1]. Thus, we will set it as v, =0.1 GeV to simplify the
numerical evaluations.

A. Numerical results for the LFV di-lepton processes

In this subsection, the numerical results related to the
LFV di-lepton processes p*u* — e*e* and p*p* — v*r*
for TI-NP, TII-NP, and TIII-NP are presented. The char-
acteristics of the LFV di-lepton processes are clear and
practically free from SM background processes at high
energy same-sign muon colliders [26]”. First, let us fo-

1) When My, , My,(I=1,2,3) etc are fixed, then according to Eqs. (4, 9-13) the Yukawa coupling Yg is not a free parameter any longer, so in numerical calcula-

tions we will use the other relevant parameters as inputs without Yz.

2) The precise LFV di-lepton processes, being two-two body processes, are very different from the SM background processes. In the SM background the processes
with two same flavor charged leptons in initiate state and two same but different from initial state flavor charged leptons in final state must be that of mixing neutrino

and, that the behavior is very different from the LFV ones concerned here.
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cus lights on the effects of LHM parameter S, and the
heavy neutral lepton mass My, .

Taking the possible My, =1.0TeV, My, =3.0TeV,
§2=107,82=102, +/s=5.0TeV as an example, we
present the results of o(u* u* — v*1*) and o(u*u* — e*e*)
versus S in Fig. 4 (a) and Fig. 4 (b), respectively, where
the solid, dashed, and dotted curves denote the results for
My, =1.0, 2.0, 3.0 TeV, respectively. In the figures, the
black curves denote the results for TI-NP, the red curves
denote the results for TII-NP with My, = 5.0 TeV, and
the blue curves denote the results for TIII-NP with My, =
5.0 TeV, My =100 TeV, My =110 TeV, Y., =0.04,
Y, =1.0, and Y, = 1.0. Note here that the masses of the
heavy neutral Ieptons are set at the TeV scale because it is
challenging to exclude them by experiments in the near
future. We additionally attempt to set +/s=5.0 TeV as a
representative collision energy for TeV scale u*u* col-
liders in Fig. 4, and the numerical results for various +/s
values are investigated in Fig. 5.

The numerical results in Fig. 4 indicate that when an
integrated luminosity of 500 fb™' is accumulated at a TeV
scale u*u* collider, the process p*u* — 77 predicted by

g
3
A
I~
2
b
-10
10 10°° 10™* 0.001
@ s

Fig. 4.

o(pp->ee)[fb]

TI-NP, TII-NP and the processes u*p* — 7%, pu*u* —
e*e* predicted by TIII-NP have great opportunities to be
observed. Because their cross sections can be larger than
0.1fb in a reasonably selected parameter space, more
than 50 signal events/year can be collected. This indic-
ates that the y*u* collider is more sensitive to Sﬁ and S2
than the future HL-LHC. The contributions from Major-
ana neutral leptons to o(u*u* — v1*), o u* — e*e*)
are proportional to S.S7, S.S7, respectively. Further, the
contributions from the doubly charged Higgs to
o(usut — =7%), o(u*u* — e*e*) are proportional to
YyYers YuuYeo, tespectively. Moreover, S2 and Y, are
constrained to be small by the 0v28 experiments, where-
as S2 and Y., are not, and therefore, the contributions to
o(u*p* — e*e*) are comparatively. This fact can be
clearly realized by comparing Fig. 4 (a) with Fig. 4 (b).
From the figures, it can be found that the three blue
curves merge together in the logarithmic coordinate, and
the predicted cross sections o(u*u* — =7*) and
o(u*p* — e*e*) for TIII-NP are much larger than those
predicted by TI-NP and TII-NP. This occurs because the
leading contributions to the LFV di-lepton processes for

1

1074

1078

10—12

10718
10°¢

10 0.001

(b) S

1075

(color online) Cross-section o(u*u* — I*I*) versus S for My, = 1.0 TeV, My, =3.0TeV, §2=10", §2=0.01, and v5=5.0TeV.

In (a), /=7, and in (b), /= e. The solid, dashed, and dotted curves denote the results for My, = 1.0, 2.0, 3.0 TeV, respectively. The black
curves denote the results for TI-NP, the red curves denote the results for TII-NP with My, =5.0 TeV, and the blue curves denote the res-
ults for TII-NP with My, =5.0TeV, Myz: = 10.0 TeV, Mpz+ = 110 TeV, Yoo = 0.04, ¥, = 1.0, and Yrr = 1.0

o(pp->tr)[fb]

15 20

Jsmev]

(a)

25

o(up->ee)|fb]

1074

10°F

107"

(b)

Jsmev)

Fig. 5. (color online) o-(u*u* — I*I*) versus s with My, =1.0TeV, My, =2.0TeV, My, =3.0TeV, $2=10", 52=10"*, and §2=1072.
In (a), /=7, and in (b), / = e. The black curves denote the results for TI-NP, and the red curves denote the results for TII-NP. The red
solid, red dashed, and red dotted curves denote the results for Mw, =5.0, 7.0, 9.0 TeV, respectively. The blue curves denote the results
for TII-NP with M, =5.0 TeV, Y. =0.04, Y,, = 1.0, and Y. = 1.0. The blue solid curves denote the results for MAzi =10.0 TeV and
Myze = 11.0 TeV, the blue dashed curves denote the results forMAzi =5.0 TeV and M, st = 15.0 TeV, and the blue dotted curves denote
the results when setting M/, At = 2.0 TeV and NS 4.0 TeV.
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THI-NP come from the s-channel mediation of the
doubly charged Higgs at the tree level, whereas those for
TI-NP and TII-NP start with the one-loop level, which in-
volves the Majorana neutral leptons. The black and red
curves in Fig. 4 (a), (b) show that o(u*u* — v*7*) and
o(u*u* — e*e*) are dominated by right-handed gauge bo-
son for TII-NP if S7 (I =e, u, 7) are small. The results of
oru* — t*1*) for TI-NP, TII-NP are similar when
S5 2 107, and o(u*u* — e*e*) for TII-NP is always lar-
ger than that for TI-NP owing to the fact that only the
contributions from W; mediation exist for TI-NP. The
contributions to the LFV di-lepton processes for TIII-NP
are dominated by the doubly charged Higgs, and hence,
the dependence on S? may be ignorable. A large My,
plays an enhancing role on o(u*u* — t*7) and
o(u=u* — e*e*) for TI-NP and TII-NP. This occurs be-
cause the goldstone component (in Feynman gauge)
makes dominant contributions to the LFV di-lepton pro-
cesses for TI-NP and TII-NP, and the corresponding
couplings increase with the increasing of heavy neutral
lepton masses for a given S7.

The results of o(u*u* — v=7*) and o(u*u* — e*e*)
versus +/s are presented in Fig. 5 (a) and Fig. 5 (b), re-
spectively, for My, =1.0TeV, My, =2.0TeV, My, = 3.0
TeV, S;=107, §;=10", and S7=10". The black
curves denote the results for TI-NP. The red curves de-
note the results for TII-NP, where the red solid, red
dashed, and red dotted curves denote the results when
My, =5.0,7.0,9.0 TeV, respectively. The blue curves
denote the results for TIII-NP with possible parameters
My, =5.0TeV, Y, =0.04, ¥,,, = 1.0, and Y., = 1.0, where
the blue solid curves denote the results with
My =10.0 TeV and M,z =11.0 TeV, the blue dashed
curves denote the results with Mz = 5.0 TeV and
My:= =15.0 TeV, and the blue dotted curves denote the
results with Ma:- =2.0 TeV and My:- =4.0 TeV. As for
TIHI-NP, the contributions to the LFV di-lepton pro-
cesses are dominated by doubly charged Higgs. Hence,
we do not present the results for various My, .

The small "hill" of the red curves in Fig. 5 is the res-
ult when the W, boson is on-shell. Figure 5 (b) shows the
fact that the cross section o(u*u* — e*e*) for TII-NP is
always larger than that for TI-NP as analyzed above. The
explicit resonance enhancements (the peaks) appearing
on the blue curves for TIII-NP in Fig. 5 occur because
/s crosses the doubly charged Higgs A7* or A:* mass
value as +/s increases. This indicates that the LFV pro-
cesses pu* — t=1* and u*p* — e*e* are very good chan-
nels to observe the two doubly charged Higgs at a u*u*
collider by scanning the collision energy. That is, if the
resonance enhancements in the LFV processes appear, it
means that the signals may be used to observe the doubly
charged Higgs A7* and Ay*. The enhancement signal of
the doubly charged Higgs depends on their total widths,
and the height of the resonance peak depends on the rel-

evant Yukawa coupling Y, (see Eq. (39)) of the doubly
charged Higgs to the leptons. How the coupling Y, af-
fects the cross sections o(u*u* — t*1*) and o(u*u* —
e*e*)is computed and presented in Fig. 6.

In Fig. 6, we set s =5.0 TeV,My, =5.0 TeV (in fact,
for TIII-NP, My, affects the numerical results of LFV
processes slightly; hence, fixing the value of My, does
not lead to the loss of the general features in which we
are interested), My, = 1.0 TeV, My, =2.0TeV, My, =3.0
TeV, Mp==100TeV, My==110TeV, §;=107,
S:=10", and $? =107, Figure 6 (a) is for /= 7 and the
blue solid, blue dashed, blue dotted curves denote the res-
ults with various Y, = 0.1, 0.5, 1.0, respectively. Figure 6
(b) is for /=e and the blue solid, blue dashed, and blue
dotted curves denote the results with Y, = 0.01, 0.025,
0.04, respectively. The contributions from doubly
charged Higgs are proportional to (Y,,-Y:.) for y*u* —
7*7* and (Y, -Y..) for u*u* — e*e*, which indicates that
o(u*u* — v°1*) increases with the increase in Y,, and
Y.., and the cross-section o(u*u* — e*e*) increases with
the increase in Y, and Y... The behavior shown in Fig. 6
is that expected. Comparing the bound on relevant coup-
lings from the muonium to anti-muonium transition ex-
periment  (Y..Y,)/ (4V2M3..Gp) <3x107  [78], if
o(u*p*t — e*e*) < 11b can be set by the future p*p* col-
lider, the bound (YY,,)/(4 V2M}..Gr) < 6.15x 10 will
be set, which enhances the bound obtained by the muoni-
um to anti-muonium transition experiment by approxim-
ately three orders of magnitude.

Finally, to show the characteristics of the LFV di-
lepton processes, we further take the typical parameters
My, =1TeV, My, =2TeV, My, =3TeV, S§2=107,
§2=10"%, and +/s=5TeV to calculate the angle distribu-
tions of the processes y*u* — v*7* and p*u* — e*e* and
plot the results in Fig. 7 (a) and Fig. 7 (b), respectively. In
the figures, the solid, dashed, and dotted curves denote
the results with S, =107 107, 107, respectively; the
black curves denote the results for TI-NP, the red curves
denote the results for TII-NP with My, =5 TeV, and the
blue curves denote results for TIII-NP with My, =5TeV,
Mps-=3TeV, Y, =0.04, Y,, =1, and Y., = 1. The three
blue curves merge together within the plotting scale of
Fig. 7 (a) and Fig. 7 (b). The black dashed and black dot-
ted curves merge into the red dashed and red dotted
curves, respectively, within the plotting scale of Fig. 7
(a). The three red curves merge together at the plotting
scale of Fig. 7 (b). The picture shows that the angular dis-
tributions of the processes p*u* — 1=, p*u* — e*e* are
flat in these three types of NP models.

B. Numerical results for the LNV di-boson processes

In this subsection, we compute the LNV di-boson
processes pu* — WiWs, (i, j=1,2) for TI-NP, TII-NP,
and TII-NP and present the numerical results properly.
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(color online) Cross-section o(u*u* — I*I*) versus Y, for +s=50TeV, My, =5.0TeV, My, =1.0TeV, My, =2.0TeV,

My, =3.0TeV, Mps: =100 TeV, Mys= = 11.0TeV, 52=10", S2=10"*, and S2=10"2. I=7 in (a), and the blue solid, blue dashed, and
blue dotted curves denote the results for Y, =0.1, 0.5, 1.0, respectively. /=e in (b), and the blue solid, blue dashed, and blue dotted

curves denote the results for Y., = 0.01, 0.025, 0.04, respectively.
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* for My, = 1TeV, My, =2TeV, My, =3TeV, $2=107, §2=1072,

and Vs=5TeV. I=rin (a), and/=e in (b). The solid, dashed, and dotted curves denote the results with S2 =107, 107, 1072, respect-
ively. The black curves denote the results for TI-NP, the red curves denote the results for TII-NP with My, =5 TeV, and the blue curves
denote results for TIII-NP with My, =5 TeV, Mpz: =3 TeV, Y., =0.04, ¥, =1, and Y, = 1.

For the collider search of p u~— W-W~ (the case of
wrut — WHW* collisions is similar), the different decay
channels of the final W bosons correspond to different
SM background processes. For the pure leptonic channel
W +Hr and p"e” + By, where Hr denotes the missing
energy carried by neutrinos, we compute the SM back-
ground processes u u” — W u v, and p - — Zu u” in
terms of MadGraph5 [79], and the results at /s = 15 TeV
are as large as

o pu > Wuv,)=325.6+091b, o(u u™ — Zu p)
~5.797 +0.019 fb.
(40)

This indicates that they may make significant back-
grounds when the pure leptonic channels u y +Hr,
u- e + Ky are considered when observing the LNV pro-
cesses, and the signals for the LNV processes are very
difficult to be picked up from the backgrounds [38].
However, a technique to avoid the problem consists of ig-
noring all the events in which the decays W~ — u7v,
and/or W~ — 17y, with 7 -y v,v, are involved, and
taking into account only the events in which the W~ bo-
sons decay either to ev, or 77, (except the 7 lepton decay

7 = wv,v,) or quarks (gq'). In this way, although the ef-
ficiency of identifying W-boson(s) in the final states of
the LNV processes will be lost to some extent, the accur-
acy for identifying the LNV processes will be ensured.
Therefore, we will not be concerned with this type of pos-
sible SM backgrounds for the LNV anymore. As ana-
lyzed in Ref. [38] (which focuses on same-sign electron
colliders, with a case of same-sign muon colliders simil-
ar to that considered in this work), the dominant SM
background process is u 'y~ — W-W~y,y, for the pure
leptonic channel e”e¢” + Ey. The W bosons in the final
state have effective missing energies and momenta due to
the involving neutrinos in the final state, which indicates
that the background process can be highly suppressed by
cutting the invariant-mass of the two outgoing electrons.
In addition, it is concluded in Ref. [38] that the semi-
leptonic channel e™ + ji + E7 and the pure hadronic chan-
nel 2jy also have great potential to observe the signal
processes.

We stated in Sec. III that the cross section
wrpE - WiwiE for TII-NP is similar to that
wept — WiW; for TI-NP, and the cross section of
wrpt— Wiws  for TII-NP is similar to that of
wept — WiWs for TII-NP. Therefore, for simplicity and
avoiding repetition, the results about u*u* — WiW;y for

of
of
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TII-NP and about p*u* — WiWj for TIHI-NP will not be
presented here.

The results on the cross sections o(u*u* — WiW3),
(i,j=1,2) versus +/s are presented in Fig. 8 for
My, =2.0TeV, S;=10"*, where the solid, dashed, and
dotted curves denote the results for the processes when
WW; =W, W,, W,W,, and W,W, respectively. Figure 8§
(a) shows those results with Mas» =10.0TeV and
Mpz= =11.0 TeV for TII-NP. Figure 8(b) shows the res-
ults with Mp:» =5.0TeV and M,:- =15.0TeV for TIII-
NP. The black curve denotes the results for TI-NP, the
red curves denote the results for TII-NP with My, =5.0
TeV, and the blue curves denote the results for TIII-NP
with My, =5.0 TeV and Y, = 1.0.

In Fig. 8 the blue dotted curve and the red dotted
curve merge together at +/s ~ 10.0 TeV because the pro-
cess pru* — WiWs starts from +/s=10.0 TeV when
My, =5.0 TeV. The enhancement that appears as a hill
on the Dblue curve for o 'u*— WiWy) or
o(u*u* —» Wy W5) is the resonance signal due to the
s—channel A7* or Az*, and it corresponds explicitly to the
blue solid or blue dotted curves, respectively. In the fig-
ure, one can observe the resonance signal caused by A7*
or Ay*,i.e., the resonance peak that appears in the pro-
cess u*ut — WiWy or in the process p*u* — WsW5 at
p*p* colliders. The observed resonance enhancement ap-
pears in p*u* — WiWy when the s—channel A7* plays
roles, and the observed resonance enhancement appears
in p*u* — W5 W5 when the s—channel Az* plays roles. In
addition, in Fig. 8, a "valley" is observed on the blue sol-
id or blue dotted curve owing to the interference effect
between the contributions from Majorana neutral leptons
and those from the doubly charged Higgs.

To observe the interference effects indicated by the
"hill-valley" structure for TIII-NP in the blue curves in
Fig. 8 (a) and Fig. 8 (b) more precisely, we plot
o(utpt - WEWE),(i=1,2) versus +/s in Fig. 9. In (a),
i=1, and in (b), i=2. The solid, dashed, and dotted

curves in the figures denote the results with
— 1000 H
2 i
g 10
s
2 ¢
T 0.100 |
5 !
0.001 i ’
5 10 15 20 25
@ +fs[Tev]
Fig. 8.

My, =1.0, 2.0, 3.0 TeV, respectively. In Fig. 9 (a) the
black curves denote the results for TI-NP, the red curves
in Fig. 9 (b) denote the results for TII-NP with
My, =5.0TeV, and the blue curves in both figures de-
note the results for TII-NP with My, =5.0TeV,
Yy =10, Mps» =10.0TeV, and My:- =11.0 TeV. The in-
terference effects between the contributions from doubly
charged Higgs and those from the Majorana neutral
leptons can be observed clearly (the blue curves) in Fig.
9, and both o(u*u* —» WiW;) and o(u*u* — Wy Wy5) in-
crease with increasing My,. The heights of the peaks on
the three blue curves in Fig. 9 (a) are similar because the
contributions to o(u*u* — Wi Wy) are dominated by A7*
contributions at the resonance, and varying My, does not
affect the heights of the resonance peaks at all. However,
Fig. 9 (b) shows that the heights of the peaks of the three
blue curves vary with My, because My, is related to the
Yukawa coupling Az*u*u™ and the resonance heights are
dominated by the Yukawa coupling.

To explore and see the effects of S on the cross sec-
tions o (utu* — WiWs), we set My, =2.0TeV and
Vs =15.0 TeV, and the other relevant parameters are the
same as those in Fig. 9. We plot o(u*p* — WiW7) versus
S in Fig. 10. The black solid curve denotes the result of
W,W; =W,W; for TI-NP. The red dashed and red dotted
curves denote the results of WW;=WW, and
W.W; = W,W,, respectively, for TII-NP with My, =5.0
TeV. The blue solid and blue dotted curves denote the
results of W;,W,; =W, W, and W,W; = W,W,, respectively,
for THI-NP with My, =5.0 TeV, Y, =10, M= = 10.0
TeV, and My =11.0 TeV. The dotted curves in Fig. 10
indicate that o(u*u* — W5 W5) is not sensitive to S, and
this fact can be read out from Eq. (33). The results de-
scribed by the black solid curve and the red dashed curve
show that o(u*u* — WiWy) for TI-NP, TII-NP and
o(u*p* — WiWs) for TII-NP, TII-NP increase with in-
creasing S . As shown by the blue solid curves in the fig-
ures, o(uu* — WiWy) for TII-NP decreases with the in-
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(b)
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15
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20 25

(color online) o(u*u* — WiW7) versus s with My, =2.0TeV, S2 =107, where the solid, dashed, and dotted curves denote

the results for the processes when W;W; = W, W, W W,, W,W>, respectively. In (a), those results are presented with M azs =10.0TeV and
Myz= = 11.0 TeV for TIII-NP. In (b), the results are presented with Mz =5.0TeV and M az= =150 TeV for TIII-NP. The black curves de-
note the results for TI-NP, the red curves denote the results for TII-NP with My, =5.0 TeV, and the blue curves denote the results for

TII-NP with My, =5.0 TeV and ¥,,, = 1.0.
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(color online) o(u*u* — WiWs) versus s with S; =107*. In (a), W;W; = Wi Wi, and in (b), W;W; = WoW». The solid, dashed,

and dotted curves in the figures denote the results for My, = 1.0, 2.0, 3.0 TeV, respectively. The black curves denote the results for TI-
NP, and the red curves denote the results for TII-NP with Mw, =5.0TeV. The blue curves denote the results for TIII-NP with

MW2 =50TeV, YH# =1.0, MAzx =10.0TeV, and MA;i =11.0TeV.
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Fig. 10.  (color online) o(u*u* — W W) versus S; with
My, =2.0TeV, +/s=15.0TeV (the other relevant parameters
are the same as those in Fig. 9). The black solid curve denotes
the result of W;W; = W;W; for TI-NP. The red dashed and red
dotted curves denote the results of W;W;=W;W, and
W;W; =W, W, respectively, for TII-NP with My, =5.0 TeV.
The blue solid and blue dotted curves denote the results of
WiW;=W W, and W;W;=W,W,, respectively, for TIII-NP
with My, =50TeV, ¥, =10, Mp==100TeV, and
Mz = 11.0 TeV.

crease in S, first and then increases with the increase in
S.. This is due to the fact that the contributions to the
process p*u* — WiW;i for TIII-NP are dominated by the
doubly charged Higgs when S is small (S, <107),
whereas the interference effects of the contributions from
Majorana neutral leptons and from the doubly charged
Higgs become important when S~ 10~ (the interfer-
ence effects can be observed more clearly in Fig. 9), and
the Majorana neutral lepton contributions play dominant
roles when S is sufficiently large (S} 2 107%).

It is pointed in Ref. [80] that a high energy u*u~ col-
lider running at the collision energy +/s=~10TeV can
probe S, down to the region O(1077) ~O(107) if an in-
tegrated luminosity of 10* fb™" is accumulated. Based on
same-sign high energy muon colliders with a collision en-
ergy such as +/s = 15TeV, the solid black curve in Fig.
10 shows that the total cross section of the LNV process

pp~ — Wi Wi may reach up-to approximately 0.01 fb by
the prediction of TI-NP with S}~ 107. Note from the
blue and red curves in Fig. 10 that the cross sections of
the LNV processes p*u* — WiWi predicted by TII-NP
and TIII-NP are larger than that predicted by TI-NP when
S% < 107*; hence, the LNV processes predicted by TII-NP
and TIII-NP at a high energy p*u* collider have much
greater opportunities to be observed. The observation of
these processes must offer unambiguous evidences of NP,
which is a totally different way to fix the parameter S
from that at the high energy p*u~ colliders [80].
Moreover, same-sign muon colliders have very special
advantages in observing the doubly charged Higgs and
setting constraints on the couplings of doubly charged
Higgs with charged leptons. In particular, from the facts
mentioned here, the complementarity of high energy
same-sign muon colliders with high energy u*u~ col-
liders can be concluded very well.

Taking My, =2TeV, S; = 107, we plot the angle dis-
tributions of w*u* — WiW7 in Fig. 11. Figure 11 (a)
shows that of W;W; = W, W, with +/s =5 TeV, where the
black curve denotes the results for TI-NP, the blue curves
denote the results for TIII-NP with My, =5TeV, Y, = 1.
The blue solid, blue dashed, and blue dotted curves de-
note the results with Mpz+ = Mpz= =3,5,7 TeV, respect-
ively. Figure 11 (b) shows that of W,W,; =W,W, with
\/s =7 TeV, where the red curve denotes the results ob-
tained for TII-NP. Figure 11 (c) presents that of
W,;W; = W,W, with +/s = 12 TeV, where the red curve de-
notes the results for TII-NP, the blue curves denote the
results for TIII-NP with Y, =1, and the blue solid, blue
dashed, and blue dotted curves denote the results for
My = Mpz =7, 12, 15 TeV respectively.

As shown in the figures, the angular distributions of
the process u*p* — WiW; (i = 1,2) predicted by TII-NP
are flat for Vs~ Mz = Maz+ because the contributions to
the processes are dominated by the s-channel doubly
charged Higgs in this case. The black solid, blue solid,
and blue dotted curves in Fig. 11 (a) show that
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Fig. 11.  (color online) Taking My, =2 TeV and Sﬁ =107*, (a) angle distributions of p*u* - WiW; for +s=5TeV, where the black

curve denotes the results for TI-NP, the blue curves denote the results for TIII-NP with My, =5TeV and Y,, =1, and the blue solid,
blue dashed, and blue dotted curves denote the results for M e = Mpee =3,5,7 TeV, respectively; (b) angle distributions of
wrpt = WiWwy for +/s=7TeV, where the red curve denotes the results for TII-NP; (c) angle distributions of u*u* — Wiy W5 for
Vs =12 TeV, where the red curve denotes the results for TII-NP, the blue curves denote the results for TIII-NP with Y,, =1, and the
blue solid, blue dashed, and blue dotted curves denote the results for MAzi = MAliét =7, 12, 15 TeV, respectively.

o(uu — W; W) takes the maximum value at cosd = 0, and
the contributions to the process are dominated by Major-
ana neutral leptons in these three cases. Figures 11 (b)
and (c) show that o(uu — W W,) predicted by TII-NP,
THI-NP and o(uu — W, W,) predicted by TII-NP take the
minimum values at cos6 = 0. The angular distributions of
the process p*u* — W5 W5 predicted by TIII-NP are flat
when the contributions are dominated by doubly charged
Higgs, and o(uu — W,W,) takes the minimum value at
cos# = 0 when the contributions are dominated by Major-
ana neutral leptons.

V. DISCUSSIONS AND SUMMARY

It will be feasible to build a high energy pu*u~ col-
lider in the future once progresses on the relevant tech-
niques are achieved. Then, building a very high energy
same-sign u*u* collider should have no additional seri-
ous technical problems. Therefore, it is crucial to invest-
igate important physics phenomena, such as lepton di-fla-
vor violation (LFV) processes u*u* —e*e* and
wru* — v*7* and lepton di-number violation (LNV) pro-
cesses pru* — WiEWE (i, j=1, 2), at very high energy
w*p* colliders. All of these processes are forbidden in the
SM, and the observation of these processes is sensitive to
the nature of the heavy neutral leptons and neutrinos, for
example, the LFV and LNV physics at TeV energy scale
and the doubly charged Higgs in certain new physics
(NP) models. In this regard, we have performed quantitat-
ive evaluations of the NP contributions to these pro-
cesses and explored their essential characteristics by cat-
egorizing the involved NP factors into three types. Tak-
ing into account the constraints imposed by existing ex-
periments, we have computed and appropriately presen-
ted the numerical results in figures. This section provides
brief discussions on the obtained results and summarizes
the significance of observing LFV di-lepton and LNV di-
boson processes at TeV-scale u*u* colliders.

For the LFV di-lepton processes, Figs. 4—6 clearly

show that the predicted o(u*y*—7"7*) and
o(utp* — e*e*) can reach 10 fb and 107 fb, respectively,
for TI-NP and TII-NP. This indicates that the process
Mt — 1= has great opportunities to be observed at the
high energy p*u* colliders, whereas the process
wrp* — e*e* is comparatively harder to be observed at
such p*u* colliders. For TIII-NP, the contributions to the
LFV di-lepton processes are dominated by doubly
charged Higgs in most cases, and the results are much lar-
ger than those for TI-NP and TII-NP. Both the
pwrpE -ttt and ptu* — e*e* processes predicted by
THI-NP have great opportunities to be observed at high
energy wp*u* colliders. Furthermore, Fig. 5 clearly
demonstrates the resonance enhancements caused by the
two s—channel doubly charged Higgs for TIII-NP. This
implies that the LFV processes p*fu*— v*t* and
wrp* — e*e* serve as favorable channels for observing
the two doubly charged Higgs at high energy p*u* col-
liders. The angular distributions of p*u* — v*1* and
wrpt — e*e* predicted for TI-NP, TII-NP, and TII-NP
are flat, which indicates that the di-lepton processes pre-
dicted in all these three types of NP are insensitive to the
angular cuts (Fig. 7).

For the LNV di-boson processes, the results for
o(usp*t - WiWy) for TII-NP are similar to those for
ot — WiWy) for TI-NP, and the results for
o(uru* —» Wiwy) for TII-NP are similar to those for
o(ut - Wiwy) for TII-NP. Figures 8—10 clearly
demonstrate that o(u*u* — WiWy) predicted by TI-NP
and TII-NP can reach a large value approximately as
10*fb  when +/s=15TeV, and the cross-section
ot — WiWwy) predicted by TII-NP and TIII-NP can
reach approximately 100 fb when +/s =15 TeV. The res-
onance enhancements in o(uu* - WiWi) and
o(u*u* - WyWy) are due to the contributions from
doubly charged Higgs for TIII-NP. Thus, observing the
processes p*u* — WiWy and p*u* — Wiy W5 at very high
energy u*u* colliders represents a valuable approach to
observe the relevant signals originated from either A7* or
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% . Measuring the total decay widths of A7* and Az* for
TIII-NP via observing the LNV di-boson processes is
also an important topic for the high energy u*u* col-
liders. The results of angle distributions (Fig. 11) show
that do(uu — W, W;)/dcos@ predicted for TI-NP, TII-NP
takes the maximum value at cosd =0. For TIII-NP, the
angular distributions of the process u*u* — WiW;i are
flat when the contributions to p*u* — WiW; are domin-
ated by doubly charged Higgs, and o(uu — W, W;) takes
the maximum value at cosf =0 when the contributions
are dominated by Majorana neutral leptons.
o(uu — W, W,) predicted for TII-NP and TIII-NP and
o(uu — WoW,) predicted for TII-NP take the minimum
values at cosd = 0. The angular distributions of the pro-
cess uru* — Wy Wy predicted for TIHI-NP are flat when
the contributions are dominated by doubly charged
Higgs, and o(uu — W,W,) takes the minimum value at
cos® = 0 when the contributions are dominated by Major-
ana neutral leptons.

In summary, observing the LFV and LNV processes
represents one of the most important physics aspects at
high energy u*u* colliders. The quantitative investiga-
tions presented in this paper lead us to conclude that the
LFV process u*u* — v=1v* predicted by TI-NP, TII-NP,
and TIII-NP is highly expected to be observed at very
high energy u*u* colliders, whereas the process

wrp — e*e* is expected to be observed only for TIII-NP.
Further, all of the LNV di-boson processes predicted by
TI-NP, TII-NP, and TIII-NP have great opportunities to
be observed at such colliders. Based on the numerical res-
ults analyzed in Sec. IV, we can have more insights into
the characteristics of the processes due to NP, and
achieve the relevant constraints on parameters such as
My, My,, Yy, Mas=, and Mpz=. It should be emphasized
that, at such high energy p*u* colliders, there are signi-
ficant opportunities to observe the NP factors, such as the
leptonic Majorana components, right-handed W-bosons,
and two doubly charged Higgs and their properties.

Therefore, owing to the support of important physics
and absence of serious problems in building high energy
same-sign muon colliders, as explored in this paper, we
believe that both high energy p*u~ colliders and same-
sign p*u* colliders will be built in future when tech-
niques such as muon acceleration, muon beam storage in
a circular ring, and collision of two counter-propagating
muon beams become mature.
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