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Abstract: The heavy constituent quark pair of the heavy quarkonium is produced perturbatively and subsequently
undergoes hadronization into the bound state non-perturbatively. The production of the heavy quarkonium is essen-
tial to testing our understanding of quantum chromodynamics (QCD) in both perturbative and non-perturbative as-
pects. The electron-positron collider will provide a suitable platform for the precise study of the heavy quarkonium.
The higher excited heavy quarkonium may contribute significantly to the ground states, which should be considered
for sound estimation. We study the production rates of the higher excited states quarkonium pair in
ete” =70 5 (0O + Q' O)[n']) (O, Q' = c- or b-quarks) at the future Z factory under the non-relativistic
QCD (NRQCD) framework, where the [n]/[n’] represents the color-singlet states [n'Sol, 73S 11, [n'P;], and
(n3P;] (n=1,2,3; J=0,1,2). The differential angle distribution of cross sections do-/dcosf is given. We also dis-
cuss the uncertainties of cross sections caused by the varying quark masses and the renormalization scale x. We
show that significant numbers of events for pairs of higher excited state quarkonia can be generated at the super Z

factory.

Keywords: Z boson decays, pair of higher excited quarkonia, NRQCD

DOI: 10.1088/1674-1137/ad3c2e

I. INTRODUCTION

Compared with the hardon collider, an electron-
positron collider is more suitable for precisely studying
the Standard Model (SM) of particle physics because of
its significantly clearer background. An electron-positron
collider with high luminosity, running at the Z° boson
pole, would be a suitable platform for such a precise
study because sizable events of interest can be generated
in the Z° decays. For example, the Circular Electron-
Positron Collider (CEPC) would have Z° yields of
7% 10" per year in the Z-factory mode [1]. We can pre-
cisely measure the parameters of the SM and probe new
physics through the decays of the massive Z° events. The
future super Z factory will provide not only more yields
of the particles but also indirectly enable a supplemental
production mechanism.

The heavy quarkonium is a bound state system that
consists of a pair of a heavy quark and its antiquark. The
production of the heavy quarkonium is considered to be a
multiscale problem for probing the quantum chromody-
namics (QCD) theory. According to the non-relativistic

QCD (NRQCD) [2, 3], the heavy quarkonium has three
disparate momentum scales: the quark mass ~ mg, mo-
mentum of the heavy quark or antiquark ~ mgyv, and kin-
etic energy of the heavy quark or antiquark ~ myv*. Here,
v is the relative velocity between the heavy quark and an-
tiquark in the quarkonium rest frame. According to the
NRQCD factorization framework, the production of the
heavy quarkonium can be factored into the short-distance
coefficients and the long-distance matrix element. The
hort-distance coefficients depict the creation of the con-
stituent heavy quark pair QQ’ with definite J¢ quantum
numbers that can be calculated perturbatively, whereas
the long-distance matrix element expresses the hadroniza-
tion of QQ’ pair to a physical color-singlet quarkonium
non-perturbatively. Thus, the production of the heavy
quarkonium has been a popular topic in exploring QCD
in both the perturbative and non-perturbative energy re-
gions, which provides rich QCD physics. For more in-
formation on the current status of the heavy quarkonium,
please refer to Refs. [4—8].

The production of the heavy quarkonium has been
studied widely. The next-to-leading order (NLO) correc-
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tions in QCD to most of the inclusive and exclusive pro-
cesses of heavy quarkonium at B factories are calculated
under the NRQCD factorization framework. Please refer
to Refs. [9—17] for some typical examples. For the pro-
duction of heavy quarkonium at hadron colliders, the
NLO calculation for inclusive processes is still challen-
ging. For example, the QCD NLO correction to the
p+p— J/Y+c+c is still missing. However, significant
advances have been made in the NLO calculation for the
exclusive production of double heavy quarkonia, such as
double J/y production [18, 19] and the very recent B.
pair production [20]. Recently, QCD next-to-next-to-
leading order (NNLO) corrections to the production of
double charmonia at B factories have been made [21, 22].
Very recently, significant progress has been achieved in
the automated NLO calculation for heavy quarkonium in-
clusive and associated production processes [23].

In our previous paper, we studied the production of
double heavy quarkonia at the super Z factory [24]. In
this paper, we continue to study the production of the
higher excited double heavy quarkonia, i.e., the heavy
quarkonia are in the color-singlet state [n'S,], [13S1],
[n'Py], and [2*P;]1(J =0,1,2) for n=1,2,3. The higher
excited states would decay into the ground states, and
they have a significant influence on the production rates
of the ground states. We study the production of higher
excited heavy quarkonia in the decay of W*, top quark,
Z°, and Higgs boson [25-29]. The numerical results
show that sizable events of these exited [nS] and [nP]-
wave states (n>2) can be obtained. For example, the
contribution of 2§ state would increase the 1S yield by
about 20%~ 50%. We must have an estimation of these
exited heavy quarkonia before we begin calculating the
NLO and even NNLO corrections. This will enable a
complete prediction at the leading order (LO).

The remainder of this paper is organized as follows.
In Sec. II, we introduce the prescription of the produc-
tion of higher excited heavy quarkonium pairs under the
NRQCD framework. In Sec. III, we calculate the total
cross sections of e*e” — Z° — [(QO)[n])+ Q' O)[n'])
(Q, @ =c- or b-quarks) in the color-singlet model and
discuss their differential angle distributions and uncer-
tainties. Section [V gives a summary of the paper.

II. FORMULATIONS

The Feynman diagrams for the production of a pair of
higher excited heavy quarkonia via e~ (p;)e*(p,) — Z° —
QO [n])(q1) +(Q' O)['1)(q2) are depicted in Fig. 1. Ac-
cording to the QCD factorization formula, its differential
cross sections can be factored into the short-distance
coefficients and the long-distance matrix elements

Fig. 1. Feynman diagrams for e~ (p;)e* (p2) — Z° — [(QQ")[n])
(g +1(Q"D)[n’'1)(q2), where Q, Q' = c-, b-quarks, and [n] rep-
resents the color-singlet [n!Sol, [#3S1], [n'P1], and [n3P,]
(n=1,2,3;J =0,1,2) heavy quarkonia.

do = d&((Q Dln] + Q)7 1(OIAINOITY). (1)

The short-distance coefficients 6((Q’ Q)[n] + (Q0)[r’])
can be calculated perturbatively, which depicts the short-
distance production of two Fock states (Q'Q)[n] and
(Q0)[n'] (QV = b- or c-quarks) in the spin, color, and an-
gular momentum states [n”]. Here, [n"”] represents the
color-singlet states [n'S ], [n3S 1], [n’'P,], and [n"3P,]
(n=1,2,3,J=0,1,2).

The long-distance matrix element (O[n]) is a non-per-
turbative parameter that describes the hadronization of
the heavy quark pair (QQ’)[n] with quantum number 7 in-
to the heavy quarkonium |(QQ’)[n]). In the NRQCD
framework, we have contributions from both color-sing-
let and color-octect states. In this paper, we consider only
the color-singlet state, i.e., the intermediate heavy quark
pair (QQ")[n] and the final heavy quarkonium |(QQ")[n])
have the same n. The color-singlet matrix elements
{O([n])) in Eq. (1) can be related to the Schrodinger wave
function at the origin ¥, 4,57,(0) for nS-wave heavy
quarkonia or the first derivative of the wave function at

the origin ¥ 00y ©) for nP-wave heavy quarkonia:

(O([nISO])) :<O([H3S ) |\P\(QQ’)[nS])(0)|2’
(O([n' Pol)y O P D) = ¥ oy OF . (2)

Because the spin-splitting effect at the same n-th level
is small, the same values of wave function for both the
spin-triplet and spin-singlet Fock states are adopted in our
calculation. The Schrédinger wave function at the origin
W oo )msp(0) and its first derivative at the origin
¥ 0gmrp(®) can be further relevant to the radial wave
function at the origin R4 ,s57,(0) and its first derivative
of the radial wave function at the origin R;(QQ,)[HPD(O), re-
spectively [2]:
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Yi0a)ins(0) = V/1/47R 91151y (0)

o0y = V3/ATR 5,y (O)- 3)

The differential cross section dd can be calculated
perturbatively, which can be formulated as

dé =

L E o
4 (prpz)z—miZlM([”]’[”])l do,, 4

where S is the average over the spin of the initial
positron and electron and sum over the color and spin of
the final higher excited heavy quarkonia. The two-body
phase space in the e"e* center-of-momentum (CM) rest
frame can be simplified as

2 2
&g,
d®, = (2m)'s* <p1 +p2- qu> o555
= )15 emig)

_ 14|

8m+/s

d(cos®). (5)

Here, s = (p; + p,)? is the squared CM energy. The 3-mo-
mentum of the heavy quarkonium [(QQ)[n]) is |7|=
/ALs,M?,M2]/2 +/s, in which A[a,b,c] = (a—b—c)* —4bc,
and M, and M, are the masses of two higher excited
heavy quarkonia. 6 is the angle between the momentum
(p1) of the electron and that (q;) of the heavy quarkoni-

um [(QQ")[n]).

The hard scattering amplitude M([n], [#']) in Eq. (4)
can be read directly from the Feynman diagrams in Fig.
1, which can be expressed as

4
M) (D) =D e (p) L7 u(p)Dop A,

k=1

(6)

Here, k is the number of Feynman diagrams, and s and s’
are the spins of the initial electron and positron, respect-
ively. The vertex £” and propagator D,,, for Z° propag-
ated processes have the following forms:

- Tig
" 4cosBy

_ —185p
D(rp ) 2 . .
p?—mz+imzl;

Y7 (1 —deysin’ty —y°),
(7

Here, p=p;+p, represents the momentum of the
propagator; e denotes the unit of electric charge, ey =1
for the positron and electron, e, = —1/3 for the b-quark
and ey =2/3 for the c-quark; g is the weak interaction
coupling constant; 0y, is the Weinberg angle, and ', and
myz are the total decay width and mass of the Z° boson,
respectively.

The concrete expressions of the Dirac y matrix chains
AY in Eq. (6) for the nS -wave spin-singlet n'S, and spin-
triplet n3S | (n=1,2,3) can be expressed as

ﬂtlf(S,L:O) —iTr HSISI,L:O) ¥ (¢4 1;" 4212) +mg, . o g,L:O),ya ,
| [(g1 +g21)* —mp, 1(q12 + g21) 4<0
AT iy HSISI,L:O) N _(42; ﬁ1§)+mQ2 _ QHE;',L:O),}/(Y ,
[(q2 + q12)* —mp,)(q12 + q21) : .
ﬂg(S,L:O) —iTr H;SI,L:O),}/aHgSz',L:O) Lo (4 12 + 42;) +mQ; 270 ’
| (g1 +q22)* =miy N gn +¢20)* " | 40
AT _ iy H;SI,L:O)ynHész,Lw) p (’?2'2" 4 112)+ng 0 . @)
| (g2 +qu)* —mg Naqu+g2)* | |

Here, S and L represent the quantum number of spin and
orbit angular momentums of the heavy quarkonium, re-
spectively. g1, =mg,q1/M, and qi2 =mg q1/M, are the
momenta of the two constituent quarks of the heavy
quarkonium [(QQ")[nl)gq1), with M, =mg, +mg . g =
my, g2/ M> +q and g, = mg,q>/M, — g are the momenta of
the two heavy constituent quarks of the heavy quarkoni-
um [(Q'0)[n'1)(g2), With My = mg, +my,. q respresents the
relative momentum between the heavy quarks Q) and Q,.
We introduce the relative momentum ¢ for the quarkoni-

[
um [(Q’Q)[n'])(¢») because it might be either an nS -wave
or nP-wave state. For an nS -wave state, the relative mo-
mentum ¢ is set to zero directly. For an nP-wave state,
we should first perform the derivative of the amplitude
over ¢ and then set ¢=0. The two projectors IT"="
(k=1,2) in Eq. (8) have the following forms:

) i . Oij
G2 = Ea(CI1)4 l (2 —mo)y" (f +mg,)® —=

Mo, My VN’
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M5 = 602

{Z (g2 —mg,)y"(d21 +myg, \(/SV

(€))
Here, €,=1 and y* =19 for the spin-singlet 'S, states
($=0,L=0), and ¢ =&, and y* = y* for spin-triplet S
state (S = 1,L=0), where yu is the Lorentz vector index.
6,;/ VN. denotes the color operator for a color-singlet pro-
jector with N, = 3.

When |(Q’ O)[n'1)(g») is an nP-wave state, the expres-
sions of A7 (k=1,2,3,4) for the nP-wave spin-singlet
states n'P; (S =0,L=1) and spin-triplet states n’P,
(§ =1, L=1) with total angular momentum (J=0,1,2)
can be formulated as the first derivative of S-wave amp-
litudes for the relative momentum ¢ and then we can set
qg=0:

ﬂ(r(S =0,L=1) _

s

— Sv(q2) 7.,7{0—(5 =0,L=0)
q q=0

ﬂa'(S LL=1) _ (612) 7?[0(5 1.L=0)

V

(10)

q=0

Here, &,(g,) denotes the polarization vector of a n'P,
state, e[w(qz) is the polarization tensor for an n*P; state
(/=0,1,2). The derivative over the relative momentum
g, will result in complicated and lengthy amplitudes.
Thus, for nP-wave states, obtaining the squared amp-
litudes |IM([n],[n'])]* using the traditional method is very
time-consuming. We continue using the "improved trace
technique" to solve the amplitudes M([n],[#']). In this
prescription, the compact analytical expressions of the

Table 1.
and their first derivatives at the origin |R/
R\(QQ)[nS])(O) and R/

1(Q0")[nP])
1(QO)[n

complicated nP-wave can be obtained, and the efficiency
of numerical evaluation can also be improved. To keep
this paper short, we do not further describe the "im-
proved trace technique" in details. For complete tech-
niques and typical examples, please refer to Refs. [25,
29-33].

When solving the squared amplitudes |M([n], [n'])]%,
we must also sum the polarization vectors or tensors of
the heavy quarkonia. The polarization sum for the spin-
triplet n3S, or spin-singlet n' P, states with momentum p
is given by [3]

PuPw
P’

> ety =Ty = =g + (11)
J;

where J.=S, and L. denote n*S, and n'P, states, re-
spectively. The sum over the polarization tensors of n*P
states can be obtained by [3]

1
(0) (0)*
8/1v Wy EH Hy Vs
(D _
Z elel = H,,HW, I,,),
2)%
1(12") Lz" - E(HﬂH’HVV’ +H/1V’H )= H H (12)

III. PHENOMENOLOGY

A.
For numerical evaluations, the masses of the constitu-

Input parameters

Masses (units: GeV) of the constituent heavy quarks, the radial wave functions at the origin |R|(QQ,)[,,S]>(0)|2 (units: GeV?),
(0))> (units: GeV?) under the BT-potential model [26]. Note: the uncertainties of
ppy(0) are induced by the corresponding varying constituent quark masses.

e, IRicomns (O

2
me, |R|’(L‘E‘)lnPJ>(O>|

= 0.22
n=1 1.48+0.1, 2.458+0227 1.7520.1, 0.322+0977
n=2 1.82£0.1, 1.671*:113 1.96£0.1, 0.224+0:912
n=3 1.92:£0.1, 09690963 2.120.1, 0.387503
_ 2
M IR (5157 (0)] My, Ry oy OF
n=1 471£02, 161241238 4.94x0.2, 587438
n=2 5.0120.2, 6746398 5.12+0.2, 2.827+94%2
= 0.178 0.187
n=3 5.17£0.2, 2.172*9178 5.20+0.2, 2.578*0187
me /mpy, IR cpyns 1y OF me [mp, IR 5 1p)y OF
n=1 1.45+0.1 /4.85+0.2, 3.848+9238 1.75£0.1 /4.93£0.2, 0.518+0122
n=2 1.82+0.1/5.03+0.2, 1.987+:11¢ 1.96+0.1/5.13+0.2, 0.500*:936
n=3 1.96+0.1/5.15£0.2, 1.347+0:97 2.15+0.1/5.25£0.2, 0.729+0:980

—0.082

—-0.075
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ent charm and bottom quarks for the heavy quarkonia
[(QON[n]) and |[(Q’Q)[n’]) are shown in Table 1. The
mass of the higher excited heavy quarkonium is set to be
the sum of the masses of its constituent quarks at the
same n-th order. This is assured by the gauge invariance
of amplitudes within the NRQCD framework. The radial
wave functions at the origin Ry ,g,s,(0) and their first
derivatives at the origin R|, »,(0) for heavy quarkonia
[(QQ)[n]) were calculated under five different potential
models in our previous study [26]. Because the
Buchmiiller and Tye potential (BT-potential) model [34,
35] has the correct two-loop short-distance behavior in
the QCD, we adopt the results of the BT-potential in this
paper, which are shown in Table 1. The uncertainties of

Riooymsp(0) and R{ 5 5, (0) are induced by the corres-

Table 2.

ponding varying constituent quark masses. They are con-
sidered when we discuss the uncertainties of the total
cross sections caused by the varying quark masses in Sec.
II.C. The LO running strong coupling constant a, = 0.26
is adopted for |(cc)[n]) and |(bc)[n]), and @, =0.18 for
|(bb)[n]). Other parameters are derived from the PDG
[36].

B. Total and differential cross sections

The total cross sections for the production of the high-
er excited heavy quarkonium pair in e et —Z°—
QD)D) +I(Q' D[]y (Q, Q' =c- or b-quarks) at CM
energy /s =91.1876 GeV are listed in Tables 2—4 for
double charmonium, double bottomonium, and B, pairs,
respectively. The uncertainties are caused by the varying

Total cross sections (units: x107°fb) for the production of higher excited charmonium pairs in ete” - 7% —

[(co)[n]) +|(ce)[n’]) at /s =91.1876 GeV. The uncertainties are caused by the charm quark mass varying by 0.1 GeV, where effects of the

uncertainties of the Ryzs7(0) and Rl’(m[n Pl

three rankings are marked in bold.

,(0) induced by varying masses are also considered (see Table 1 for explicit values). The top

[n] +[n] 1+1 1+2 1+3 2+1 2+2 2+3 3+1 3+2 3+3
T(nlsol+iwds ) 18957380 11327098 6.632%2020 13917228 8.176%[4, 477070872 859411308 50327090%  2.933+03%
(s 1+iwds ) 641671289 42557700 25637008 4255%70%  27.62%%05 1655713 25.6374%  1655*1%  9.900%3%8
Tlsolein' Py 60.76%342  18.71%)35 2547008 2042%13% 10077008 13.69%035  11.63*072  5.729%0372  7.792+0154
Ts ety 45407300 22700 3124418, 247470100 12387102 170.6705 14137104 7077788 97.48%) 1
Tlsoleinpoh 1370177,  68.03721T  93.167970 722744t 35877330 49.107)% 40872 2029779 27767003
Tl sol+iwdp) 1887398 10567080 15747350 1237230 6.8357003 1011708 743241327 4.003700%  6.039%0458
T(nlsoln®py 28427222 1409738 192.4%03 15324193 7596733 103.8710 87.22735 4326733 5913797
(s +iw3pel)  44.037850  21.897007 30207980 25927231 12.76*085  17.5070%7 15157138 74377038 10187042
Tedsendpy 17621330 10.79%020 17.077)5¢ 9.6257182 5.009*0005  9354+07M 549271019 3374%008 534410433
TEds e3Py 57517825, 2483096 38157386 22007379 13267008 20557193 12467208 75217001 11.69707

Table 3.

Total cross sections (units: x107*fb) for the production of higher excited bottomonium pairs in e*e” — 2% —

[(bD)[n]y +|(bD)[n']y at /s =91.1876 GeV. The uncertainties are caused by the bottom quark mass varying by 0.2 GeV, where effects of

the uncertainties of the Ry,z,s3,(0) and R"(b};)[n »

top three rankings are marked in bold.

»© induced by varying masses are also considered (see Table 1 for explicit values). The

[n]+[n'] 1+1 1+2 1+3 2+1 2+2 2+3 3+1 3+2 3+3
T(nlsol+lnds,) 428,675 17337323 54.82°5%% 18434307 74.4073% 2353790 60.18%97¢ 2428731 7.6755%
Twdsi+indsy 11997184 49.84%81 16,0027 49.84*3 10 20697338 6.6347)007  16.007310  6.634%) 007 2.127+033
Tisolelw' Py 53274146 2283177 19.80%03 2108082 903610802 7.835:0034  6.601%033  2.829%0338  2.453+0.0%3
Twds +ilp)) 61467422 26917333 2355%060 24907195 1090745 9.543*0347  7.801*03%¢  3.454*0437  3.024%00%2
Tl Sol+l@w3po)  9.215%014 401070382 350170080 3.49570087 152070414 1.3277001%  1.068700%0  0.46510032  0.4051000)
T(nlsoletr?pyy 14317180 633170030 556870362 6.04970723  2.67270463 234910172 1.95910320  0.865*0143  0.76015:95
Tl sol+w3py)  28.157138 12,1572 1057091 1136708 4.903*03 426570007 3.50170432  1.55070495  1.34970017
s +indpg) 683737 30.69%53% 271673 27397278 12297190 10.88%08)  8.620108% 3871031 3.425+0T3
TEes e 1175436 5403903 4832733 4676737 2150738 19237130 1468717 674871080 6.0347043¢
Tes AP 2306135 10481197 9320757, 91.991%% 4181787 37.2073% 28907307 134374 11697072
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Table 4.

Total cross sections (units: x1073 fb) for the production of higher excited B. pairs in e*e™ — Z0 — |(ch)[n]) +|(bO)[n']) at

Vs =91.1876 GeV. The uncertainties are caused by the charm quark mass varying by 0.1 GeV and bottom quark mass by 0.2 GeV,
where effects of the uncertainties of the Ry p,s;,(0) and R’ (0) caused by varying masses are also considered (see Table 1 for ex-

I(ch)lnP1)
plicit values). The top three rankings are marked in bold.

[n]+[n'] 1+1 142 1+3 2+1 242 243 3+1 3+2 343
T(lsol+ins ) 634.67518 2129737 127923 220.3*3) 72.63+039 43.41%047 133.9734  43.89*047 26197138
s +inds ) 115075 39727005 2405737 397279 136.3%0¢ 82337072 240.5143 82.331072  49.69%07
Tnisolelw' P 481070300 2.1347043 1.405+0033 274770020 1357:0148  1.04270033  1.840%093 092675000 0.72970:9%7
Cussiey LTS SOSANNT 684003 28787IR 202008 25100008 1SSG  Las39RY 13O
Tnisolelnpoh 15277145 1200451 14967137 443070205 350010338 4.37870217 253670140 200610183 2.51270:9%
Cusiry 616290 4TSIOHD S6So0RL LASIONL  LIGIM 1419%0lt 0780008 0632090 07817001
T sol+ln P 3.093%70233%  1.3267021% 1.802+%% 0.541709% 047210023 0.62870009  0.26670030, 023675007 0.31970:00)
Ts idpen 45427000 23934308 21317335 1533423, 799571380 70461538 91717872 4774793 41.987%5)
TEes+Ap 27007182 18014252 19477137 8410127 55.807532 60.117355  49.46*183 32777388 35074101
TEes Ay 113341 39417894 59537801 37691223 207.9%373 193.67199 22487113 12377300 114.972%

quark masses. The charm quark mass m. hasthe vari-
ation +0.1 GeV, and the bottom quark mass m, has the
variation +0.2 GeV. In Tables 2—4, the top three rank-
ings are marked in bold. For the double charmonium
channels, we always have o (ouss prieom piy >
O (ealn' Sol+icaln P21y > Teatnt sob+lieanpopy At the same nth
level. For double bottomonium channels, the largest
cross sections can either be |(bd)[n'S 1) +|(D)[1>S 1) or
|(bb)[1n3S 1]y +|(bb)[n"*P,]). For B. pair channels, the
largest cross section can either be |(ch)[n’S )+
|(be)[n3S (1) or |(ch)[n*S])+]|(bE)[n">P,]). Note that in
Tables 2—4, we have redundant data in the row of
T (0 ms h+0d)n?s 1y 1-€., the cross sections are the
same when n and »n’ are exchanged. This is also a check
for our extensive calculations.

As shown in Tables 2—4, compared with the "1+ 1"
configuration, the cross sections for the production of the
higher excited heavy quarkonium pair are sizable. Be-
cause most of higher excited heavy quarkonia will decay
to ground states for n = 1, their contribution must be con-
sidered carefully when we study the production rates of
the ground states.

e For the top three double charmonium channels
[(c)[n*S 11y +1(ce)[n’ P1]), |(cE)n'S,)y+I(ce)nPs]), and
|(cB)[1n'So]) + |(cT)[n>Pyl), the total cross sections of the
(11+(2], [11+[31, [21+(1], [2]+[2], [2]1+(3], [3]+[1],
[3]1+[2], and [3] +[3] configurations are about 50%, 69%,
54%, 27%, 38%, 31%, 16%, and 21% of the cross sec-
tion of the [1]+[1] configuration, respectively. An inter-
esting observation is that the top three double charmoni-
um channels for other configurations have very similar
ratios to that of the [1]+[1] configuration.

e For the double bottomonium channel |(bd)[n'S ])+

|(bD)[n3S 1), the total cross sections of the [1]+[2],
[11+[3], [2]1+(1], [21+([2], [21+[3], [3]+[1], [31+[2],
and [3]+[3] configurations are about 40%, 13%, 43%,
17%, 5.5%, 14%, 5.7%, and 1.8% of the cross section of
the [1]+ [1] configuration, respectively.

For the double bottomonium channel |(bb)[rn*S 1)+
|(bB)[n*P,]), the total cross sections of the [1]+[2],
[11+[31, [21+([1], [21+[2], [2]1+[3], [3]+[1]1, [31+[2],
and [3]+[3] configurations are about 46%, 41%, 40%,
18%, 16%, 12%, 5.7%, and 5.1% of the cross section of
the [1]+ [1] configuration, respectively.

For the double bottomonium channel |(bb)[rn*S 1)+
|(bB)[nP,]), the total cross sections of the [1]+[2],
[11+[3], [2]1+[1], [21+[2], [2]1+[3], [3]+[1], [3]+I[2],
and [3]+[3] configurations are about 45%, 40%, 40%,
18%, 16%, 13%, 5.7%, and 5.1% of the cross section of
the [1]+ [1] configuration, respectively.

e For the B, pair channel |(ch)[n'S])+|(b0)[nS 1),
the total cross sections of the [1]+[2], [11+[3], [2]+[1],
[2]1+[2], [2]1+[3], [31+[1], [3]1+[2], and [3]+[3] config-
urations are about 34%, 20%, 35%, 11%, 6.8%, 21%,
6.9%, and 4.1% of the cross section of the [1]+[1] con-
figuration, respectively.

For the B. pair channel |(ch)[n’S 1) +|(b&)[n"S |]), the
total cross sections of the [1]+[2], [1]1+[3], [2]+[1],
[21+1[2], [2]1+(3], [31+[1], [3]1+[2], and [3]+[3] config-
urations are about 35%, 21%, 35%, 18%, 7.2%, 21%,
7.2%, and 4.3% of the cross section of the [1]+[1] con-
figuration, respectively.

For the B. pair channel |(ch)[n*S 1)+ |(bE)[n">P,]), the
total cross sections of the [1]1+[2], [1]1+[3], [2]+[1],
[2]+[2], [21+[3], [3]+[1], [3]+[2], and [3]+[3] config-
urations are about 35%, 53%, 33%, 18%, 17%, 20%,
11%, and 10% of the cross section of the[1]+[1] config-
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uration, respectively.

When CEPC is running in the Z factory operation
mode, its designed integrated luminosity with two inter-
action points can reach as high as 16 ab~! [1]. Thus, we
can estimate the events of the production of double high-
er excited heavy quarkonia. We show the events in Table
5 for the top three channels in Tables 2—4 as an illustra-
tion.

In Figs. 2—4, we depict the distribution do/dcosf at
Vs =91.1876 GeV for the production of double higher
excited charmonium, double higher excited bottomonium,
and higher excited B. pairs, respectively. The distribu-
tion do/dcosf can be obtained easily using the differen-
tial phase space in Eq. (5). Note that 6 is the angle
between the momentum p; of the electron and the mo-
mentum ¢; of the heavy quarkonium. Here, we only show
parts of the configurations [n]+[n’] of top three ranking
channels. We show that the largest differential cross sec-
tion do/dcosd can be obtained at § = 90° for the configur-
ations depicted in Fig. 2, and the minimum is achieved at
0=90° for the configurations in Fig. 3. In Fig. 4, for
double B. pair production, we obtain the largest differen-
tial cross section do/dcosf near (but not precisely at)
6 =90° in the left and right plots and obtain the minim-

Table 5.

um near (but not precisely at) 6 =90° in the middle plot.
The plots, particularly the middle and right ones in Fig. 4,
does not indicate the symmetry of 6 as those in Figs. 2
and 3.

C. Uncertainties

To obtain reliable results in LO calculation, we
should consider the main uncertainty sources of the cross
sections. For values of the input parameters, the fine-
structure constant o, Weinberg angle 6y, Fermi constant
Gr, and mass and width of the Z° boson are relatively
precise. The non-perturbative matrix elements are an
overall factor when the quark mass is fixed. In the follow-
ing, we probe the uncertainties caused by the masses of
constituent heavy quarks, and the running coupling constant
a(u), which is related to the renormalization scale u.

The uncertainties of total cross sections caused by the
varying quark masses are presented in Tables 2—4 for the
production of double higher excited charmonium, double
higher excited bottomonium, and higher excited B, pairs,
respectively. We adopt the mass deviations of 0.1 GeV
for m. (changing by about 7%) and 0.2 GeV for m,
(changing by about 4%). Here, the effects of uncertain-

Events in the Z factory mode at CEPC with the integrated luminosity of 16 ab~! for the production of double higher excited

heavy quarkonia in e*e™ — Z° — [(QQ")[n]) +1(Q’ @)[r']). Only the top three channels in Tables 2—4 are shown.

[n]+[n'] 1+1 142 1+3 2+1 242 2+3 3+1 342 343
[(ce) S 1 1) +|(cE) [’  P11) 73 37 50 40 20 27 23 11 16
[(ce)[n' S o) + (cB) 3 P2]) 45 22 30 24 12 16 14 7 9
I(cE)[n' S 1) +(cE) '3 Pol) 22 11 15 12 6 8 7 3 4
[(bD)[n' S o1y + (BD)[n>S 1) 686 277 88 295 119 38 96 39 12
[(BDY[3S 11y + [(BD) [’ P2 1) 369 168 149 147 67 60 46 21 19
[(BD)[3S 1 1)+ (BD)[n>S 1 1) 192 80 26 80 33 11 26 11 3
(D[S 1)y +1BD[3S 1]y 1.84x10*  636x10°  3.85x10°  636x103  2.18x103  132x10° 3.85x10° 132x10*  7.95x 102
[(D)R3S1 1) +1(BD)n3Poly  1.81x10*  630x10°  951x10°  6.02x10° 332x103  3.09x10° 3.59x10° 1.98x10° 1.84x10°
[(cD)n'Sol) +1(BD)n3S11y  1.02x10*  342x10°  2.06x10° 342x10° 1.17x10°  698x102 206x10° 698x102  421x10?

do/dcosd(fb)
do/dcosd(fb)

104

do/dcosd(fb)

-1 -08 -06 -04 -02 0
cosf

02 04 06 08 1 -1

Fig. 2.

08 -06 -04 -02

0 02 04 06 08 1 -1 08 06 04 02 0 02 04 06 08 1

cosf cosf

(color online) Differential angle distributions of cross sections do/dcosf at 5=91.1876 GeV for eet —70—

[(co)[n]) +|(cc)[n’]). The dash-dotted black, dotted blue, dashed green, solid red, diamond cyan, and cross magenta lines are for the
[11+[11, [11+[2], [11+[3], [21+[1], [2]+[2], [2]1+[3] configurations of the |(cg)[n>S])+|(c®)n’'P1]) channel (left), |(c)n'Sol)+
|(c&)[n’3 P21y channel (middle), and |(c&)[n'S 1) +|(c&)[n> Py]y channel (right), respectively.

073102-7



Qi-Li Liao, Jun Jiang Chin. Phys. C 48, 073102 (2024)

. _— i o Wtk .
~< S R . 102 T e R T
8ot \—/ g g
s Y Y
4 o [
2 2 \_-_/ 8 03 \—/
o o o
K K K
) ) )
© ° °
10 \”’// W , w
10
-1 08 -06 -04 -02 0 02 04 06 08 1 ‘03—1 -08 -06 -04 -02 0 02 04 06 08 1 -1 -08 -06 -04 -02 0 02 04 06 08 1
cosf cosf cosf
Fig. 3. (color online) Differential angle distributions of cross sections do/dcosf at 5-91187¢ GeV for the channel

e~e™ — Z% — |(bb)[n]) +|(bb)[n']). The dash-dotted black, dotted blue, dashed green, solid red, diamond cyan, and cross magenta lines are
for the [1]+[1]1, [11+[2], [1]1+[3], [21+[1], [2]+[2], [2]1+[3] configurations of the |(bb)[n'Sol)+|(bb)[n’*S ]y channel (left) and
|(bb)[1S 1y + |(bb)[n* P51y channel (middle) but for the [11+[1], [1]1+[2], [11+[3], [21+[2], [21+[3], [3]+[3] configurations of the
[(bb)[13S 11y +|(bb)[n3S 1]y channel (right), respectively.
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Fig. 4. (color online) Differential angle distributions of cross sections do/dcosf at 5-911876 GeV for the channel

e~et — 70 — |(ch)[n]y +|(b&)[n’']). The dash-dotted black, dotted blue, dashed green, solid red, diamond cyan, and cross magenta lines are
for the [1]+[1], [11+[2], [11+[3], [21+[2], [21+[3], [3]+[3] configurations of the |(ch)[n3S])+|(bc)[n’3S1]) channel (left) but for the
[11+[11, [11+[2], [11+[3], [21+[11, [21+[2], [2]1+[3] configurations of the |(ch)[n>S])+|(bc)[*P,]) channel (middle) and

[(ch)[n'S o) +1(bc)[n’*S 1]y channel (right), respectively.

ties of the radial wave function at the origin Rygg)s1,(0)
and its first derivative at the origin Rl’(QQ)[nP])(O) induced
by the varying quark masses are also considered. The un-
certainties from the radial wave function and its first de-
rivative at the origin induced by varying quark masses
were calculated in our previous paper using the BT-po-
tential model [26], which we show explicitly in Table 1.
The table shows that a 7% change in the charm quark
mass can result in a correction of up to 20% in the total
Cross section.

In Figs. 57, we present total cross sections o as a
function of the renormalization scale u at /s =91.1876
GeV for the production of the double higher excited char-
monium, double higher excited bottomonium, and higher
excited B. pairs, respectively. We observe that all the
cross sections decrease as the renormalization scale y in-
creases. The NLO corrections might improve the u de-
pendence.

IV. SUMMARY

In this paper, we systematically study the production
of a pair of higher excited charmonia, a pair of higher ex-
cited bottomonia, and the higher excited B. pair in

ete = Z° = |(QO)n)y +1(Q' D)) (Q. Q" = ¢,b quarks)
within the NRQCD factorization framework, where [n] or
[7'] represents the color-singlet Fock states [n'S],
[#3S1], [n'Pi], and [*P,] (n=1,2,3; J=0,1,2). The dif-
ferential angle distributions of the cross sections
do/dcos@ are studied for a sound estimation at the future
super Z factory, which are shown in Figs. 2—4 for double
higher excited charmonia, double higher excited bot-
tomonia, and the higher excited B. pair, respectively.

In Tables 2—4, we show that the production rates of
the higher excited B, pair are approximately two orders
of magnitude larger than those of the double higher ex-
cited charmonia in the same [n]+ [n'] configuration and
approximately one order of magnitude larger than those
of the double higher excited bottomonia in the same
[n]+[n'] configuration. The uncertainties caused by the
varying quark masses are also shown in Tables 2—4. We
show that a 7% change in the charm quark mass can res-
ult in a correction of up to 20% in the total cross section.
We also present the dependence of total cross sections on
the renormalization scale x4 in Figs. 5—7. The cross sec-
tions always decrease as u increases.

Our calculation shows that the sizable events of the
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o(fb)
o(fb)

10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90

H(GeV) H(GeV) H(GeV)
Fig. 5. (color online) Total cross sections ¢ as a function of the renormalization scale 4 at (5=91.187¢ GeV for the channel
e~et = 70 = |(c®)[n]) +|(c&)[n’']). The dash-dotted black, dotted blue, dashed green, solid red, diamond cyan, and cross magenta lines are
for the [11+[1], [1]+[2], [11+[3], [2]+[11, [2]+[2], [2]+[3] configurations of the [(c&)n*S ]y+|(cc)[n’'P1]) channel (left),
[(c®)[n'S o1y +|(cc)[n’® P,]y channel (middle) and |(cz)[n'S 1) +|(cE)[n Py]y channel (right), respecttively.

10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90

H(GeV) M (GeV) H(GeV)
Fig. 6.  (color online) Total cross sections ¢ as a function of the renormalization scale 4 at (5=91.187¢ GeV for the channel
e~e* — Z0 — |(bb)[n]) +|(bb)[n’]). The dash-dotted black, dotted blue, dashed green, solid red, diamond cyan, and cross magenta lines are
for the [1]+[1], [11+[2], [11+[3], [21+[1], [2]+[2], [2]1+[3] configurations of the |(bb)[n'Sol)+|(bb)[n’>S ]y channel (left) and
[(bb)[n*S 1)+ |(bb)[n* P51y channel (middle), but for the [17+[1], [11+[2], [11+[3], [2]1+[2], [2]+[3], [3]1+[3] configurations of the
|(bb)[1S 11y +|(bb)[n"3S 1]y channel (right), respectively.

o(fb)

10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90

u(GeV) u(GeV) u(GeV)
Fig. 7. (color online) Total cross sections o as a function of the renormalization scale 4 at \/5=91.1876 GeV for the channel
e~et — 7% — |(ch)[n]) +1(b&)[n']). The dash-dotted black, dotted blue, dashed green, solid red, diamond cyan, and cross magenta lines are
for the [17+[11, [11+[2], [11+[3], [21+[2], [21+[3], [3]1+[3] configurations of the |(cb)[nS 1) +|(bc)[n’*S1]) channel (left) but for the
[1]1+[11, [1]1+[2], [11+[3], [21+[1], [2]1+[2], [2]+[3] configurations of the |(ch)[13S 1) +|(bc)[n">P,]) channel (middle) and |(ch)[n'So])+
[(b)[n"3S 1]y channel (right), respectively.

double higher excited heavy quarkonium (principal production of the higher excited heavy quarkonium pair.
quantum number n =2, 3) can be produced in the future Moreover, because most of these higher excited states
super Z factory via the process e*e” — Z° — |(QQ")[n])+ would decay into the ground states, we carefully con-
Q' D)[n']) (Q,Q = c, bquarks). The future super Z fact- sider these higher excited states for a sound estimation
ory should be a suitable platform to study the exclusive when studying the production of ground states.
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