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Abstract: We  discuss  the  gravitational  wave  (GW)  spectra  predicted  from  the  electroweak  scalegenesis  of  the
Higgs portal type with a large number of dark chiral flavors, which many flavor QCD would underlie and give the
dynamical explanation of the negative Higgs portal coupling required to trigger the electroweak symmetry breaking.
We employ the linear-sigma model as the low-energy description of dark many flavor QCD and show that the mod-
el undergoes ultra-supercooling due to the produced strong first-order thermal phase transition along the (approxim-
ately realized) flat direction based on the Gildener-Weinberg mechanism. Passing through evaluation of the bubble
nucleation/percolation,  we  address  the  reheating  and  relaxation  processes,  which  are  generically  non-thermal  and
nonadiabatic. Parametrizing the reheating epoch in terms of the e-folding number, we propose proper formulae for
the redshift effects on the GW frequencies and signal spectra. It then turns out that the ultra-supercooling predicted
from the Higgs-portal scalegenesis generically yields none of GW signals with the frequencies as low as nano Hz,
unless the released latent heat is transported into another sector other than reheating the universe. Instead, models of
this class prefer to give the higher frequency signals and still keeps the future prospected detection sensitivity, like at
LISA, BBO, and DECIGO, etc. We also find that with large flavors in the dark sector, the GW signals are made fur-
ther smaller and the peak frequencies higher. Characteristic phenomenological consequences related to the multiple
chiral scalars include the prediction of dark pions with the mass much less than TeV scale, which is also briefly ad-
dressed.
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I.  INTRODUCTION

The  origin  of  mass  and  the  electroweak  symmetry
breaking is not sufficiently accounted for in the standard
model (SM), although the SM-like Higgs was discovered
[1, 2]: in the SM, the sign of the Higgs mass parameter is
necessarily assumed  to  be  negative,  to  realize  the  elec-
troweak  symmetry  breaking,  which  is  given  by  hand.
This  is  indeed  the  longstanding  and  unsolved  issue  still
left at present, with which the gauge hierarchy problem or
fine tuning problem is also associated.

One  idea  to  tackle  this  issue  is  to  consider  the  so-
called  classical  scale  invariance.  This  is  originated  from
the Bardeen's argument [3]: the classical scale invariance
sets the Higgs mass parameter to be zero at some scale in

the  renormalization  group  evolution,  say,  at  the  Planck
scale, so that the Higgs mass will not be generated. It has
been  so  far  suggested  that  the  classical  scale  invariance
for the Higgs potential at the Planck scale can be realized
as an infrared fixed point nonperturbatively generated by
quantum gravitational effects [4–8].

λH = (m2
h/2v2

h) ≃ 1/8≪ 1 λH → 0
vh ≃ 246

mh ≃ 125

It might be interesting to argue also that the observed
SM-like  Higgs  is  supposed  to  have  the  profile  along  a
nearly  scale-invariant  direction,  i.e.,  the  flat  direction  in
the electroweak-broken phase. This can be manifested by
realizing  the  fact  that  the  small  Higgs  quartic  coupling,

 with  taking  the  limit 
leads to the flat Higgs potential keeping nonzero 
GeV and the mass  GeV [9, 10].
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Given the  classical  scale  invariance,  the  scalegenesis
has to be triggered by new physics, like a dark sector. The
simplest idea along this conformal extension of the SM is
to predict one SM-singlet scalar, S,  allowing coupling to
the Higgs doublet via forming the portal with a real scal-
ar [11] or an extra -charged scalar [12], or a generic
complex  scalar  with  or  without  violation  [13–15],
such  as .  Those  dark  sector  scalars  together  with
the SM-like Higgs develop the flat direction and the clas-
sical  scale  invariance  is  spontaneously  and  explicitly
broken by the dimensional  transmutation at  the quantum
loop  level,  due  to  what  is  called  Coleman-Weinberg
mechanism  [16]  and/or  Gildener-Weinberg  mechanism
[17].  This  is  the  scalegenesis  of  one  kind,  what  we may
call the Higgs portal scalegenesis.

In  the  simplest  Higgs-portal  scalegenesis  where  only
single  singlet  scalar  is  introduced,  the  portal  coupling  is
necessarily assumed to be negative. There even including
the  radiative  corrections,  one  needs  to  require  the  portal
coupling  to  be  negative  by  hand,  otherwise  any  models
can  never  realize  the  electroweak  symmetry  breaking
(see,  e.g.,  [18],  and  references  therein).  Actually,  this  is
the same drawback as what the SM possesses in terms of
the  negative  Higgs  mass  parameter.  Therefore,  the
simple-minded  Higgs  portal  scalegenesis  still  calls  for
some new physics.

UB−L U(1)X

B−L

One  way  out  is  to  further  predict  an  additional  dark
sector with a new gauge symmetry  or . In that
case the new scalar is charged under the new gauge sym-
metry  (e.g.  the  Higgs),  so  that  the  negative  portal
coupling can be generated at low energy by the renormal-
ization group evolution, as has been addressed in the lit-
erature [19–21].

Another type of the dynamical origin of the negative
portal  coupling  has  been  proposed  in  a  unified  way  in
[22].  It  is  mandatory to link with an underlying (almost)
scale-invariant dark QCD with many flavors. In this scen-
ario, the Higgs portal partner, a dilaton, arises as a com-
posite-singlet scalar generated from the underlying scale-
invariant  many  flavor  gauge  theory.  The  scale  anomaly
induced  via  the  Gildener-Weinberg/Coleman-Weinberg
mechanism  can  also  be  interpreted,  by  the  anomaly
matching,  as  the  nonperturbative  scale  anomaly  coupled
to the composite dilaton, where the latter is generated by
the dynamical chiral-scale breaking in the underlying the-
ory. Along this  scenario,  generically  plenty of  dark had-
ron spectra will be predicted due to the many flavor struc-
ture,  which  could  be  testable  at  collider  experiments
and/or through  footprints  left  in  cosmological  observa-
tions.  Such  an  almost-scale  invariant  feature  has  also
been applied to inflationary scenarios with the small-field
inflation of the Coleman-Weinberg type [23, 24].

In this paper, we focus on many flavor QCD scenario
in  a  view  of  the  underlying  theory  for  the  Higgs  portal
scalegenesis,  and  discuss  the  gravitational-wave  (GW)

N f

Nc = 3
N f

footprints  in  cosmology  arising  from  the  cosmological
phase transition along the flat direction. We in particular
take the number of dark flavors ( ) to be 8 for scale-in-
variant  many  flavor  QCD  with  the  number  of  colors

,  as  a  definite  benchmark  model,  though  we  will
keep arbitrary  when discussing analytic features. This
setup has been definitely clarified,  in  lattice simulations,
to  be  scale-invariant  QCD  along  with  presence  of  the
chiral  broken  phase  [25–27]  and  the  light  composite
dilaton [28–30] (when the eight  fermions are  in  the fun-
damental representation of the gauge group).

N f = 8

We work on the scale-invariant linear sigma model as
the  low-energy  description  of  underlying  many  flavor
QCD, to which the SM sector couples through the Higgs
portal. With the currently available observables and con-
straints related to the Higgs sector at hand, we analyze the
cosmological phase transition and show that in the case of
the benchmark model  with  the  ultra-supercooling
is  generated  and  the  nucleation/percolation  of  true-vacu-
um bubbles. The large flavor dependence on the cosmolo-
gical phase transition is also discussed. Then we evaluate
the GW signals sourced from the ultra-supercooling.

N f = 8
In the literature [31],  GW spectra  produced from the

ultra-supercooling in many flavor QCD with  have
been discussed based on the  scale-invariant  linear  sigma
model  description  as  the  low-energy  effective  theory.
This  is,  however,  not  the  Higgs  portal  scalegenesis,  but
what  is  called  (many-flavor)  walking  technicolor  [32],
where  the  composite  dilaton  (called  technidilaton  [33])
plays the role of the SM-like Higgs itself.

In other works [34, 35] the ultra-supercooling gener-
ated from the  Higgs  portal  scalegenesis  coupled  to  mul-
tiple SM singlet scalars have been discussed in a generic
manner  in  light  of  prediction  of  the  GW  signals.  In  the
present  study,  the  SM-like Higgs  forms  the  portal  coup-
ling only to a singlet scalar (dilaton), not multiple of scal-
ars  like in the literature.  The flat  direction,  derived from
the  present  scenario,  is  thus  the  simplest,  in  contrast  to
the one in the literature.

Our particular claim is also on evaluation of the red-
shift  effect  on  the  produced  GWs.  This  redshift  arises
through the reheating epoch due to releasing the false va-
cuum energy (latent heat) into the SM thermal plasma via
the  Higgs  portal  coupling.  Parametrizing  the  reheating
epoch in terms of the e-folding number, we propose prop-
er formulae  for  the  redshift  effects  on  the  GW  frequen-
cies and signal spectra.

N fWe  find  that  the  ultra-supercooling  with  large 
generically yields  none of  GW signals  with  the  frequen-
cies as low as nano Hz (namely, no signal in NANO Grav
15yr  [36]  and  also  in  other  nano  Hz  signal  prospects
[37–39]),  instead,  prefers  to  give  the  higher  frequency
signals. The thus characteristically produced GW spectra,
however, still  keep  having  the  future  prospected  detec-
tion  sensitivity,  like  at  the  Laser  Interferometer  Space

He-Xu Zhang, Shinya Matsuzaki, Hiroyuki Ishida Chin. Phys. C 48, 045106 (2024)

045106-2



N f

Antenna (LISA) [40, 41], the Big Bang Observer (BBO)
[42, 43],  and  Deci-hertz  Interferometer  Gravitational
Wave Observatory (DECIGO) [44, 45], etc. We also find
that with large , the GW signals are made further smal-
ler and the peak frequencies higher.

This paper is organized as follows: in Sec. II the mod-
el  for  the  Higgs  portal  scalegenesis  with  multiple  dark
chiral scalars  is  introduced  in  details  and  the  flat  direc-
tion  at  the  tree-level  as  well  as  the  phenomenological
constraint  to  fix  the  model  parameters  are  discussed.  In
Sec. III we show the one-loop computations of the effect-
ive potential arising from the model introduced in Sec. II,
based  on  the  Gildener-Weinberg  mechanism  and  the
standard  way  of  incorporation  of  thermal  corrections.  In
Sec. IV the cosmological-first order-phase transition pre-
dicted from the present model is addressed in details, in-
cluding the ultra-supercooling phenomenon and the nuc-
leation of the created bubbles. There we find the charac-
teristic  features  for  the  phase  transition  parameters  (de-
noted  as α and β)  closely  tiled  with  the  consequence  of
the  ultra-supercooling  in  the  Higgs-portal  scalegenesis.
Section  V  provides  the  evaluation  of  the  GWs  sourced
from the predicted ultra-supercooling in details. Then we
propose a  proper  formula  to  take  into  account  the  red-
shift  effect  on the produced GWs related to  reheating of
the  universe.  Summary  of  the  present  study  is  given  in
Sec.  V,  where  we  also  discuss  phenomenological  and
cosmological consequences, other than the predicted GW
signals, including cosmology of possible dark matter can-
didates and collider experimental probes for the dark sec-
tor  with  many  chiral  flavors,  such  as  the  prediction  of
dark pions with the mass much less than TeV scale. 

II.  THE MODEL SET-UP

U(N f )L ×U(N f )R

M(x) N f ×N f

U(N f )L ×U(N f )R

In this section, we begin by modeling the Lagrangian
having the chiral  symmetry and the clas-
sical  scale  invariance  at  some  ultraviolet  scale  (above
TeV). The building blocks consist of the so-called chiral
field ,  which  forms  an  matrix and  trans-
forms under the global chiral  symmetry
as 

M(x)→ gL ·M(x) ·g†R, gL,gR ∈ U(N f ) , (1)

M† gL gR

U(N f )L ×U(N f )R

and  its  hermitian  conjugate ,  where  and  stand
for  the  transformation  matrices  belonging  to  the  chiral-
product group . This M transforms under
the  scale  (dilatation)  symmetry  to  get  the  infinitesimal
shift as 

δDM(x) = (1+ xν∂ν) ·M(x) . (2)

In addition, we impose the parity (P) and charge conjug-

M→ M† M→ MT
ate (C) invariance in the M sector, which transform M as

 for P,  and  for C.  Hereafter  we  will
suppress  the  spacetime  coordinate  dependence  on  fields,
unless necessary.

U(N f )L×
U(N f )R

Including  the  SM-like  Higgs  field  coupled  to  this M
in  a  manner  invariant  under  the  global  chiral 

 and SM gauge symmetries  together  with C an P
invariance in the M sector, we thus construct the scale-in-
variant linear sigma model with the scale-invariant SM as
follows: 

L =LSM +Tr
[
∂µM†∂µM

]
−V(H,M) , (3)

LSM
V(H,M)

where  is the  SM Lagrangian without  the  Higgs  po-
tential  term, and  denotes  the scale-invariant po-
tential which takes the form 

V(H,M) = λ1
(
Tr[M†M]

)2
+λ2Tr

[
(M†M)2

]
+λmix|H|2Tr[M†M]+λh|H|4 , (4)

λh λ1 λ2 λmixwith , ,  and  being  positive  definite,  while 
negative.

U(N f )L ×U(N f )R

U(N f )V

U(N f )V

The  chiral  symmetry  is  assumed  to
be spontaneously broken down to the diagonal  subgroup

,  what  we  shall  conventionally  call  the  dark
isospin  symmetry.  The  symmetry  is  manifestly
unbroken  reflecting  the  underlying  QCD-like  theory  as
the  vectorlike  gauge  theory.  Taking  into  account  this
symmetry breaking pattern and the VEV of the SM Higgs
field H to break the electroweak symmetry as well, M and
H fields are parametrized as 

⟨M⟩ = ϕ√
2N f
· IN f×N f , ⟨H⟩ =

1√
2

Ç
0
h

å
, (5)

IN f×N f N f N fwhere  is the  by  unit matrix. In terms of the
background fields ϕ and h, the tree-level potential is thus
read off from Eq. (4) as 

Vtree =
1
4

Å
λ1+

λ2

N f

ã
ϕ4+
λmix

4
h2ϕ2+

λh

4
h4 . (6)

To this potential, the potential stability condition requires 

λh ≥ 0, λ2
mix ≤ 4

Å
λ1+

λ2

N f

ã
λh . (7)

h ∝ χ ϕ ∝ χ

Vtree

We  apply  the  Gildener-Weinberg  approach  [17]  and
try to find the flat direction, which can be oriented along

 and  with  the  unified  single  background χ.
This  proportionality  to χ is  clarified  by  solving  mixing
between h and ϕ arising in  of Eq. (6) with the mix-
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ing angle θ, in such a way that 

h = χsinθ , ϕ = χcosθ . (8)

Using this we rewrite the tree-level potential in Eq. (6) as
a function of χ, to get 

Vtree =
χ4

4

ïÅ
λ1+

λ2

N f

ã
cos4 θ+λmix cos2 θ sin2 θ+λh sin4 θ

ò
.

(9)

VtreeThe  flat  direction  condition,  which  requires  to van-
ish and stationary along that direction, yields 

tan2 θ =
−λmix

2λh
, λ2

mix = 4
Å
λ1+

λ2

N f

ã
λh , (10)

at certain renormalization group scale μ.
Around the VEV in the flat direction M and H can be

expanded as 

M =
ϕ+σ+ iη√

2N f
· IN f×N f +

N2
f −1∑

a=1

(ξa+ iπa)T a, H =
1√
2

Ç
0

h+ h̃

å
,

(11)

Ta SU(N f )
Tr(T aT b) =

δab/2 h̃

ξa πa

h̃ ξa πa

where  are the generators of  group in the fun-
damental  representation  and  normalized  as 

,  and  denotes  the  Higgs  fluctuation  field.  In  Eq.
(11) σ and η are  the  dark  isospin-singlet  scalar  and
pseudoscalar fields, while  and  the dark isospin-ad-
joint  scalar  and  pseudoscalar  fields,  respectively.  These
dark-sector  fields would be regarded as mesons in terms
of  the  expected  underlying  QCD-like  gauge  theory.  The
field-dependent mass-squares for , σ, η, , and  then
read 

m2
σ(χ) = 3

Å
λ1+

λ2

N f

ã
χ2 cos2 θ+

λmix

2
χ2 sin2 θ

= 2
Å
λ1+

λ2

N f

ã
χ2 cos2 θ ,

m2
ξa (χ) =

Å
λ1+

3λ2

N f

ã
χ2 cos2 θ+

λmix

2
χ2 sin2 θ

=
2λ2

N f
χ2 cos2 θ ,

mη(χ) = m2
πa (χ) = 0 ,

m2
h̃(χ) = −λmixχ

2 cos2 θ , (12)

πa
where  we  have  used  the  flat  direction  condition  in  Eq.
(10). Note that the Nambu-Goldstone bosons  and η as-
sociated  with  the  spontaneous  chiral  breaking  are  surely
massless along the flat direction.

h−χ
The angle θ defined in Eq. (8) simultaneously diagon-

alizes the  mixing mass matrix, 

M2 =

Ü
2λhv2

h λmixvhvϕ

λmixvhvϕ 2
Å
λ1+

λ2

N f

ã
v2
ϕ

ê
, (13)

in such a way that (
h1

h2

)
=

(
cosθ −sinθ

sinθ cosθ

)(
h̃

σ

)
, (14)

h1 h2

h1 h2

with  the  mass  eigenstate  fields  and . This  eigen-
value system gives the tree level mass eigenvalues for the
mass eigenstates  and  as 

m2
h1
= −λmixv2

χ , m2
h2
= 0 . (15)

h2

h2

h1

mh1 ≃ 125

At this moment,  thus becomes massless (called the
scalon [17]) having the profile along the flat direction. At
the one-loop level, this  acquires a mass as the flat dir-
ection is lifted by the quantum corrections, and becomes
what  is  called  the  pseudo-dilaton  due  to  the  radiative
scale  symmetry  breaking.  On  the  other  hand,  has  the
profile perpendicular to the flat direction, identified as the
SM-like  Higgs,  observed  at  the  LHC  with 
GeV, which does not develop its mass along the flat dir-
ection.

Current experimental limits on the mixing angle θ can
be  read  off  from  the  total  signal  strength  of  the  Higgs
coupling  measurements  at  the  Large  Hadron  Collider
(LHC) [46]. The limit can conservatively be placed as 

sin2 θ =
v2

h

v2
χ

≲ 0.1 , i.e., vχ ≳ 778GeV, (16)

vh ≃ 246with  GeV being fixed to the electroweak scale. 

III.  GILDENER-WEINBERG TYPE SCALEGEN-
ESIS AND THERMAL CORRECTIONS

MS

In this section, along the flat direction in Eq. (10), we
compute the one-loop effective potential at zero temperat-
ure in the  scheme1). The thermal corrections are then
incorporated in an appropriate way at the consistent one-
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order in the resummed perturbation theory, so that they are decoupled in the effective potential analysis.

045106-4



loop level.
We find that the resultant one-loop effective potential

at zero temperature takes the form
 

V1(χ) = Aχ4+Bχ4 log
χ2

µ2
GW
, (17)

with

A =
cos4 θ

16π2

ïÅ
λ1+

λ2

N f

ã2Å
log
Å

2
Å
λ1+

λ2

N f

ã
cos2 θ

ã
− 3

2

ã
+ (N2

f −1)
λ2

2

N2
f

Å
log
Å

2λ2

N f
cos2 θ

ã
− 3

2

ã
+
λ2

mix

4

Å
log
(
|λmix|cos2 θ

)
− 3

2

ãò
+

1
64π2v4

χ

∑
i=t,Z,W±

(−1)snim4
i

Ç
log

m2
i

v2
χ

− ci

å
,

B =
cos4 θ

16π2

ñÅ
λ1+

λ2

N f

ã2

+
(
N2

f −1
) λ2

2

N2
f
+
λ2

mix

4

ô
+

1
64π2v4

χ

∑
i=t,Z,W±

(−1)snim4
i , (18)

s = 1(0) ci =
1
2

(
3
2

)

ci =
3
2

ni i = t W±

m2
i (χ) = m2

i
χ2

v2
χ

where  for  fermions  (bosons);  for  the
transverse  (longitudinal)  polarization  of  gauge  bosons,
and  for the other particles. The numbers of degree
of freedom (d.o.f.)  for , Z,  are 12, 3, 6, respect-

ively, and their masses can be written as .

µGW

The  nonzero  VEV  of χ is associated  with  the  renor-
malization scale  via  the  stationary condition (as  the
consequence of the dimensional transmutation): 

∂V1(χ)
∂χ

= 0 ⇒ µGW = vχ exp
Å

A
2B
+

1
4

ã
. (19)

Correspondingly,  the  effective  potential  can be  rewritten
as 

V1(χ) = Bχ4

Ç
log
χ2

v2
χ

− 1
2

å
+V0 ,

V0 =
Bv4
χ

2
≃
λ2

2v4
χ

32π2

N2
f −1
N2

f
, (20)

from which the radiatively generated mass of χ is also ob-
tained as 

M2
χ =
∂2V1(χ)
∂χ2

∣∣∣∣
χ=vχ

= 8Bv2
χ . (21)

V0

V1(vχ) = 0

B > 0

In  Eq.  (20)  denotes  the  vacuum energy,  which  is
determined by the normalization condition , and
the last  approximation has  been made by taking into ac-
count  the  flat  direction  condition  Eq.  (10)  together  with
the constraints from realization of the Higgs mass and the
electroweak scale in Eqs. (16) and (15). Note that the po-
tential stability condition  at one-loop level is trivi-
ally met in the present model.

πa

To be phenomenologically realistic, we need to intro-
duce an  explicit  scale  and  chiral  breaking  term,  other-
wise  there  are  plenty  of  massless  Nambu-Goldstone bo-
sons,  and η,  left  in the universe.  However,  as long as
the  explicit  breaking small  enough that  the  flat  direction
can still approximately work, the to-be-addressed charac-
teristic features on the cosmological phase transition and
the  gravitational  wave  production  will  not  substantially
be altered. Later we will come back to this point in a view
of the phenomenological consequences related to the pre-
dicted GW spectra (see Summary and Discussion).

By  following  the  standard  procedure,  the  one-loop
thermal corrections are evaluated as 

V1,T (χ,T ) =
T 4

2π2
JB

Å
m2
σ(χ)
T 2

ã
+

(
N2

f −1
)

T 4

2π2
JB

Ç
m2
ξi (χ)

T 2

å
+

T 4

2π2
JB

Å
m2

h(χ)
T 2

ã
+

T 4

2π2

[ ∑
i=t,Z,W

(−1)2sniJB/F

Å
m2

i (χ)
T 2

ã]
,

(22)

with the bosonic/fermionic thermal loop functions 

JB/F(y2) =
∫ ∞

0
dt t2 ln

(
1∓ e−

√
t2+y2
)
. (23)

m2
i (χ)→ m2

i (χ)+Πi(T )
Πi(T )

It has been shown that the perturbative expansion will
break  down  since  in  the  high-temperature  limit  higher
loop contributions can grow as large as the tree-level and
one-loop  terms  [47, 48].  To  improve  the  validity  of  the
perturbation, we adopt the truncated full dressing resum-
mation  procedure  [47], which  is  performed  by  the  re-
placement  in the full  effective po-
tential.  The  thermal  masses  are computed  as  fol-
lows: 
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Πσ/ξi (T ) =
T 2

6

ï(
N2

f +1
)
λ1+2N fλ2+

λmix

4

ò
,

Πh(T ) = T 2

Ç
λh

4
+

y2
t

4
+

3g2

16
+

g′2

16
+
λmix

24
+

N2
f

12
λmix

å
,

ΠL
W(T ) =

11
6

g2T 2, ΠT
W(T ) = 0,

ΠL
Z(T ) =

11
6

(g2+g′2)T 2, ΠT
Z (T ) = 0 . (24)

g = 2mW/vh g′ = 2
√

m2
Z −m2

W/vh

yt =
√

2mt/vh Π
L
W/Z(T )

ΠT
W/Z(T )

O(N2
f )

Here  the  SM  gauge  and  Yukawa  couplings  are  defined
through  the  masses  of W, Z bosons, and  top  quark,  re-
spectively,  as , ,  and

.  denotes the thermal masses of  the
longitudinal  mode  of W or Z bosons,  while  transverse
modes  are  protected  not  to  be  generated  due  to
the  gauge  invariance.  In  general,  the  contributions  from
the daisy resummation are  less  important  due to  the fact
that the phase transition completes well below the critical
temperature  in  the  supercooling  case.  However,  the
thermal mass with such large number of degrees of free-
dom, , will become ten times as big as the field-de-
pendent mass around the barrier, so that it's necessary to
include the daisy contributions.

mh

vh

V1 V1,T

λ2 vχ

Taking into account the flat direction condition in Eq.
(10)  together  with  the  inputs  for  the  Higgs  mass ,  the
electroweak  scale ,  and  the  SM  gauge  and  top  quark
masses,  we  see  that  the  total  one-loop  effective  potential,

 in Eq. (20) plus  in Eq. (22), is evaluated as a func-
tion of  and . From the next section, we shall discuss
the cosmological phase transition in this parameter space. 

IV.  COSMOLOGICAL PHASE TRANSITION:
ULTRA-SUPERCOOLING AND

NUCLEATION

χ/Tc≫ 1
Tc

In  this  section  we  address  the  cosmological  phase
transition  based  on  the  one-loop effective  potential  de-
rived in the previous section. Since it is of the Coleman-
Weinberg type,  the  phase  transition  becomes  of  first  or-
der to be strong enough, i.e., , in a wide range of
the coupling parameter space, where  denotes the crit-
ical temperature at which the false and true vacua get de-
generated.

Γ(T )

In the expanding universe the first order phase trans-
ition  proceeds  by  the  bubble  nucleation.  The  nucleation
rate  per  unit  volume/time  of  the  bubble, ,  can  be
computed as 

Γ(T ) ≃ T 4
Å
−S 3(T )

2πT

ã3/2

exp
Å
−S 3(T )

T

ã
, (25)

S 3(T ) O(3)where  is the  symmetric bounce action at T: 

S 3(T ) = 4π
∫ ∞

0
d3r r2

Ç
1
2

Å
dχ̄
dr

ã2

+Veff(χ̄,T )

å
. (26)

χ̄(r)The normalizable bubble profile  can be obtained by
numerically solving the equation of motion, 

d2χ̄

dr2
+

2
r

dχ̄
dr
=

dVeff(χ̄,T )
dχ̄

, (27)

with the boundary conditions 

2
r

d ¯χ(r)
dr

∣∣∣∣
r=0
= 0, χ̄(r)|r=∞ = 0 . (28)

TnThe  nucleation  temperature  is  defined  when  the
bubble  nucleation  rate  for  the  first  time  catches  up  with
the Hubble expansion rate: 

Γ(Tn)
H(Tn)4

∼ 1 , (29)

namely, 

S 3(Tn)
Tn

− 3
2

log
Å

S 3(Tn)
2πTn

ã
∼ 4log

Tn

H(Tn)
, (30)

H2(T ) =
[
∆V(T )+ρrad(T )

]
/3M2

pl

HV = ∆V(Tn)/3M2
pl

Tn

(λ2,vχ) Tn

N f = 8

Tn < TQCD

where , which, for the su-
percooled phase transition,  can be well  approximated by
the  vacuum energy  part .  In Fig.  1 we
display the contour plot  of  in  the parameter  space on
the  plane  for  a  couple  of  reference  values  for 
up  to  10  GeV.  There  we  have  taken  as a  bench-
mark  inspired  by  underlying  many flavor  QCD as  noted
in the Introduction. In the plot we have discarded the case
with  because in that  case instead of the Higgs

 

Tn (λ2,vχ) N f = 8

Tn < TQCD

λ2

Fig. 1.    (color online) The contour plot of the nucleation tem-
perature  in the  plane with .  The blue-shaded
regime corresponding to the case with  is discarded
in  the  present  study,  which will  actually  be  covered with  the
null percolation regime due to too small size of .
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portal, the  QCD phase  transition  would  trigger  the  elec-
troweak  phase  transition,  as  addressed  in  the  literature
[49–52], which is to be beyond our current scope.

N2
f

Tn < TQCD vχ
∼ 104 Tp

Tn

The  contour  plot  shown  in Fig.  1 is  qualitatively
identical  to  the  one discussed in  [53]  except  for  the  size
of  the  relevant  couplings.  The  discrepancy  comes  from
the  quite  different  number  of  the  dark-sector  particles
contributing  to  the  one-loop  effective  potential:  the
present case is, say,  (see Eqs. (20) and (22)), while the
model  in  the  literature  only  includes  one.  In  particular
since  a  large  number  of  thermal  loop  contributions  are
created in the present model, the smaller size of the coup-
ling  is  sufficient  to  achieve  the  nucleation  over  the
Hubble rate. The percolation will process qualitatively in
a  similar  manner  as  well.  In  the  literature,  it  has  been
shown that due to too small size of the coupling strength,
the  null  percolation  regime  is  fully  overlapped  with  the
region  for ,  which  starts  when  gets  as  large
as  GeV,  The  percolation  temperature  has  also
been clarified to be almost identical to  in a wide para-
meter space as in the contour plot, Fig. 1. These features
follow also in the present model.

The  GW  spectrum  resulting  from  the  cosmological-
first  order  phase  transition  can  be  parametrized  by  two
parameters α and β.  The former α measures  the  strength
of  the  first  order  phase  transition,  which  is  given  by  the
ratio of the latent heat released from the false vacuum to
the radiation energy density: 

α ≡ 1
ρrad(Tn)

Ç
−∆V(Tn)+Tn

d∆V(T )
dT

∣∣∣∣
T=Tn

å
≃ ∆V(Tn)
ρrad(Tn)

,

(31)

∆V(T )

α≫ 1

β̃

where  is the difference of the effective potential at
the true and false vacua1).  The value of α turns out to be
extremely  large, ,  for  the  ultra-supercooled  phase
transition.  The latter  parameter β and its  normalized one

 are defined as 

β̃ ≡ β

H(Tn)
= Tn

d
dT

Å
S 3(T )

T

ã∣∣∣∣
T=Tn

, (32)

which  measures  the  duration  of  the  phase  transition  and
the characteristic frequency of the GW through the mean
bubble radius at collisions.

Tr

Tr

Another remark should be made on the characteristic
temperature  directly  related  to  the  peak  frequencies  of
GWs, that is the reheating temperature . It is usually ar-
gued that the estimate of  depends on whether the rate

Γdecof the χ decay to the SM sector ( ) becomes smaller or
larger than the Hubble parameter, that we shall classify in
more details below.
 

Γdec≫ H(Tp)(i) In the case with , where the reheating
is supposed to be processed instantaneously after the end
of the supercooling, and the whole energy accumulated at
the false  vacuum is  expected  to  be  immediately  conver-
ted into  the  radiation.  The  resultant  reheating  temperat-
ure is determined by assuming the full conversion of the
vacuum energy into the radiation [51, 56] 

ρrad(Tr) ≃ ρrad(Tp)+ρvac(Tp) ≃ ρvac(Tp)

⇒ Tr ≃ (1+α)1/4Tp ≃
Å

30∆V
π2gr

ã1/4

≡ Tvac , (33)

α≫ 1where  in  the  last  line  we  have  taken  into  account 
for the ultra-supercooling case.
 

Γdec≪ H(Tp)

Γdec ∼ H(Tp)

Tr

(ii)  In  the  case  with , the  reheating  pro-
cess  is  supposed  to  work  so  slowly  that χ is  allowed  to
roll  down  and  oscillate  around  the  true  vacuum  until

,  where  the  universe  undergoes  the  matter-
dominated period, In that case, the reheating temperature

 reads [51, 57, 58] 

Tr ≃ Tvac

 
Γdec

H(Tp)
. (34)

Tr

As will be discussed in more details, however, in the
present  study  we  do  not  refer  to  the  size  of  the χ decay
rate  in  addressing  the  reheating  process  as  classified  in
way  as  above.  More  crucial  to  notice  is  that  at  any  rate
whether the case is (i) or (ii),  almost simply scales as
(see also Eq. (20)) 

Tr ∝ Tvac ∝ λ1/2
2 vχ . (35)

Tn

Tp

vχ Tn λ2

vχ λ2

Tn vχ λ2

vχ

Having this scaling law in our mind, we now discuss the
correlation  between  the  cosmological  phase  transition
parameters, α and β, and the nucleation temperature  or

. First of all, see two panels in Fig. 2. In the left panel
the  dependent  on  varying  is  plotted  within  the
allowed regime as in Fig. 1,  while the right panel shows
the  dependence on β for fixed . In the left panel we
observe  that  linearly  grows  with  for  any .  This
trend  is  closely  tied  with  the  scalegenesis  feature2):  only
one dimensionful parameter  is dominated after the di-

Gravitational wave footprints from Higgs-portal scalegenesis with multiple dark chiral scalars Chin. Phys. C 48, 045106 (2024)

∆V(Tn)≫ Tnd∆V(Tn)/dT
1) Instead of the latent, one can also use the trace of the energy-momentum tensor to define α (see, e.g., [54, 55]). However, they are equivalent each other in the case

of the ultra-supercooled phase transition, because .
2) To be phenomenologically realistic, the scale invariance must be approximate even at the classical level. However, the general trends addressed here will not sig-

nificantly be affected as long as small enough explicit scale breaking is taken into account, as noted also in the previous section. See Summary and Discussion, for more
details.
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vχ/Tn λ2

Tn vχ

S 3/Tn (vχ/Tn)
≃ 140 S 3/Tn

dvχ/dTn = vχ/Tn Tn ∝ vχ
β̃ vχ

β̃ = Tn∂(S 3/Tn)/∂Tn = −vχ/Tn∂(S 3/Tn)/∂(vχ/Tn)

mensional  transmutation,  hence  at  finite  temperature  the
dimensionless bubble  action  can  be  almost  fully  con-
trolled by the dimensionless ratio , once  is fixed,
which means  linearly changes with the variation of .
This can more quantitatively be viewed as follows: given
that  is  a  function  of ,  which  is  fixed  to

,  then  the  stationary  condition  of  leads  to
,  hence .  Likewise,  one  can  prove

that  is insensitive to increasing  as plotted in the right
panel  of Fig.  2.  This  trend  can  be  understood  by  noting
that .

Tr

Tr ∝ vχ Tn Tr vχ
β̃

Second,  we  recall  the  scaling  property  of  in  Eq.
(35), . Since both  and  linearly grow with ,
α defined as in Eq. (31) follows the same trend as what 
does. Thus we have 

α ∼ const. , β̃ ∼ const. , in vχ . (36)

Tn vχ
α−1/4

Note,  furthermore,  that  for  a  larger α as  in  Eq.  (33),  the
slope of  with respect to  is almost completely fixed
as . Those cosmological phase transition features are
thus characteristic to the (almost) scale invariant setup.

β̃
T = Tn Tp

vχ
β̃

vχ Tn Tp

Tr ≃ (1+α)1/4Tp

Tp

Tp Tn Tr

In  comparison,  in  the  literature  [53]  with  a  similar
scale-invariant setup, α and  have been evaluated at not

,  but  at ,  where  the  latter  does  not  exhibit  a
simple  scaling  property  with  respect  to  unlike  the
former. Therefore, in the literature α and  look sensitive
to increase of .  The discrepancy between  and  is
thought to become significant when the GW production is
addressed  with  the  reheating  process  taken  into  account.
A conventional  estimate  will  be  based  on  the  instantan-
eous  reheating  with  as in  Eq.  (33).  As-
suming the  entropy conservation  involving  the  reheating
epoch  one  may  then  get  the  redshifted  GW  spectra  and
frequency  at  present  day,  which  are  scaled  with .
However,  as  we  will  clarify  more  explicitly  in  the  next
section, it turns out that it is not  or  but  that sets
the scale of the GW spectra and frequencies. 

V.  GW PRODUCTION: PROSPECTS FOR NANO
HZ AND HIGHER FREQUENCY SIGNALS

ΩGWh2

Ωcollh2

Ωswh2

Ωturbh2

In this  section,  we  discuss  the  stochastic  GW  back-
grounds  sourced  by  the  ultra-supercooling  produced  in
the  present  model  setup.  The  resultant  GW  spectrum
( )  comes  from  three  processes:  the  collisions  of
bubble  walls  ( ),  the  sound  waves  in  the  plasma
( ),  and  the  magnetohydrodynamics  turbulence  in
the plasma ( ), i.e., 

ΩGWh2 = Ωcollh2+Ωswh2+Ωturbh2 , (37)

where h is  the  Hubble  constant  in  units  of  100  km/
(s·Mpc).

≫ 1

vw ∼ c

κcoll

In  the  ulta-supercooled  phase  transitions  with α ,
the transition  temperatures  are  low  enough  that  the  fric-
tion induced from the the plasma is too small to stop the
bubble  wall  accelerating  before  it  collides  with  other
bubbles. Therefore, most of the released latent heat flows
into the bubble walls and accelerates the bubbles without
being  bound,  hence  runs  away  [59, 60]  almost  with  the
speed  of  light . Thus  we  see  that  the  bubble  colli-
sions give the dominant contribution to the GW spectrum.
The efficiency factor , which characterizes the energy
transfer between  the  vacuum  energy  and  the  kinetic  en-
ergy of the bubble wall, reads 

κcoll = 1− α∞
α
, α∞ ≃

30
24π2

∑
i ci∆m2

i

gpT 2
p
, (38)

∆m2
i

gp

ci ni

where  the  sum  running  over i counts  all  relativistic
particles in  the  false  vacuum  and  all  heavy  and  nonre-
lativistic  ones  in  the  true  vacuum;  is  the  difference
of  their  (field-dependent)  squared  masses;  corres-
ponds to the effective d.o.f. for the relativistic particles in
the false vacuum;  is  equal to  as in Eq. (18) for bo-

 

Tn vχ λ2 β̃ vχ
λ2

Fig. 2.    (color online) Left: The plot of  vs.  with  varied in the allowed range as in Fig. 1; Right:  vs.  with the same varied
range of .
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1
2

ni ni

κcoll ∼ 1

sons  and  for  fermions,  with  being  the  number  of
the  d.o.f.  for  species i.  In  the  present  model,  which pre-
dicts  the  ultra-supercooling,  we  can  safely  take ,
which is due to the fact that 

α∞
α
∝

T 2
p

v2
χ

≪ 1 . (39)

ap

a0

ap a0ap

a0
ar = a(Tr)

ap

a0
=

ap

ar
· ar

a0

ap

ar
Ne

ar

a0

s(Tr)a3
r = s(T0)a3

0

s(T ) =
2π2

45
g∗s(T )T 3

We also need to  take into account  the redshift  factor
( ) which describes the Hubble evolution acting on the
GWs from when it  is produced at the epoch correspond-
ing to the scale  factor  up until  today at . We inter-
cept  by the epoch ( ), at which the latent heat
released  from  the  false  vacuum  starts  to  get  efficient
enough to  be  converted  into  the  radiation,  to  be  domin-
ated over the universe (regarded as the end of the reheat-
ing): 1). Since  the  reheating  process  is  non-
adiabatic and  cannot  simply  be  described  by  thermody-
namics, we instead of temperature monitor  in terms of
the  e-folding  number ,  which  is  accumulated  during
the  period  from when  one  bubble  is  nucleated  up  to  the
end  of  the  reheating2).  The  latter  part, ,  is  totally
thermal, hence can simply be scaled by the entropy con-
servation  per  comoving  volume:  with

the thermal entropy density .

Tr

One  might  think  about  constructing  a  couple  of  the
Boltzmann equations with respect to the radiation energy
density and the energy densities  of χ and the SM Higgs,
to which χ decays via the Higgs portal, and evaluate what
is  like  "matter-radiation"  equality  at  which  the  reheating
temperature  can  be  defined.  However,  this  approach
cannot go  beyond  the  level  of  the  ensemble  average  ap-
proximation of the dynamics, i.e., sort of a classical level
not  incorporating  the  nonadiabatic  and  nonperturbative
relaxation  dynamics  till  the  universe  is  fully  radiated
starting from the end of the supercooling in the de-Sitter
expansion. Thus, there would be still lots of uncertainties
involved if  one addresses the reheating by naively refer-
ring  to  such  Boltzmann  equations  with  the  size  of  the χ
decay rate. Therefore, at this moment in our best reason-
able way, we parametrize the epoch during the reheating
process by the e-folding, as noted above,  and simply as-
sume the instantaneous reheating without referring to the
size of the χ decay rate as classified in Eqs.(33) and (34).

Thus at this moment we write the redshift factor as 

ap

a0
=

ap

ar

ar

a0
= e−Ne · g

1/3
0 ·T0

g1/3
r ·Tr

, (40)

g0 ≃ 2+
4
11
× 7

8
×2Neff Neff = 3.046 gr

T0 = 2.725K
where  with  [46] and 
are  the  d.o.f.  at  the  present-day temperature 
and at the reheating temperature, respectively. The effect-
ive  d.o.f.  for  the  entropy  density  and  of  energy  density
has been assumed to be identical each other, i.e.,  assum-
ing no  extra  entropy  production  other  than  the  one  cre-
ated passing through the reheating epoch.

To  make  comparison  with  the  conventional  formula
of the peak frequency, based on inclusion of the entropy
conservation during the reheating epoch [60], 

fcoll

∣∣
conventional = 1.65×10−5Hz×

Å
0.62

v2
w−0.1vw+1.8

ã
×
Å
β

H(Tp)

ãÅ
Tp

100GeV

ã( gp

100

) 1
6
, (41)

we rewrite Eq. (40) as follows: 

ap

a0
=

ap

ar

ar

a0
= e−Ne

g1/3
0 T0

g1/3
r Tr

H(Tr)
H(Tp)
H(Tr)

1
H(Tp)

= e−Ne
g1/3

0 T0

g1/3
r Tr

g1/2
r πT

2
r

3
√

10Mpl

H(Tp)
H(Tr)

1
H(Tp)

= e−Ne

Å
ρ(Tp)
ρ(Tr)

ã1/2 1007/6g1/3
0 πT0

3
√

10Mpl

( gr

100

)1/6

× Tr

100GeV
1

H(Tp)
,

(42)

3M2
plH

2
r =

ρ(Tr) =
π2

30
grT 4

r 3M2
plH

2
p = ρ(Tp)

where  we  have  used  the  Friedmann  equations 

 and .  The  redshifted  peak
frequency is thus evaluated as 

fcoll = e−Ne

Å
ρp

ρr

ã1/2

×1.65×10−5Hz×
Å

0.62
v2

w−0.1vw+1.8

ã
×
Å
β

H(Tp)

ãÅ
Tr

100GeV

ã( gp

100

) 1
6
,

(43)

which is compared to the conventional formula in Eq. (41): 

fcoll = e−Ne

Å
ρp

ρr

ã1/2Å Tr

Tp

ã
× fcoll

∣∣∣
conventional

. (44)

Gravitational wave footprints from Higgs-portal scalegenesis with multiple dark chiral scalars Chin. Phys. C 48, 045106 (2024)

Tp1) For the exponential  nucleation phase transitions as in the present model case,  the percolation temperature  should not be so much below the temperature at
which bubbles collide. Therefore, it is appropriate to choose the temperature at which GWs are produced as the percolation temperature.

2) A similar evaluation of the redshift factor in terms of the e-folding number has been made in [61], which is applied to the inflationary epoch, not the reheating pro-
cess that, instead, the authors assumed to be matter dominated or kination dominated.
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Ne

λ2

B > 0

Tr

This  implies  that  even  when  the  GW  is  produced  at
the QCD scale or so, the nano Hz frequency is unlikely to
be realized. One might still suspect that if an inflationary
stage,  after  the  tunneling  for  the  flat  enough  Coleman-
Weinberg type potential, is present, it could suppress the
peak frequency due to a huge amount of the accumulated
e-folding , so that  the nano Hz signal  could be gener-
ated. However,  this would not be the case: the tunneling
exit  point  is  supposed  to  be  within  the  inflation  region,
which requires that the coupling  is tiny enough that no
percolation takes place and the stationary condition 
in Eq. (18) is also violated, thus no bubble collision, nor
GWs induced from the  first-order  phase  transition.  Thus
it  is clarified that the peak frequency is shifted to higher
by scaling with  (that is, "blueshifted").

GW spectra  sourced from the bubble  wall  are  evalu-
ated  based  on  the  simulations  of  bubble  wall,  leading  to
the following  fitting  function  with  the  conventional  red-
shift incorporated [62]: 

Ωcollh2
∣∣

conventional = 1.67×10−5
Å

H(Tp)
β

ã2(κcollα

1+α

)2
Å

100
gp

ã 1
3

×
Å

0.11v3
w

0.42+ v2
w

ã
S coll( f ) ,

(45)

S coll( f )where  parametrizes  the  spectral  shape,  which  is
given also by the fitting procedure to be [62] 

S coll( f ) =
3.8
Å

f
fcoll

ã2.8

1+2.8
Å

f
fcoll

ã3.8 . (46)

These GWs also get  redshifted similarly to the peak fre-
quency as 

Ωcollh2 = e−4Ne

Å
ρp

ρr

ã
×Ωcollh2

∣∣∣
conventional

, (47)

Ne (ρp/ρr)
which  generically  tends  to  get  suppressed  by  the  e-fold-
ing  and .

fcoll vχ Tr vχ
ΩGWh2

vχ
(λ2,vχ) N f = 8

ρp = ρr Ne = 0

Tr(∝ vχ)

From the refined formulae Eqs. (44) and (47), we see
that  linearly grows as  because  gets larger as 
gets  larger  as  in  Eq.  (35),  while  is  insensitive  to
increase of . In Fig. 3 we plot the GW spectra for sever-
al values of  for  with the instantaneous re-
heating  (  and )  assumed  in  Eqs.  (44)  and
(47).  together  with the prospected sensitivity curves [63,
64]. As evident from the newly proposed formula on the
peak frequency  in  Eq.  (44),  the  GW  peaks  are  generic-
ally shifted toward higher  due to  the  significant  depend-
ence of , in comparison with a similar scalegenes-

Tp = 100

10−4

10−2

Tr

Tr ≃ 41

vχ ∼ 1

is  prediction  in  the  literature  [53].  In  fact,  the  displayed
three GW signals have been sourced from the ultra-super-
cooled  first-order  phase  transitions  at  lower  nucleation/
percolation  temperatures  MeV (for  blue  curve)
and  10  GeV  (for  both  black  and  red  curves),  which  are
typically  thought  to  be  low  enough  to  realize  the  GW
peak signals  around  nano  Hz  simply  following  the  con-
ventional formula  in  Eq.  (41).  Nevertheless,  the  pro-
duced  signals  following  the  proposed  formula  Eq.  (44)
peak  at  much  higher  frequencies,  say,  ranged  from 
Hz to  Hz, as seen from Fig. 3. This is manifested by
the linear  dependence in the peak frequency formula,
Eq.  (44),  in  which  currently  we  have  GeV  (for
blue curve),  70 GeV (for black curve),  and 5.2 TeV (for
red  curve),  respectively.  Consequently,  even  the  smaller

 (i.e.  lower  new  physics  scale  TeV)  can  easily
reach the LISA prospect and other higher frequency pro-
spects (BBO and DECIGO, and so forth), though the GW
signals would generically be as small as the lower bounds
of the prospects.

Tr ∼ 100 vχ ∼ 1
gr = O(100) α≫ 1
Tn Tp Tp ∼

On the other side of the same coin,  we can conclude
that nano (or less nano) Hz signals cannot be reached by
the ultra-supercooled scalegenesis of this sort, because of
the  inevitable  "blueshift"  of  the  GW  frequency:  if  the
nano  HZ  signal  is  imposed  to  realize,  i.e.,  simply

 MeV,  then  Eq.  (34)  requires  TeV  with
,  which  leads  to ,  hence  extremely  tiny

 or .  Thus  would  be  required  to  be  around 
MeV or  less,  which  is  actually  inside  the  excluded  re-
gime with no percolation (See Fig. 1).

N f N f = 8
β̃ N f

κcoll ∼ 1
N f N f

The  large  models,  e.g.,  with ,  as  what  we
currently focus on,  tends to make  larger,  while the 
dependence  in α gets almost  insensitive  in  the  GW  sig-
nals  sourced  from  collisions,  because  anyhow  the  ultra-
supercooling  merely  provides  huge α as  noted  around
Eqs. (38) and (39) to give  irrespective to the pre-
cise large number of . Thus, the large  case tends to
further  "blueshift"  the  peak  frequency  of  the  GW  and

 

N f = 8
Fig. 3.    (color online) The plot on GW power spectra for sev-
eral benchmarks of the present model with  in compar-
ison with future prospected detector sensitivities [63, 64].
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β̃

make the  GW  signal  strength  smaller,  due  to  the  pro-
duced large . 

VI.  SUMMARY AND DISCUSSION

U(N f )L ×U(N f )R

β̃

In this  paper,  we  have  discussed  GW  spectra  pre-
dicted  from  the  electroweak  scalegenesis  of  the  Higgs
portal  type,  what  we  call  the  Higgs  portal  scalegenesis,
and payed a particular attention into a dark sector having
a large number of  dark chiral  flavors.  We have modeled
the  dark  sector  by  the  linear  sigma  model  description,
which  has  the  chiral  symmetry  and  is
coupled to the SM Higgs via the Higgs portal with keep-
ing the classical scale invariance. Working on the Gilden-
er-Weinberg  mechanism,  we  have  observed  that  models
of  this  class  undergo  a  strong  first-order  chiral  phase
transition  and  ultra-supercooling.  Evaluation  of  the
bubble nucleation/percolation has clarified the possibility
of  generation  of  GWs  sourced  from  the  ultra-supercool-
ing, which is accessible in a wide parameter space of the
model (see Fig 1). We also clarified the characteristic fea-
tures for α and  stemming from the consequence of the
Higgs-portal scalegenesis irrespective to the case with or
without large dark-sector flavors (Eq. (36)).

Our  particular  emphasis  has  also  been  provided  in
evaluation  of  the  reheating  and  relaxation  processes,
which  necessarily  and  significantly  arise  from  the  ultra-
supercooling  predicted  from  the  scale-invariant  setup  of
the  present  class  of  models.  Though  such  a  reheating
epoch  is  generically  non-thermal  and  nonadiabatic,  we
proposed to parametrize it in terms of the e-folding num-
ber,  not  assuming the  conventional  entropy conservation
as in  thermodynamic  cosmology.  This  approach  has  de-
rived refined formulae for the redshift effects on the peak
frequencies  of  the  produced  GWs  and  the  GW  signal
strengths  (Eqs.  (44)  and  (47)).  Particularly,  it  has  been
clarified  that  the  peak  frequencies  finally  get  "blueshif-
ted", in comparison with the conventional approach based
on the thermal entropy conservation including the reheat-
ing epoch (see Eq. (44)).

N f

vχ
Tn

Tr

vχ(≲ 1TeV)

Tn vχ

We  then  observed  that  the  ultra-supercooling pre-
dicted  from the  Higgs-portal  scalegenesis  yields  none of
nano  Hz  GW  signal,  instead,  prefers  to  give  the  higher
frequency signals (Fig. 3). This is irrespective to whether

 is large or small, that is in a sense rather generic con-
clusion simply because  the  model  is  the  ultra-supercool-
ing and the  Higgs  portal:  the  ultra-supercooling generic-
ally  has  the  trend  in  such  a  way  that  a  smaller  could
get  smaller ,  hence  a  small  enough  peak  frequency
"blueshifted"  by  to  achieve  nano  Hz.  However,  the
smaller  has  already  been  excluded  by  the
Higgs coupling measurement (Eq. (16)), so that the peak
frequencies  inevitably  have  to  be  higher.  On  the  other
side,  cannot  be  small  with  keeping  large  enough ,
otherwise one gets null percolation (Fig 1). It is interest-

ing  to  note  that  indeed,  all  so  far  proposed  beyond  the
SMs with successful nano Hz GWs do not possess ultra-
supercooling. One way to escape from this dilemma may
be  to  cease  reheating  released  back  to  the  universe  by
making  the  latent  heat  almost  transported  into  another
sector.  Pursuing  this  type  of  way  out  deserves  another
publication.

It seems to be robust that no nano Hz signals are pre-
dicted  at  this  point,  but  the  ultra-supercooling  Higgs-
portal scalegenesis still keeps the future prospected detec-
tion  sensitivity,  like  at  LISA,  BBO,  and  DECIGO,  etc.
We  also  found  that  with  large  chiral  flavors  in  the  dark
sector,  the  GW signals  are  made  further  smaller  and  the
peak frequencies higher.

N2
f N2

f −1

F̄F Vtadpole = C · eφF̄F ≈ −C · eφ⟨−F̄F⟩·
Tr[M†+M] = −C · ⟨−F̄F⟩ ·χcosθ+ · · · C

λ2

In  closing,  we  give  comments  on  the  explicit  chiral
and  scale  breaking,  which  is,  to  be  phenomenologically
viable, necessary to be incorporated into the present mod-
el. The explicit breaking needs to be so small that the flat
direction we have worked on is still approximately oper-
ative in  searching  for  the  true  vacuum,  as  has  been  ad-
dressed  in  the  literature  [23, 24, 65, 66].  Given  such  a
small enough breaking term, the model will  predict light
pseudo  Nambu-Goldstone  bosons  (dark  pions)  with  the
number  of  or  (with  one  decoupled  due  to  the
axial  anomaly),  depending  on  the  underlying  theory  for
the  linear  sigma  model  description.  The  dark-pion  mass
term  plays  a  role  of  the  tadpole  term  for  the χ potential
does, which will  make the false  vacuum shifted depend-
ing  on  temperature  until  the  supercooling  ends,  as  was
clarified  in  [24].  The  origin  of  such  a  chiral  and  scale
breaking could be linked with presence of a gravitational
dilaton which couples to the underlying dark QCD fermi-
on  bilinear : 

 with φ and  being
the dilaton and a constant coupling, respectively. As long
as the size of the χ-quartic coupling  is sizable enough
as in the desired regime displayed in Fig. 1, both the per-
colation  and  nucleation  can  be  realized  not  substantially
to  affect  what  we  have  addressed  and  clarified  so  far  in
the scale-invariant limit.

mπd

πA
d ≡ (η,πa)

λmix ≲ 10−3 vχ ≳ 1

pp→ h→ χ∗→ πA
dπ

A
d

vχ λ2 mπd N f

The  precise  size  of  the  dark  pion  mass  ( )  highly
depends  on  the  underlying  theory.  Generically  the  dark
pions  will  be  stable  to  be  a  dark matter  candidate  if  and
only  if  the  dark  isospin  symmetry  is  not  violated.  The
dark  pions  (  in  Eq. (11))  are  expected  to  be
light  and  can  couple  to  the  SM  particles  via  the  Higgs
portal with , which is  for  TeV (See Eq.
(15)).  Therefore  the  dark  pions  can  be  pair-produced  at
the  LHC  via  the  Higgs  production  processes  like

 with  the  final  state  identified  as  a
large  missing  energy.  The  cross  section  is  fixed  by  the
size of , , , and . Hunting the pseudo-dilaton χ
is also  accessible  at  the  LHC via  the  Higgs  portal  coup-
ling.  Those  would  be  interesting  studies  in  light  of  the
LHC-run 3 with high luminosity, hence would provide a
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complementary  probe  of  the  Higgs-portal  scalegenesis
with large flavors including the collider constraints on the
dark pion mass, which is to be explored elsewhere.

πA
dπ

A
d → χ∗−h∗→ γγ

χ→ h Γχ→hh

Γχ→h = nχ⟨σv⟩ ∼ λ
2
mix

m2
χ

(mχT )3/2e−mχ/T

mχ =
…
λ2

2π2
vχ ≳ 1.2TeV× (

λ2

0.3
)1/2

λ2

|λmix| = m2
h/v

2
χ ≲ 10−3 vχ ≳ 1

H ∼
√

g∗(T ) ·T 2/Mpl g∗(T ) ∼ 100
T ∼ 50

vχ ∼ 1 vχ

mπd/T ∼ 20

In the thermal history, the dark pions as dark matters
can be produced via  the annihilation into the lighter  SM
particles,  presumably,  diphoton,  via  the  Higgs  portal
coupling  including  the χ exchange: .
Still,  this process needs to assume the portal  coupling to
be  thermalized  with  the  SM  thermal  plasma,  which  can
be evaluated by equating the  conversion rate 
and the  Hubble  rate.  The  conversion  rate  is  roughly  es-

timated  as .  We  take

 (see  Eq.  (21)  and

Figs.  1 and 3 for  the  reference  value  of ) and
 for  TeV. Comparing this con-

version  rate  with  the  radiation-dominated  Hubble  rate
 with ,  we  see  that  the

conversion  is  thermally  decoupled  at  GeV  for
 TeV.  As  gets larger,  the  decoupling  temperat-

ure will be higher. Compared to the thermal freeze-out of
the  dark  pion  annihilation  which  is  expected  to  happen
usually  when ,  it  turns  out  that  the  dark  pion
annihilation  will  be  stopped  at  higher T before the  con-
ventional annihilation process is frozen out. This implies
that the dark pions keep the thermal number density and

T = Tdec > 50

T

T = T = Tdec

(T /T )3 = gSM
∗s (T )/gSM

∗s (Tdec)

decouples from the SM plasma at  GeV, and
adiabatically diluted to reach today following the entropy
conservation in the dark thermal plasma with  isolated
from  the  SM  thermal  plasma  with T.  From  the  entropy
conservation  for  each  plasma  cooled  down  from

, we find the dark-sector temperature always
gets  much lower  as .  The  dark
sector keeps the isolated own thermal plasma until today,
so  the  dark  pion  yield  at  present  is  highly  suppressed  to
be negligibly small.

T < 50
Since  the  SM  Higgs  is  a  nonrelativistic  particle  at

 GeV,  there  would  be  no  chance  to  make  the
freeze-in  mechanism  [67, 68]  work  for  the  dark  pion  as
well. Thus  the  thermal  relic  abundance  is  unlikely  effi-
ciently  produced,  hence  the  thermal  dark  pions  are  not
expected to explain the dark matter density today.

V(πd) = m2
πd

f 2
πd

(1− cos
πd

fπd

)
≪ vχ

fπd mπd

The dark pions could still be produced non-thermally
via the  coherent  oscillation  mechanism,  just  like  axion-
like particles. Since the dark pions can develop the poten-
tial of the cosine form, , where,
perhaps,  for  many  flavor  QCD  case  [23, 24].  The
size of  the energy density per flavor accumulated by the
coherent  oscillation  depends  on , ,  and  the  initial
place of the dark pion (so-called the misalignment angle),
which would be highly subject to the modeling of the un-
derlying theory, to be pursued in another publication.
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