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Abstract: In this study, based on the framework of the Coulomb and proximity potential model (CPPM), we sys-
tematically investigate the cluster radioactivity half-lives of 26 trans-lead nuclei by considering the cluster preforma-
tion probability, which possesses a simple mass dependence on the emitted cluster according to R. Blendowske and
H. Walliser [Phys. Rev. Lett. 61, 1930 (1988)]. Moreover, we investigate 28 different versions of the proximity po-
tential formalisms, which are the most complete known proximity potential formalisms proposed to describe proton
radioactivity, two-proton radioactivity, a decay, heavy-ion radioactivity, quasi-elastic scattering, fusion reactions,
and other applications. The calculated results show that the modified forms of proximity potential 1977, denoted as
Prox.77-12, and proximity potential 1981, denoted as Prox.81, are the most appropriate proximity potential formal-
isms for the study of cluster radioactivity, as the root-mean-square deviation between experimental data and relevant
theoretical results obtained is the least; both values are 0.681. For comparison, the universal decay law (UDL) pro-
posed by Qi et al. [Phys. Rev. C 80, 044326 (2009)], unified formula of half-lives for a decay and cluster radioactiv-
ity proposed by Ni ef al. [Phys. Rev. C 78, 044310 (2008)], and scaling law (SL) in cluster radioactivity proposed by
Horoi et al. [J. Phys. G 30, 945 (2004)] are also used. In addition, utilizing CPPM with Prox.77-12, Prox.77-1,
Prox.77-2, and Prox.81, we predict the half-lives of 51 potential cluster radioactive candidates whose cluster radio-
activity is energetically allowed or observed but not yet quantified in NUBASE2020. The predicted results are in the
same order of magnitude as those obtained using the compared semi-empirical and/or empirical formulae. At the
same time, the competition between a decay and cluster radioactivity of these predicted nuclei is discussed. By com-
paring the half-lives, this study reveals that o decay predominates.
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I. INTRODUCTION

Spontaneous radioactivity of nuclei has always been
an important and popular research field in nuclear phys-
ics and was first discovered by Becquerel in 1896 [1].
Soon after that, Rutherford observed the spontaneous
emission of a particles from the nuclei in an experiment
and named the process as a decay [2, 3]. It was not until
1928 that Gurdney and Condon as well as Gamow inde-
pendently succeeded in providing a theoretical explana-

tion of a decay using the tunneling effect of quantum
mechanics [4—6]. Nowadays, many types of spontaneous
radioactivity of nuclei are known to exist [7—12]. Cluster
radioactivity is one such type that occurs mainly in the re-
gions of heavy nuclei and is an intermediate process
between a decay and spontaneous fission [13—16]. In this
process, the parent nucleus emits a cluster particle that is
heavier than an a particle but lighter than the lightest fis-
sion fragment while decaying into a doubly magic daugh-
ter nucleus *®Pb or its neighboring daughter nucleus
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[17-22]. This peculiar decay mode has aroused the in-
terest of numerous physicists since it provides a consider-
able amount of vital information for studying the nuclear
structure [23-27]. In 1980, Sdndulescu, Poenaru, and
Greiner made the first prediction of this radioactivity
[28]. In 1984, Rose and Jones experimentally observed
the emission of '“C from **Ra, thus verifying this decay
mode [29]. Currently, an increasing number of clusters
ranging from "*C to **Si have been observed experiment-
ally to be emitted from the parent nuclei ranging from
2IEr to 2*’Cm, and their half-lives have been measured
[30-33].

So far, there are numerous models and/or approaches
proposed to fully comprehend cluster radioactivity, which
are mainly divided into two extreme categories [34—50].
One is considered a spontaneous fission process with su-
per asymmetric mass in an adiabatic state, in which the
parent nucleus continuously deforms until it reaches the
scission configuration after crossing the potential barrier
[34—40]. The other is considered an a-like process in a
non-adiabatic state, in which the cluster particle is pre-
formed in the parent nucleus with a certain probability
and then penetrates the potential barrier [41-52]. The
former type of models, such as the Analytical Super
Asymmetric Fission Model (ASAFM) of Poenaru et al.
[34, 35], the Cubic-plus-Yukawa-plus-Exponential Poten-
tial Model (CYEM) of Shanmugam and Kamalaharan
[36], the Coulomb and proximity potential model
(CPPM) of Santhosh et al. [37], and so on [38—40], can
accurately reproduce the experimenttal data of the cluster
radioactivity half-lives. Among the latter type of models
is the Preformed Cluster Model (PCM), where the cluster
preformation probability is calculated by solving the
Schrsdinger equation for the dynamic flow of charges
and masses by Gupta and Malik [41]. Ren et al. also
provide a strong supporting proof for this type by consid-
ering the influence of charge number on the preformation
factor under the framework of the microscopic densityde-
pendent model (DDCM) with the renormalized M3Y nuc-
leon-nucleon interaction to successfully calculate the
cluster radioactivity half-lives [42] and so on [43-52]. At
the same time, some valid empirical and/or semi-empiric-
al formulae can be applied to calculate the half-life of
cluster radioactivity, such as the universal decay law
(UDL) proposed by Qi et al. [53, 54], the unified for-
mula of half-lives for a decay and cluster radioactivity
proposed by Ni et al. [55], the scaling law (SL) in cluster
radioactivity proposed by Horoi et al. [56], and so on
[57-63].

In the 1970s, the proximity potential was first pro-
posed by Blocki et al. to deal with heavy-ion reactions
[64]. It is a nucleus-nucleus interaction potential based on
the proximity force theorem, which is described as the
product of two parts [65]. One is a factor determined by
the mean curvature of the interaction surface, and the oth-

er is a universal function that depends on the separation
distance and is independent of the masses of colliding
nuclei [66]. The concept of the universal function is the
fundamental advantage of proximity potential, since it
has the merits of simple and precise formalism.
Nowadays, the proximity potential has various versions
with different characteristics from the original version
(Prox.1977) [64] by improving the surface energy coeffi-
cients, the universal function, nuclear radius parameteriz-
ation, and so on [67-86], which have been applied to dif-
ferent fields for comparative study by nuclear physicists
[87-96]. It has also been extensively researched in the
field of cluster radioactivity [41, 97, 98]. In 2012, Kumar
et al. conducted research showing that the proximity po-
tential 1977 could be a better option for studying cluster
radioactivity by using 8 different versions of proximity
potential formalisms and the preformation probability ob-
tained by solving the stationary Schrédinger equation for
the dynamic flow of mass and charge in a preformed
cluster model (PCM) [41]. In 2016, Zhang et al. showed
that the calculated results of Bass77 and Denisov poten-
tials were most consistent with experimental data for
large cluster radioactivity of even-even nuclei by compar-
ing 14 different proximity potential formalisms [97].
Soon after, Santhosh et al. concluded that Bass80 was the
most appropriate potential for studying cluster radioactiv-
ity by using a simple power-law interpolation to calcu-
late the penetration probability inside the barrier as the
preformation probability and comparing the calculations
from 12 different versions of proximity potential formal-
isms [98]. The above researchers obtained different con-
clusions when determining the most suitable proximity
potential formalism for the study of cluster radioactivity.
This may be due to discrepancies in the evaluation of
cluster preformation probability, the different types and
numbers of proximity potential formalisms adopted, the
inclusion of nuclear deformation, and so on when the
cluster radioactivity half-lives are calculated. Therefore,
it is necessary to explore the systematic behavior of more
different proximity potentials and to select the most
promising proximity potential formalism for cluster ra-
dioactivity. To this end, considering the preformation
probability with a simple mass dependence on the emit-
ted cluster, we systematically study the half-lives of
cluster radioactivity for 26 trans-lead nuclei using CPPM
with 28 different versions of proximity potential formal-
isms, which are all known proximity potential formal-
isms currently. The calculated results indicate that
Prox.77-12 and Prox.81 are the best two with the lowest
root-mean-square deviation for the study of cluster radio-
activity.

The remainder of this article is organized as follows.
The theoretical framework of CPPM with 28 different
proximity potential formalisms and the compared semi-
empirical and/or empirical formulae are exhaustively in-
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troduced in Sec. II. The results and discussion are dis-
tinctly presented in Sec. III. Finally, a brief summary is
given in Sec. V.

II. THEORETICAL FRAMEWORK

A. Half-lives of the cluster radioactivity

The cluster radioactivity half-life can be determined
from [99]

In2 In2
Tip=— = 1
T TSP 1

where 1 is the decay constant, and v is the assault fre-
quency on the barrier per second, which is taken as
1.0x 10*s7" in this work [100-102]. S, is the penetrabil-
ity of barrier internal part (equal to the preformation
probability of the cluster at the nuclear surface in a a-like
theory). It has been suggested that, in the case of heavy
cluster radioactivity [13], S. can be expressed as

Se=(Sa)* P, 2

where A. is the mass number of the cluster and S, is the
preformation probability for the a decay. In different
models, some investigators obtained similar S, values by
fitting the experimental data [48, 49, 103, 104]. In this
study, we choose S, = 0.02897 for even-even parent nuc-
lei and S, =0.0214 for odd-4 parent nuclei [48]. The
cluster radioactivity penetration probability through the
potential barrier P can be calculated by using the semi-
classical WKB approximation action integral and ex-
pressed as

2 R(\ul
P =exp (_h 2,u|V(r)—Qc|dr> , (3)

Rin

where % is the reduced Planck constant. u = Ml g
mg+m,
the reduced mass of emitted cluster-daughter nucleus sys-
tem, with m, and m. being the daughter nucleus and the
emitted cluster mass, respectively [97]. Q. represents the
cluster radioactivity released energy. It can be obtained

by using [105]

Q. =B(A.Z)+B(As, Zy) - B(A,, Z,), )

where B(A.,Z.), B(A4,Z;), and B(A,,Z,) are the binding
energies of the emitted cluster, daughter nucleus, and par-
ent nucleus, respectively. They are taken from AME2020
[106] and NUBASE2020 [107]. A. Z., A4 Z;, and
A,, Z, are the mass and proton numbers of the emitted

cluster, daughter nucleus, and parent nucleus, respect-
ively.

The total interaction potential V(r) between the emit-
ted cluster and daughter nucleus comprises the nuclear
potential Vy(r), Coulomb potential Vc(r), and centrifugal
potential V,(r). It can be expressed as

V(r) = Vy(r) + Ve (r) + Vi(r). ®)

In this study, we adopt the proximity potential formal-
ism to substitute for the nuclear potential Vy(r). Detailed
information on this is given in Sec. I[.B. The Coulomb
potential V¢ (r) is taken as the potential of a uniformly
charged sphere with radius R, which can be expressed as

2 2
s (3)]. e
2R R

Ve(r) = , (6)
Z(.Zde

r

, r>R,

where e? = 1.4399652 MeV-fm is the square of the elec-
tronic elementary charge. R = R, +R, is the sharp radius,
with R; and R. being the radii of the daughter nucleus
and emitted cluster, respectively. Various expressions for
Ri(i = ¢,d) within different proximity potential formal-
isms are in the Sec. I1.B.

For the centrifugal potential V,(r), we adopt the

. . 1, .
Langer modified form since ¢(£+1) — (€+ 5)2 is a neces-

sary correction for one-dimensional problems [108]. It
can be written as

£+ 1/2)* K
Vi(r) = % Q)

where ¢ is the angular momentum carried by the emitted
cluster, which can be obtained via [12]

A;, foreven A; and mr, = 7y,
Ai+1, forevenA;andr, # m,,
f — J J p d (8)
Aj, for odd A; and &, # 7y,
A;j+1, foroddAj;andm, =mn,.

Here, A; = |j, = ju— jcI. jo and m, are the isospin and par-
ity values of the emitted cluster, j, and 7, are those of the
daughter nucleus, and j, and 7, are those of the parent
nucleus, respectively. They are taken from NUBASE-
2020 [107]. As for the bounds of the integral in Eq. (3),

ZCZ 2 ) 2\ 2 2 2
_ d€ + (ZLZde ) +h (1+1/2)

ROU -

©20. 20, )
R, are the radii for the separation configuration and the
outer turning point, respectively [49].

and Rin = Rd+
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B. Proximity potential formalism

In this study, we choose 28 versions of proximity po-
tential formalisms to calculate the emitted cluster-daugh-
ter nucleus nuclear potential Vy(r), which are (i) Prox.77
[64] and its 12 modified forms to adjust the surface en-
ergy coefficient vy, and k, [67-75], (ii) Prox.81 [65], (iii)
Prox.00 [76] and its revised versions Prox.00DP [66],
Prox.2010 [77], and Dutt2011 [78], (iv) Bass73 [79] and
its revised versions Bass77 [80] and Bass80 [81], (V)
CW76 [82] and its revised versions BW9l [81] and
AWOS [83], (vi) Ngo80 [84], (vii) Denisov [85] and its
revised version Denisov DP [66], and (viii)) Guo2013
[86]. Their detailed expressions are listed as follows.

1. Proximity potential 77 family

In the 1970s, the original version of the proximity po-
tential formalism for two spherical interacting nuclei was
proposed by Blocki et al. [64], which can be expressed as

Vn(r) = 4nybRO(&). )

Here, y is the surface energy coefficient based on the My-
ers and Swia,tecki formula [67]. It is written in the fol-
lowing form

y =y -kJI?), (10)

N,—-Z
where [ = —2——°

is the asymmetry parameter and refers
P
to the neutron-proton excess of the parent nucleus with

N,, Z,, and A, being the neutron, proton, and mass num-
bers of the parent nucleus, respectively. ¥, and k, are the
surface energy constant and the surface asymmetry con-
stant of Prox.77 and its modifications, respectively. Their
details are listed in Table 1.

R is the mean curvature radius or reduced radius. It
can be obtained from

c.Cy

R= ,
C.+Cy

(11)

b 2
where C;=R; |1 - (E) (i = ¢,d) represents the matter

radius of the emitted lcluster (i =) and daughter nucleus
(i=d), respectively. R;=1.28A!°—-0.76+0.84;"" (i=
¢,d) is the effective sharp radius, with A; being the mass
number of the emitted cluster (i = ¢) and daughter nucle-
us (i =d), respectively. The diffuseness of nuclear sur-
face b is considered close to unity (b ~ 1 fm). The univer-
sal function ®(¢) is expressed as

Table 1. Different sets of surface energy coefficients. yo and
ky are the surface energy constant and surface asymmetry con-
stant, respectively.

y set Yo(MeV/fin?) kg References
Setl(7-MS 1967) 0.9517 1.7826 [67]
Set2(3-MS 1966) 1.01734 1.79 [68]
Set3(y-MN 1976) 1.460734 4.0 [69]
Set4(y-KNS 1979) 1.2402 3.0 [70]
Set5(;-MN-I 1981) 1.1756 22 [71]
Set6(y-MN-II 1981) 1.27326 25 71
Set7(y-MN-III 1981) 12502 2.4 [71]
Set8(y-RR 1984) 0.9517 2.6 [72]
Set9(-MN 1988) 1.2496 23 (73]
Set10(-MN 1995) 1.25284 2.345 [74]
Setl1(y-PD-LDM 2003) 1.08948 1.9830 [75]
Set12(y-PD-NLD 2003) 0.9180 0.7546 [75]
Set13(y-PD-LSD 2003) 0.911445 2.2938 [75]

1
—5(5 —2.54)2-0.0852(¢£ —2.54)®, &< 1.2511,

o) = £
_3. -5 > 1.
3.437exp ( 0175), £>1.2511,
(12)
-C.-Cy . .
where ¢ = [mhemtd is the distance between the near

surface of the emitted cluster and daughter nucleus.

2. Proximity potential Prox.81

In 1981, a new proximity potential formalism was
proposed by Blocki and Swiatecki based on the proxim-
ity force theorem, which is labeled as Prox.81 [65]. It has
the same form as Prox.77 [64], except for the surface en-

: Np — Zp ?
ergy coefficient y=0.9517 |1-1.7826 i and
P
. . - Cc - C: .
the universal function® <§ = %) written as
—1.7817 +0.9270¢ +0.143£% —0.09£3, £<0,
~1.7817 +0.9270& +0.01696£
D@ =9 _0.05148¢, 0<&<1.9475,
)
—4.41 - 1.9475.
eXp( 0.7176)° ¢>19
(13)

3. Proximity potential Prox.00

In 2000, Myers et al. proposed a fresh proximity po-
tential formalism to study the cross sections of synthesis
new superheavy nuclei [76]. It is labeled as Prox.00 and
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expressed as

Vn(r) = 4nybRO(E), (14)

where b is the width parameter taken as unity. y is the sur-
face energy coefficient given by

1 (2 +13)
=——18.63—-0—<-%1, 15
Y 477r§ { 0 Zr% (15)
with neutron skin of nucleus
AN
o [(F57) - ezar
ti==r i , (i=c,d). (16)

Here, ry = 1.14 fm, the nuclear symmetric energy coeffi-
cient J =32.65 MeV, g=0.757895 MeV, and the neutron
skin stiffness coefficient Q =35.4 MeV [76]. N;, Z;, and
A; (i=c,d) refer to the neutron, proton, and mass num-
bers of the emitted cluster and daughter nuclei, respect-
C.C,
C.+Cy
C, are the matter radii of the emitted cluster and daugh-
ter nucleus, which can expressed as

ively. g = is the mean curvature radius. C, and

N,
Ci=ci+—t;,

A, (i=c,d), 17

with the half-density radius of the charge distribution

7h>  49b*
CiZR[(l - o ),

_ﬁ W (iZC,d). (18)

Here, R; is the nuclear charge radius, which can be ex-
pressed as

N;—Z; .
R; = 1.256A)" {1 -0.202 (T)} , (i=cd). (19)
. . -C.-Cy._ .
The universal function ®(¢ = rbid) is expressed as
~0.1353+3°%, i”l 25—, 0<£<25,
n
e = 275-¢
-0. . , >2.5,
095516Xp(0‘7176> £E>25
(20)

where the values of different constants ¢, are cg=
~0.1886, ¢, =-0.2628, c¢,=-0.15216, c;=-0.04562,
cs = —0.069136, and cs = —0.011454 [76].

4. Proximity potential Prox.00 DP

A modified version of Prox.00 was proposed by Dutt
et al. using a more precise radius formula given by Roy-
er and Roisseau [109], which is labeled as Prox.00 DP
[66]. It is the same as Prox.00 except for the nuclear
charge radius R; written as

2.8961 s
o —0.186884] =

i 1

N-Z .
—, (i=c,d).

2

R =1.23324)" +

5. Proximity potential Prox.2010

In 2010, Dutt and Bensal presented another modified
version of Prox.00 denoted as Prox.2010 [77]. It has the
same form as Prox.00 DP except for the surface energy

. N,-Z,\’
coefficient y=1.25284 |1-2.345 i and the
p

. . r—-C.—C, .
universal function ® (§ = #) written as

_1.7817 +0.9270& +0.14382 — 0.098%, ¢ <0,
17817 +0.9270¢ + 0.01696£2
PE) =19 _0.05148¢, 0< &< 1.9475,
76)
—441exp (- 1.9475.
eXp( 07176/ &> 19475
(22)

6. Proximity potential Dutt2011

Based on Prox.77, Dutt presented a new version of
the potential, which is labeled as Dutt2011 [78]. It has the
same form as Prox.2010 except for the nuclear charge ra-
dius R; written as

R = 1.171A}"7 + 1.427A;'7, (i=c,d). (23)

7. Proximity potential Bass73

In 1973, Bass obtained the nuclear potential with the
difference in surface energies between finite and infinite
separations based on the liquid drop model [79]. It is
labeled as Bass73 and expressed as

Vn(r) =

—da,A!A} -R
4 ]; d exp(—rd ) (24)
where R=R.+R; =ry(A!? + A}%) is the sum of the half-
maximum density radii, where ro = 1.07 fm, R. and A,
are the radius and mass number of the daughter nucleus,
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respectively, and R; and A, are the radius and mass num-
ber of the emitted cluster, respectively. a;, =17.0 MeV
and d =1.35 fm are the surface term in the liquid drop
model mass formula and the range parameter, respect-
ively.

8.  Proximity potential Bass77
For the Bass77, the nuclear potential Vy is given by [80]

R.R,;

Win=-2""%.

O(s), (25)

where R; = 1.16A}” —1.39A;'" (i =c,d) is the half-dens-
ity radius, with A; being the mass number of the emitted
cluster (i = ¢) and daughter nucleus (i = d). The universal
function ®(s = r— R, — R,) can be given by

D(s) = {0.03 exp (%) +0.0061 exp (%)} T e

9. Proximity potential Bass80

Based on the proximity potential Bass77, Bass pro-
posed an improved proximity potential formalism, which
is labeled as Bass80 [81]. It is expressed as

RcRd

=R TR
c d

@(s). 27)

0.98
Here, R; = Ry;(1 - R—gz) with Ry; = 1.284]"% —0.76 +0.84; '

(i=c,d). The universal function O(s =r—-R.—R,) is writ-
ten by

D(s) = [0.033exp (%) +0.007exp (%)r. (28)

10.  Proximity potential CW76

In 1976, an empirical nuclear potential was proposed
by Christensen and Winter based on the analysis of
heavy-ion elastic scattering data [82]. It is labeled as
CW76 and expressed as

Rer
RC + Rd

Vy(r) = =50 (), (29)

where R, and R, are given by

R; = 123347 -0.9784; "7, (i=c,d). (30)

The universal function ®(s =r—R.—R,;) has the fol-

lowing form

D(s) = exp (—%63). 31)

11.  Proximity potential BW91

In 1991, Broglia and Winther presented a more re-
fined nuclear potential by taking the Woods-Saxon para-
meterization of the proximity potential CW76. It is
labeled as BW91 and expressed as [81]

_ Vo _ R.+Ry
N e (CE) Ry
P\ 063 P\ 063
Ny=Z;\ (N.-Z.\] .
Here, y=0.95 {1—1.8( ¢ d)( ﬂ is the sur-
Ay A.

face energy coefficient, with N,, Z;, and A, being the
neutron, proton, and mass numbers of the daughter nucle-
us and N,., Z., and A, being those of the emitted cluster,
respectively. a=0.63 fm and R=R.+R;+0.29 with
R; = 12334} —0.984;'(i = ¢,d).

12.  Proximity potential AW95

For the Aage Withner (AW95) potential [83], the
proximity potential expression and other parameters are
the same as BW91, except for

1
170 +0534A. " +A;'))

(33)

and R = R, + R, with R; = 1.2A4)* —0.09 (i = ¢,d).

13.  Proximity potential Ng580

In 1980, H. Ngo and Ch. Ngo obtained the nuclear
potential part of the interaction potential between two
heavy ions using the energy density formalism and Fermi
distributions for the nuclear densities [84]. It is labeled as
Ng 6 and expressed as

C.C,

Win=c7c,

P, (34

b 2
where C;=R; {1 - <E> (i=c,d) represents the

Siismann central radii of the emitted cluster and daughter

nucleus. b is the diffuseness of nuclear surface taken as
unity. R; represents the sharp radii and is expressed as
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NiR,;+ZiR,; .
R = —+—1", (i=c,d), (35)
A;
where Rj; = ro;A}” (j = p,n, i=c,d) , with ry, = 1.128 fm
and 7o, = 1.1375+1.875x 107*A; fm. The universal func-
tion ¢(¢ =r—C.—C,) is given by

33454 +1.672,  £<-16,

D) = 1 (36)
-33 exp(—g(s+ 1.6)%), &>-1.6.

14.  Proximity potential Denisov

By choosing 119 spherical or near spherical even-
even nuclei around the f-stability line, Denisov presen-
ted a simple analytical expression for the nuclear poten-
tial of ion-ion interaction potential using the semi-micro-
scopic approximation between all possible nucleus-nucle-
us combinations [85]. It is labeled as Denisov and ex-
pressed as

R.R,
V()= -1 989843 R, ®(s)x[1+0.003525139

C

A, A\
x (—‘ + —) —0.4113263(1, + I))], (37)
A, A,

i=Z; . . . . .
where [; = (i =c,d) is the isospin asymmetry. R; is

the effective nuclear radius and can be obtained by

3.4138172
R,‘ =R(),‘ 1—7
Ro;

0.44, -
e1284589 (1= ot ). =, (9
with
1.646
Ro; = 1.2404}" (1+——0.1911i), (i=c.d). (39)

The universal function ®(s =r—R,.—R;—2.65) is ex-
pressed as

R.R
1- 2{. 4101 cd
{ s710.05 006RC+RdeXP

X exp (—

o7Esiee)
@(s) = 0.7881663/°

S
" 0.7881663

15. Proximity potential Denisov DP

The proximity potential Denisov DP [66] is the modi-
fied version of Denisov using a more precise radius for-
mula proposed by Royer et al. [109]. It is expressed as

2.8961 N;i-
—or 0. 186884, ———

i i

R =123324!7° + Z—— , (i=c,d).

(41)

16. Proximity potential Guo2013

In 2013, Guo et al. presented a universal function of
nuclear proximity potential from density-dependent nuc-
leon-nucleon interaction using the double folding model
[86]. It is labeled as Guo2013 and expressed as

Vy(@r) = 471be R-Rq D(s), (42)

+R,

N,-Z,\*] .
where y=0.9517 |1-1.7826 1 is the surface
P

(_ 1.76;580)

+1.2292185% - 0.22342775> — 0.10387695* —
+0.075701015%) + (I, + 1,)(0.04470645s + 0.0334687053),

—0.5395420(1, + 1,) exp (—m) } }

s>0,
(40)

R.R
—<(0.184493552
Ry

c

-5.65<s5<0.

cofficient and R;=1.284!°-0.76+0.84;'" (i=c,d) is

the effective sharp radius. The universal function

-R.—R;\ .
P (s = %) is expressed as

P1
+ k
1+exp<s pz)
P3

where p; =-17.72, p, =1.30, and p; =0.854 are the ad-
justable parameters.

d(s) = (43)

C. Empirical and semi-empirical formulas

1. Universal decay law

In 2009, a linear expression for charged-particle emis-
sions was proposed by Qi ef al. based on the a-like R-
matrix theory and named as UDL [53, 54]. It can be ex-
pressed as

log,o T2 = aZ.Zy a+b\/(LIZZd(Am+Am)+c, (44)
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where Q. represents the cluster radioactivity released en-
ergy. U =A.A;/(A.+A,) is the reduced mass of the emit-
ted cluster-daughter nucleus system measured in units of
the nucleon mass, with Z, and A, being the proton and
mass numbers of the daughter nucleus and Z. and A. be-
ing those of the emitted cluster, respectively. a = 0.4314,
b=-0.3921, and ¢ =-32.7044 are the adjustable para-
meters [53, 54].

2. Ni's empirical formula

In 2008, Ni et al. proposed a unified formula of half-
lives for a decay and cluster radioactivity by deducing
from the WKB barrier penetration probability with some
approximations [55]. It can be expressed as

10g,,T1 2 = aVUZ.Z,0.'> +bNUZ.Z) > +¢,  (45)

where Q. represents the o decay energy and cluster radio-
activity released energy. U =A.A;/(A.+A,) isthe re-
duced mass, the same as that for UDL. For cluster radio-
activity, the adjustable parameters are a=0.38617,
b=-1.08676, and c¢=-21.37195 for even-even nuclei
and ¢ = —-20.11223 for odd-4 nuclei [55]. For a decay, the
adjustable parameters are a = 0.39961, b = —1.31008, and
¢=-17.00698 for even-even nuclei; ¢ =-16.26029 for
even-odd nuclei; and ¢ = -16.40484 for odd-even nuclei
[55].

3. Scaling law

In 2004, Horoi et al. proposed the first model-inde-
pendent scaling law to describe the regularities of the ex-
perimental data for cluster radioactivity [56], which can
be expressed as

(Z 2,y
Q1/2

log,,T1/2 = (aU* +b) { - 7} +(cU* +d), (46)

AA,

where Q. and U = " are the same as those for
UDL. a=9.1, b=—-102,, ¢=17.39, d=-23.2, x=0416 ,
and y = 0.613 are the adjustable parameters [56].

III. RESULTS AND DISCUSSION

The main purpose of this research is to perform a
comparative study of various proximity potential formal-
isms when applied to cluster radioactivity. In order to ex-
plore the most suitable proximity potential formalism for
the cluster radioactivity, we systematically calculate the
cluster radioactivity half-lives of 26 nuclei in the emis-
sion of clusters '“C, 20, #F, ** »* *Ne, ?* **Mg, and **
Si from various parent nuclei **'Fr to *Cm by using
CPPM with 28 different versions of proximity potential

formalisms. In addition, the universal decay law (UDL),
Ni's empirical formula, and the scaling law (SL) are used.
The calculated results and experimental data are de-
tailedly listed in Table 2. In this table, the first to third
columns are the cluster decay process, the cluster radio-
activity released energy Q., and the angular momentum ¢
taken away by the emitted cluster, respectively. The last
nine columns represent the experimental data of the
cluster radioactivity half-lives and the calculated ones ob-
tained using CPPM with 28 different versions of proxim-
ity potential formalisms, the UDL, Ni's empirical for-
mula, and the SL in a logarithmic form, respectively.
From this table, we can find that the results calculated by
using Prox.77 and its 12 modified forms as well as
Prox.81 and Ng $80 are within an order of magnitude
from the experimental data on the whole, which indicates
that the experimental data can faultlessly be reproduced.
For Prox.00 and its revised versions Prox.00 DP,
Prox.2010, and Dutt2011, as well as Guo2013, the calcu-
lations differ overall from the experimental data by two to
four orders of magnitude. However, for Bass73 and its re-
vised versions Bass77 and Bass80, as well as CW76 and
its revised versions BW91 and AW95, the calculated val-
ues of the improved version are closer to the experiment-
al data than those of the previous version. Denisov's cal-
culated results are about one to three orders of magnitude
more than the experimental data. However, the calcu-
lated results of its revised version, Denisov DP, are about
six to eleven orders of magnitude less than the experi-
mental data and about seven to thirteen orders of mag-
nitude less than the Denisov results. The reduced order
magnitude increases with the size of the cluster particle.
In order to explore the specific reasons for this situ-
ation, taking the example of 2*?Cm —2% Pb +** Si, we plot
the total interaction potential V(r) between the emitted
cluster and daughter nucleus using CPPM with Denisov
and Denisov DP in Fig. 1. In addition, the nuclear poten-
tial calculated by the double folding approach is used to
deeply comprehend the difference between the proximity
potential and other nuclear potentials, which considers
the nuclear density distributions and the effective nucle-
on-nucleon interactions. It also has been shown to be suc-
cessfully applied to o decay [110], proton emission [111],
two-proton radioactivity [112], and cluster radioactivity
[113] in the density-dependent cluster model. In this
study, we choose the monopole component of a realistic
double folding potential plus Coulomb core-cluster po-
tential (DFC) as the interaction potential to describe the
cluster radioactivity. Its related data are taken from Ref.
[114] and also plotted in Fig. 1. From this figure, we can
find that the total interaction potential V(r) at short dis-
tances changes dramatically, which shows that the nucle-
ar potential plays a dominating role, whereas the choice
of different nuclear potentials may lead to enormous dif-
ferences. At long distances, V(r) remains essentially con-
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Table 2. Comparison of the discrepancy between the experimental cluster radioactivity half-lives (in seconds) and calculated ones us-
ing CPPM with 28 different versions of the proximity potential formalisms, the UDL, Ni's empirical formula, and the SL in a logar-
ithmic form. The experimental cluster radioactivity half-lives are taken from Ref. [59].

10g10T1/2/S
EXP  Prox.77-1  Prox.77-2 Prox.77-3 Prox.77-4 Prox.77-5  Prox.77-6  Prox.77-7  Prox.77-8

Cluster decay O/ MeV ¢

2Fr—2TI+4C 31.29 14.56 14.82 14.71 14.17 14.43 14.46 14.31 14.35 14.89
13.39 13.69 13.58 12.99 13.28 13.32 13.17 13.20 13.76

11.22 11.80 11.68 11.09 11.39 11.42 11.26 11.30 11.86

2IRa—"Pb+!C 32.40
22Ra—28ph+14C 33.05
23Ra—2Pb+"C 31.83

3

3

0

4 15.05 14.72 14.61 14.06 14.33 14.36 14.21 14.24 14.79
Z4Ra—1"Pb+C 30.53 0 15.87 16.39 16.27 15.75 16.01 16.03 15.89 15.92 16.45

0

2

4

0

26Ra—?12Pb+*C 28.20 2120  21.28 21.17 20.70 20.93 20.95 20.81 20.84 21.34
WA BIHC 33.06 1260  13.23 13.12 12.52 12.82 12.86 12.70 12.73 13.29
257 c-2Bi+HC 30.48 17.16  18.18 18.07 17.54 17.80 17.83 17.69 17.72 18.24
8Th—28ph+2°0 4472 2073 21.73 21.59 20.89 21.23 21.27 21.08 21.12 21.82
B1pa—28pp+3F 51.88 1 26.02 25.20 25.04 24.28 24.66 24.69 24.49 24.53 25.29
PTh—"*Hg+*Ne 5776 0 24.63  24.52 2436 23.63 23.99 24.02 23.82 23.86 24.61
Bpa—YTIH*Ne  60.41 1 2289 2291 22.74 21.96 2235 22.39 22.18 2222 23.00
B2 28ph+2Ne 62.31 0 2039 2045 20.28 19.45 19.86 19.91 19.69 19.74 20.54
BY—-2Ph+*Ne 60.49 2 2484 23.95 23.79 23.01 23.40 23.44 23.23 23.27 24.04
BAU—2Ph+*Ne 58.83 0 2593 25.26 25.11 24.37 24.73 24.77 24.57 24.61 25.36
BU—1Pb+*Ne 57.36 1 2742 2846 28.31 27.61 27.95 27.98 27.78 27.83 28.55
BU2Pb+Ne 6070 2 2484 2451 2434 23.52 23.93 23.97 23.75 23.80 24.61
BAU—25Pb+Ne 59.41 0 2593  26.10 25.93 25.11 25.51 25.55 25.33 25.38 26.20
MU HgMg  74.11 0 2553 2490 24.72 23.90 24.30 2434 24.12 24.16 25.01
BU—-""Hg+*Mg  70.73 0 2758  29.28 29.11 28.36 28.72 28.75 28.54 28.59 29.38
Hpu—pp+BMg 7967 0 2152 20.70 20.51 19.57 20.04 20.10 19.85 19.90 20.80
Bpu—2pp+BMg  75.91 0 2570 25.10 24.92 24.08 24.50 24.54 24.31 24.36 25.20
PU-HgH Mg 7227 0 2758 28.72 28.53 27.70 28.11 28.14 27.90 27.95 28.83
PPu—2PPo+Mg  76.79 0 2570 2545 25.26 24.33 24.79 24.84 24.58 24.64 25.56
Ppu—Hgt?Si 91,19 0 2528  25.02 24.82 23.87 2434 24.39 24.13 24.19 25.13
#2Cm—>"Pb+*'Si 96.54 0 23.15 23.01 22.79 21.69 22.24 22.30 22.01 22.07 23.14
Cluster decay 0./ MeV ¢ g T1ya/s
EXP  Prox.77-9 Prox.77-10 Prox.77-11 Prox.77-12 Prox.77-13 Prox.81 Prox.00 Prox.00 DP
2IFr2TTI+14C 3129 3 1456 1433 14.33 14.60 14.80 14.93 14.75 14.26 11.87
2IRa—27pb+1C 3240 3 1339 13.19 13.19 13.46 13.68 13.80 13.62 13.09 10.72
2Ra—"Pb+!C 33.05 0 1122 11.28 11.28 11.56 11.78 11.91 11.73 11.27 8.91
Ra—2Pb+1C 3183 4 1505 1423 14.23 14.50 14.70 14.83 14.65 14.14 11.74
2Ra—?'""Pb+"C 30.53 0 1587 15.91 15.91 16.17 16.36 16.49 16.32 15.78 13.36
20Ra—212pb+1C 2820 0 2120 2083 20.83 21.07 21.25 21.38 21.21 20.62 18.14
B Ac—Bit+C 33.06 2 12.60 12.72 12.72 13.00 13.22 13.34 13.16 12.63 10.27
A cMBIHC 3048 4 1716 1771 17.71 17.96 18.16 18.28 18.11 17.50 15.06
2BTh—2%Pb+2°0 44.72 0 2073 2111 21.11 21.44 21.71 21.87 21.65 20.78 18.34
B1pa28ph+2F 51.88 1 2602 2452 24.52 24.88 25.17 25.35 25.11 24.05 21.62

Continued on next page
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Table 2-continued from previous page

logoT1/2/s
EXP  Prox.77-9 Prox.77-10 Prox.77-11 Prox.77-12 Prox.77-13 Prox.81 Prox.00 Prox.00 DP

Cluster decay Q:./MeV  (

0Th—?*Hg+**Ne 57.76 0 2463 23.84 23.84 24.20 24.48 24.67 24.43 23.07 20.61
31pa—2"T]+**Ne 60.41 1 2289 2221 22.20 22.58 22.88 23.06 22.82  21.49 19.07
22 28pp+2Ne 6231 0 2039 19.72 19.72 20.11 20.42 20.60 20.35 19.02 16.63
BU2Ph+*Ne 60.49 2 2484 23.26 23.26 23.63 23.92 24.10 23.86  22.47 20.04
BU—2Ph+*Ne 58.83 0 2593 24.59 24.59 24.95 2523 25.42 25.18 23.74 21.28
BU-2Pb+*Ne 57.36 1 2742 27.81 27.81 28.16 28.43 28.61 2837 2691 24.42
BU—28Ph+>Ne 60.70 2 2484 23.78 23.78 24.18 24.48 24.68 24.42 23.12 20.72
24U 25ph+2Ne 59.41 0 2593 25.36 25.36 25.76 26.07 26.27 26.01 24.77 22.36
PUSHg Mg 74011 0 2553 24.15 24.15 24.55 24.87 25.07 24.81 22.94 20.53
BUMHg+™ Mg 70.73 0 2758 28.57 28.57 28.95 29.23 29.44 20.18  27.24 24.77
20py—28ph+3Mg  79.67 0 2152 19.88 19.88 20.32 20.68 20.87 20.60 18.77 16.44
B8py—21ph+2 Mg 7591 0 2570 24.35 24.34 24.75 25.07 25.27 25.00 23.07 20.67
BUSMHg+H Mg 7227 0 2758 27.93 27.93 28.35 28.67 28.90 28.62  26.88 24.49
28py2%ph+Mg  76.79 0 2570 24.62 24.62 25.07 25.42 25.63 2535 23.59 21.26
B8Py —2Hg+32Si 91.19 0 2528 24.17 24.17 24.62 24.98 25.20 24.91 22.56 20.22
Cm—2Pb+Si 96.54 0 2315 22.05 22.05 22.57 22.98 23.22 2290  20.74 18.52
Cluster decay 0./ MeV ¢ Pew Tl

EXP  Prox.2010  Dutt2011 Bass73 Bass77 Bass80 CW76  BW9II AW95

2IFr2T+4C 31.29 3 1456 12.23 12.07 16.22 15.77 14.86 13.38 13.68 13.64
2IRa—*"Pb+"C 32.40 31339 11.09 10.97 15.08 14.63 13.72 12.28 12.55 12.51
22Ra—28pb+C 33.05 0 1122 9.28 9.15 13.12 12.61 11.72 10.45 10.63 10.62
PRa—"Pb+'C 31.83 4 1505 12.11 11.96 16.16 15.71 14.78 13.26 13.58 13.54
24Ra—210Pb+C 30.53 0 1587 13.72 13.55 17.89 17.46 16.51 14.86 15.26 15.20
26Ra—?"?Pb+"C 28.20 0 21.20 18.48 18.28 22.93 22.55 21.56 19.60 20.17 20.08
A Bi+HC 33.06 2 12,60 10.63 10.53 14.64 14.17 13.25 11.83 12.09 12.06
B Ac—Bi+C 30.48 4 1716 15.41 1527 19.78 19.39 18.41 16.59 17.07 17.00
28Th—2%pb+20 44.72 0 2073 18.96 18.48 24.14 22.87 21.87 1944  20.12 20.34
51pa—2%Pb+>F 51.88 1 26.02 22.40 21.77 28.07 26.41 25.34 22.54 23.35 23.72
PTh—2Hg+*Ne  57.76 0 2463 21.47 20.89 27.62 2591 24.79 21.60  22.53 22.92
B1Pa—2T1+*Ne 60.41 1 2289 19.95 19.41 25.94 24.19 23.08 20.11 2091 21.34
B2 28pp+2Ne 6231 0 2039 17.52 17.03 23.45 21.67 20.58 17.71 18.44 18.89
BU—2Pb+*Ne 60.49 2 2484 20.91 20.39 27.09 25.35 24.21 21.07 21.96 22.38
BIYS20Ppp+2Ne 58.83 0 2593 22.14 21.58 28.51 26.79 25.62 2226 2327 23.68
B5U—2Pb+*Ne 57.36 1 2742 25.26 24.68 31.80 30.10 28.90 2536 2647 26.86
BYS2Pph+3Ne 60.70 2 2484 21.63 21.01 27.68 25.77 24.66 21.63  22.48 22.95
BU—Pb+*Ne 59.41 0 2593 23.30 22.54 29.41 27.35 26.23 23.11 24.04 24.54
BUSHg+3 Mg 74.11 0 2553 21.67 21.08 28.65 26.45 25.22 21.50  22.55 23.16
LU %Hg+¥Mg 70.73 0 2758 25.87 25.21 33.25 31.09 29.78 25.63 26.93 27.50
20py2%ph+EMg  79.67 0 2152 17.63 17.15 24.31 22.04 20.83 17.54 18.34 19.00
238py—210ph+2Mg 75.91 0 2570 21.81 21.26 28.98 26.76 25.47 21.64 22.75 23.37

Continued on next page
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Table 2-continued from previous page

Cluster decay / MeV 14 g0 T113/5
2 EXP Prox.2010 Dutt2011 Bass73 Bass77 Bass80 CW76 BWI1 AWO95
20U 2°Hg+*Mg 7227 0 2758 25.69 24.84 32.69 30.21 28.95 2514 2631 26.98
B8Py 28ph+30Mg 76.79 0 2570 22.50 21.76 29.37 26.83 25.58 2204  23.04 2375
28py—2Hg+328i 91.19 0 2528 21.67 21.11 29.34 26.65 25.30 2123 2233 23.15
220m—20pb+¥Si 96.54 0 2315 20.14 19.45 27.36 24.26 22.93 1945 2026 2123
logyo T1j2/s
Cluster decay 0./ MeV ¢ - 3 -
EXP Ngo80 Denisov Denisov DP Guo2013 UDL Ni SL
2IFr2TI+4C 31.29 3 14.56 15.06 15.19 8.11 12.47 12.70 14.63 13.54
2IRa—2"Pb+"C 32.40 3 13.39 13.95 14.01 7.01 11.36 11.46 13.48 12.27
22Ra—28pb+C 33.05 0 11.22 12.05 12.01 5.30 9.52 10.07 11.02 11.00
Ra—2Pb+"C 31.83 4 15.05 14.97 15.10 7.97 12.35 12.57 14.56 13.42
24Ra—210Pb+*C 30.53 0 15.87 16.62 16.85 9.49 13.97 15.38 1586  16.14
26Ra—?"?Pb+"C 28.20 0 21.20 21.50 21.94 14.06 18.77 20.95 20.94 21.53
A Bi+C 33.06 2 12.60 13.50 13.53 6.58 10.90 11.08 13.19 11.93
BAc—Bi+*C 30.48 4 17.16 18.43 18.75 11.09 15.71 16.61 18.24 17.26
28Th—2%ph+20 4472 0 2073 22.09 22.98 13.36 18.73 21.97 21.54  21.20
B1Pa—2%Pb+F 51.88 1 26.02 25.62 26.75 16.31 21.92 24.90 25.59 23.78
B0Th—2Hg+*Ne 57.76 0 2463 24.95 26.40 15.17 21.07 25.39 2458  23.92
B1pa—2"T1+*Ne 60.41 1 22.89 23.36 24.69 13.64 19.51 2227 23.09 2132
B2 28pp+2Ne 62.31 0 2039 20.92 22.17 11.21 17.07 20.59 2036 19.94
BU—2Pb+*Ne 60.49 2 24.84 24.41 25.80 14.57 20.51 23.63 24.41 22.55
BHYS2Ppp+2Ne 58.83 0 2593 2571 27.22 15.80 21.78 26.52 25.81 25.03
BU—2"Ph+*Ne 57.36 1 27.42 28.90 30.51 18.96 24.95 29.16 29.51 27.31
BUSMPpp+3Ne 60.70 2 24.84 25.00 26.29 15.22 21.06 24.00 24.88  23.05
BU—28Ph+*Ne 59.41 0 25.93 26.60 27.91 16.83 22.58 27.01 26.52 25.84
BIY S +2Mg 74.11 0 2553 25.45 27.22 14.76 21.10 25.77 2525 2476
LU %Hg+¥Mg 70.73 0 27.58 29.80 31.80 19.14 25.43 31.25 30.33 29.28
B0py28ph+ Mg 79.67 0 2152 21.30 22.83 10.65 16.96 20.64 2076 20.83
B8pu—21ph+¥Mg 75.91 0 25.70 25.67 27.48 14.87 21.27 26.26 25.96 25.42
BOU2Hg+ Mg 7227 0 27.58 29.30 31.04 18.79 24.82 29.94 2947  28.69
B3pu—2%ph+'Mg 76.79 0 25.70 26.08 27.66 15.42 21.58 26.06 26.10 25.71
28py g +32§j 91.19 0 2528 25.70 27.66 14.16 20.89 25.48 2559  25.70
#2Cm—2"Pb+¥Si 96.54 0 23.15 23.79 25.41 12.38 18.90 22.35 23.48 24.21

stant, which should mainly be the effect of the Coulomb
potential. Generally, the trend of the potential energy
curve remains consistent. At the same time, the separa-
tion configuration radius Ri, of the improved Denisov DP
is slightly increased compared with the original Denisov,
but the outer turning point R, remains unchanged.
Therefore, the integral result becomes smaller, and the
penetration probability P is greater in Eq. (3), which will
result in a smaller cluster radioactivity half-life. This is
consistent with the conclusions in the Ref. [97]. For lar-

ger cluster particles, a higher cluster radioactivity re-
leased energy Q. gives rise to a smaller outer turning
point R, which will further reduce the cluster radio-
activity half-life. Consequently, there is a huge deviation
between the calculated results of Denisov and Denisov
DP, which is further expanded in larger cluster particles.

To intuitively survey the deviations between the cal-
culated cluster radioactivity half-lives and experimental
ones, we adopt the root-mean-square deviation ¢ as a
measure in this work. It can be expressed as
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Fig. 1. (color online) Schematic of the total interaction po-

tential V(r) between the cluster and daughter nucleus obtained
using CPPM with Denisov, Denisov DP, and DFC. The relev-
ant data on DFC are obtained from Ref. [114]. R. and R? are
the radii for the separation configuration using Denisov and
Denisov DP, respectively. Roy is the outer turning point.

n (log Texp,i _ IOg Tcal,i)2
o= Z 10°1/2 - 10 °1/2 , (47)
i=1

exp,i

where log,,T})," and log,, Tf%’i represent the logarithmic
forms of the experimental cluster radioactivity half-lives
and calculated ones for the i-th nucleus, respectively. 7 is
the number of nuclei involved for different decay cases.
The detailed calculations of root-mean-square deviation o
for 28 different versions of proximity potential formal-
isms are listed in Table 3. Additionally, the root-mean-
square deviation ¢ obtained using the UDL, Ni's empiric-
al formula, and the SL are presented in this table. From
this table, the most suitable proximity potential formal-
isms for the cluster radioactivity can be obtained using
Prox.77-12 and Prox.81 since both of them have the low-
est root-mean-square deviation o =0.681. Simultan-

eously, some other proximity potential formalisms with a
root-mean-square deviation ¢ less than 1 can also be ap-
plied to cluster radioactivity. Moreover, there are some
proximity potential calculations with huge deviations
from the experimental data, such as Denisov DP, Prox.00
DP, Guo2013, and Dutt2011. On the whole, the calcula-
tions by CPPM with different versions of proximity po-
tential formalisms have comparable accuracies with re-
spect to experimental data. To further verify the feasibil-
ity of applying the proximity potential to cluster radio-
activity, we plot the differences between the experiment-
al cluster radioactivity half-lives and the calculated ones
using CPPM with Prox.77-12 and Prox.81, as well as the
compared formulae in a logarithmic form, in Fig. 2. From
this figure, we can clearly see that the deviations using
CPPM with Prox.77-12 and Prox.81 are mainly within -
1—1, whereas the deviation distributions of the UDL and
SL are slightly dispersed. It demonstrates that Prox.77-12
and Prox.81 can be adopted to obtain the most precise
calculations of cluster radioactivity half-lives among the
28 versions of proximity potential formalisms.

2
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Fig. 2. (color online) Comparison of the discrepancy
between the experimental cluster radioactivity half-lives and
calculated ones using CPPM with Prox.77-12 and Prox.81 as
well as the compared formulae in a logarithmic form.

Table 3. Root-mean-square deviation ¢ between the experimental data and calculated ones using CPPM with 28 different versions of
the proximity potential formalisms, the UDL, Ni's empirical formula, and the SL for cluster radioactivity.

Method Prox.77-1 Prox.77-2 Prox.77-3 Prox.77-4 Prox.77-5 Prox.77-6 Prox.77-7 Prox.77-8
o 0.686 0.691 1.100 0.838 0.815 0.943 0.914 0.700
Method Prox.77-9 Prox.77-10 Prox.77-11 Prox.77-12 Prox.77-13 Prox.81 Prox.00 Prox.00 DP
o 0.924 0.924 0.730 0.681 0.715 0.681 1.594 3.771
Method Prox.2010 Dutt2011 Bass73 Bass77 Bass80 CW76 BWI1 AWI95

o 2915 3.391 3.146 1.566 0.763 2.779 2.006 1.594
Method Ngog0 Denisov Denisov DP Guo2013 UDL Ni SL
o 0.844 1.878 8.859 3.301 1.374 0.875 1.072
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Encouraged by the good agreement between the ex-
perimental cluster radioactivity half-lives and the calcu-
lated ones obtained using CPPM with Prox.77-12 and
Prox.81, we employ four proximity potentials with the
smallest root-mean-square deviation to predict the half-
lives of 51 possible cluster radioactive candidates, whose
cluster radioactivity is energetically allowed or observed
but not yet quantified in NUBASE2020. Meanwhile, we
also calculated their o decay half-lives and compared the
results with the cluster radioactivity ones to determine the
most dominant decay modes of these predicted nuclei. All
the predicted results are listed in Table 4. In this table, the
first to fourth columns are the parent nuclei, correspond-
ing emitted particles, decay energies Q of a decay, cluster
radioactivity, and orbital angular momentum ¢ carried by
the emitted particles, respectively. The fifth column rep-
resents the experimental half-lives of o decay and the
cluster radioactivity. The last five columns represent the
predicted results obtained using CPPM with Prox.77-12,
Prox.81, Prox.77-1, and Prox.77-2 and Ni's empirical for-
mula in a logarithmic form, respectively. The decay ener-
gies and experimental half-lives of a decay are taken
from AME2020 [106] and NUBASE2020 [107]. At the
same time, we introduce the branching ratio of cluster ra-
dioactivity relative to that of a decay ¢=log, T %~
log,T,%, [115] to manifest the competition among the
two. From this table, we can find that the range of ¢ from
approximately —11 to —20 is significantly less than 0,
which indicates that these predicted nuclei are more
likely to undergo a decay than cluster radioactivity. In ad-
dition, the predicted results obtained using CPPM with
four proximity potentials and Ni's empirical formula re-
mained on approximately the same order of magnitude
for cluster radioactivity and well reproduced the experi-
mental data for a decay. We plot the the logarithmic half-
lives of CPPM with minimum root-mean-square devi-
ation proximity potentials and Ni's empirical formula in
Fig. 3 to intuitively investigate the agreement of our pre-
dicted results with Ni's empirical formula in cluster radio-
activity. From this figure, it is obvious that the calculated
results obtained using CPPM with Prox.77-12 and
Prox.81 are very close to those obtained with Ni's empir-
ical formula, which indicates that CPPM with the proxim-
ity potential is reliable for calculating cluster radioactiv-
ity half-lives. We also hope that these predicted results
will be useful for exploring new radioactive nuclei
clusters in future experiments.

Recent research has shown that the New Geiger-Nut-
tall law can be used to describe the all cluster radioactiv-
ity within an empirical formula [59], which is not just
limited to isotopes. To further confirm the feasibility of
our predictions, according to the formula in Ref. [59], we
plot the quantity log,, 775 —u'/*(bn +cn,) —dA, — e — hy, as
a function of a(A.n+Zn.)Q.”"* in Fig. 4. From this fig-
ure, we can find there is an obvious linear dependence of

@ Prox. 77-12
34+ < Prox.81
4 Ni

CPPM with Prox.77-12 and Prox.81 and Ni's empirical for-
mula in a logarithmic form.
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Fig. 4. (color online) Linear relationship between
log; TF;; —#l/z(bfl +en)—dAp—e— h]ng and a(Acn+ ZCUZ)Q871/2
based on the empirical formula in Ref. [59].

log,,T7); on Q;'* for Prox.77-12 and Prox.81 when oth-
er variables are treated as constants. It is demonstrated
that our predictions are credible.

IV. SUMMARY

A systematic comparative study was performed on 28
versions of the proximity potential substituting the poten-
tial nuclear part to calculate the cluster radioactivity half-
lives of 26 nuclei. The theoretical results were compared
with the experimental data using the root-mean-square
deviation. It was found that the proximity potential form-
alisms Prox.77-12 and Prox.81 give the lowest RMS de-
viation o =0.681 in the description of the experimental
half-lives of known cluster emitters. Furthermore, we use
the CPPM with four proximity potential formalisms of
the smallest o to predict the half-lives of 51 possible
cluster radioactive candidates. These predicted results
reasonably agree with the calculated ones obtained using
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Table 4. Predicted half-lives for 51 possible cluster radioactive nuclei.

logm Tl/z/s

Parent nuclei Emitted particles O/MeV 11
EXP Prox.77-12 Prox.81 Prox.77-1 Prox.77-2 Ni
2Rn *He 6.95 2 0.60 0.21 0.18 0.22 0.18 0.55
14C 28.10 3 - 20.48 20.43 20.50 20.39 20.28
0Rn ‘He 6.40 0 1.75 2.00 1.97 2.01 1.96 1.93
4C 28.54 0 - 18.76 18.71 18.78 18.67 18.05
21Fy ‘He 6.46 2 2.46 2.55 2.52 2.56 2.51 2.71
BN 34.12 3 - 22.14 22.10 22.16 22.06 22.16
Ra ‘He 5.98 2 5.99 5.14 5.11 5.14 5.10 5.39
e 40.30 1 - 26.19 26.14 26.21 26.09 26.42
25Ra *He 5.10 4 - 10.43 10.40 10.44 10.40 10.01
C 29.47 4 - 19.28 19.24 19.31 19.20 19.36
20 40.48 1 - 28.12 28.07 28.15 28.01 28.35
2Ra ‘He 4.87 0 10.70 10.96 10.93 10.97 10.93 10.67
20 40.82 0 - 26.54 26.49 26.57 26.44 26.41
PAc ‘He 6.78 2 2.10 2.10 2.07 2.10 2.06 227
N 39.47 3 >14.76 14.57 14.51 14.58 14.47 14.47
2Ac ‘He 5.04 0 10.70 10.53 10.50 10.53 10.50 10.73
20 43.09 1 - 24.30 24.25 24.33 24.19 24.54
Ac ‘He 4.44 1 - 14.76 14.74 14.77 14.73 14.75
BF 48.35 2 - 28.73 28.68 28.77 28.61 29.13
20Th ‘He 6.45 0 3.27 3.51 3.48 3.52 3.48 3.44
0 45.73 0 - 18.17 18.11 18.19 18.06 17.81
e 30.55 0 >16.76 18.14 18.09 18.16 18.05 17.82
21Th ‘He 6.15 2 6.21 5.21 5.18 5.22 5.18 5.51
e 44.20 4 >15.36 21.48 21.43 21.50 21.37 21.69
28Th *He 5.52 0 7.78 8.06 8.03 8.06 8.02 7.88
2Ne 55.74 0 - 25.86 25.80 25.88 25.74 26.07
29Th *He 5.17 2 11.40 10.45 10.43 10.46 10.42 10.61
20 43.40 2 - 24.84 24.79 24.87 24.73 25.26
*Ne 57.83 3 - 25.53 25.47 25.56 25.40 25.71
BITh ‘He 421 2 - 17.35 17.33 17.36 17.32 17.24
*Ne 56.25 2 - 27.78 27.73 27.82 27.66 28.36
»Ne 56.80 2 - 27.85 27.80 27.89 27.73 28.30
2Th ‘He 4.08 0 17.65 18.09 18.07 18.10 18.06 17.57
*Ne 54.67 0 >29.20 29.22 29.17 29.26 29.11 29.86
2Ne 55.91 0 >29.20 29.01 28.96 29.06 28.89 29.45
27py ‘He 6.58 0 3.43 3.52 3.49 3.52 3.48 3.92
0 4587 2 - 19.77 19.70 19.78 19.65 20.01
29py ‘He 5.84 1 7.43 7.04 7.01 7.04 7.00 7.30
2Ne 58.96 2 - 23.27 2321 23.29 23.15 23.62
By ‘He 5.99 0 6.24 6.54 6.51 6.54 6.50 6.41

Continued on next page
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Table 4-continued from previous page

Parent nuclei Emitted particles O/MeV 14 o810 T12/5
EXP Prox.77-12 Prox.81 Prox.77-1 Prox.77-2 Ni

*Ne 61.39 0 >18.20 20.14 20.07 20.15 20.00 20.09

*Ne 61.35 0 >18.20 21.88 21.81 21.90 21.73 21.78

2y ‘*He 5.41 0 9.34 9.65 9.62 9.66 9.62 9.46
*Mg 74.32 0 >22.26 24.76 24.69 24.79 24.61 24.93

2y ‘*He 491 0 12.70 12.94 12.91 12.94 12.90 13.25
*Mg 74.23 3 >27.59 26.04 25.97 26.07 25.89 26.33

2y ‘*He 4.68 1 16.35 14.61 14.58 14.61 14.58 14.82
*Ne 57.36 1 >27.65 28.43 28.38 28.46 28.31 29.51

*Ne 57.68 3 >27.65 28.94 28.88 28.97 28.81 29.87

*Mg 72.43 1 >28.45 28.19 28.13 28.22 28.05 29.00

Mg 72.48 3 >28.45 28.99 28.93 29.03 28.85 29.67

By ‘He 457 0 14.87 15.20 15.18 15.21 15.17 14.86
*Ne 55.95 0 >26.27 29.60 29.55 29.64 29.49 30.70

*Ne 56.69 0 >26.27 30.25 30.20 30.29 30.12 31.23

*Mg 70.73 0 >26.27 29.24 29.19 29.28 29.11 30.33

Mg 72.27 0 >26.27 28.67 28.62 28.72 28.53 29.48

28y ‘*He 427 0 17.15 17.58 17.56 17.59 17.55 17.17
Mg 69.46 0 - 32.55 32.50 32.60 32.42 33.98

2INp ‘*He 6.37 1 5.14 5.38 5.35 5.38 5.34 5.69
2Ne 61.90 3 - 21.59 21.51 21.60 21.45 21.96

2Np *He 5.63 0 8.49 9.02 8.99 9.03 8.99 9.33
*Ne 62.16 3 - 22.87 22.80 22.89 22.72 23.24

25Np ‘*He 5.19 1 12.12 11.68 11.65 11.69 11.65 11.85
$Mg 77.10 2 - 23.67 23.60 23.70 23.51 23.92

2Np ‘*He 4.96 1 13.83 13.15 13.13 13.16 13.12 13.31
Mg 74.79 2 >27.57 27.96 27.90 28.00 27.81 28.63

27py *He 5.75 1 6.60 8.86 8.84 8.87 8.83 9.31
$Mg 71.73 1 - 24.09 24.02 24.12 23.93 24.66

Mg 77.45 3 - 25.24 25.17 25.27 25.08 25.73

28 91.46 4 - 26.20 26.12 26.23 26.03 26.48

39py ‘He 5.24 0 11.88 11.75 11.73 11.76 11.72 12.20
Mg 75.08 4 - 28.93 28.87 28.97 28.78 29.90

4Si 90.87 1 - 28.02 27.95 28.06 27.85 28.50

TAm *He 6.20 1 7.24 7.02 6.99 7.02 6.98 7.36
BMg 79.85 2 - 22.93 22.85 22.95 22.76 23.34

9Am *He 5.92 1 8.63 8.41 8.38 8.42 8.38 8.74
32Si 94.50 3 - 24.14 24.06 24.17 23.97 24.38

1 Am *He 5.64 1 10.14 9.91 9.89 9.92 9.88 10.23
#8i 93.96 3 >24.41 25.90 25.82 25.94 25.72 26.26

°Cm ‘He 6.40 0 6.42 6.27 6.24 6.27 6.23 6.26

Continued on next page

054101-15



Xiao Liu, Jie-Dong Jiang, Xi-Jun Wu et al.

Chin. Phys. C 48, 054101 (2024)

Table 4-continued from previous page

Parent nuclei Emitted particles O/MeV ¢ g T2/s

EXP Prox.77-12 Prox.81 Prox.77-1 Prox.77-2 Ni
284 97.55 0 - 20.89 20.80 20.92 20.70 21.09

#ICm ‘He 6.19 3 8.45 7.84 7.81 7.84 7.81 8.00
28i 95.39 4 - 24.50 24.41 24.52 24.32 25.03

*Cm ‘He 6.17 2 8.96 7.68 7.65 7.69 7.65 8.10
i 94.79 2 - 26.27 26.19 26.31 26.09 27.00

#Cm ‘He 5.90 0 8.76 8.71 8.69 8.72 8.68 8.71
4si 93.17 0 - 26.53 26.47 26.58 26.36 27.89

Ni's empirical formula. Considering the branching ratio ¢
in the competition between a decay and cluster radio-
activity for these predicted nuclei, it is found that the
former is more dominant. Moreover, we use the new Gei-

ger-Nuttall law to verify the viability of these predictions
in cluster radioactivity. This paper may provide an appro-
priate reference for future experimental and theoretical
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