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Abstract: In a recent work by Fernandes [Phys. Rev. D 108(6), L061502 (2023)], an exact stationary and axisym-
metric solution was discovered in semiclassical gravity with type-A trace anomaly. This was identified as a

quantum-corrected version of the Kerr black hole. In this study, we explore the observational signatures of this black

hole solution. Our investigation reveals that prograde and retrograde light rings exist, whose radii increase monoton-

ically with the coupling parameter a. When a is negative, the shadow area for the quantum-corrected black hole is

smaller than that of the Kerr black hole, whereas when a is positive, the area is larger. For a near-extremal black

hole, its high-spin feature (the NHEKIine) is found to be highly susceptible to disruption by a. Furthermore, we dis-

cuss the images of the quantum-corrected black hole in the presence of a thin accretion disk and compare them to

those of the Kerr black hole. Our study highlights the importance of near-horizon emission sources in detecting the

effects of quantum corrections by black hole images.
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I. INTRODUCTION

Semiclassical gravity is an approach that considers
the backreaction of quantum fields while treating space-
time classically. One of the quantum effects in this
scheme is the trace anomaly, which refers to the breaking
of symmetry in a conformally invariant classical theory
due to one-loop quantum corrections [1]. Given the trace
anomaly, the renormalized stress tensor of quantum fields
exhibits a non-zero trace, serving as a source term in the
semiclassical Einstein equations. The trace anomaly may
also induce higher-order curvature terms such as the
Gauss-Bonnet term, which arises from the type-A anom-
aly [2].

One of the topics of solutions in semiclassical gravity
corresponds to the corrected versions of black holes that
account for quantum effects. The difficulty arises due to
the unknown nature of the renormalized stress tensor, ne-
cessitating additional assumptions to resolve the problem.
Over a decade ago, considering the type-A anomaly, [3]
discovered a static and spherically symmetric black hole
solution within the context of four-dimensional semiclas-
sical gravity. This spherically symmetric solution has
since been extensively examined in subsequent research
[4—8]. Moreover, the presence of a stationary and
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axisymmetric solution to the semiclassical Einstein equa-
tions with the type-A trace anomaly is crucial for model-
ing real-world black holes.

Recently, by adopting a Kerr-Schild ansatz with sta-
tionary and axisymmetric configuration, the author in [9]
analytically solved the semiclassical Einstein equation
and obtained a Kerr black hole solution with type-A trace
anomaly. Compared to the classical Kerr black hole, this
new solution replaces the ADM mass with a mass func-
tion

2M
M(r’G):—Sayw (1)
I+14/1-

23

in the ingoing Kerr-like coordinates, where M represents
the ADM mass. Furthermore, T = > + a?cos?6 with a de-
noting the spin parameter, and & = r*>-3a*cos*6 with a
representing the coupling constant of the type-A anom-
aly. This rotating black hole solution includes quantum
corrections and reduces to the classical Kerr spacetime
when a = 0. When a = 0, the solution reduces to the stat-
ic and spherically symmetric solution in semiclassical
gravity. This new solution presents several unique char-
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acteristics. For instance, the event horizon geometry is
non-spherically symmetric, and another Killing horizon
exists outside the event horizon. Moreover, under specif-
ic coupling constants, the spin parameter may surpass the
traditional Kerr bound. This suggests that black holes
may possess higher spins than their classical counterparts
[10]. Interestingly, a generalization of such quantum-cor-
rected black hole exists in scenarios where the spacetime
is non-stationary and a cosmological constant is present
[11].

From an astrophysical perspective, the rotating black
hole with type-A anomaly may have some observational
features. With the Event Horizon Telescope collabora-
tion already capturing images of supermassive black
holes at the centers of galaxies [12—14], the study of
black hole images, particularly the shadow of the black
hole, becomes essential [15, 16]. The size and shape of a
shadow can reveal the geometric structure and physical
properties of the central black hole, potentially allowing
for the testing of the coupling parameter in quantum-cor-
rected black holes.

In this study, we investigate the observable features of
the quantum-corrected black hole [1]. Specifically, our
focus is on the analysis of light rings (LRs) [17-20],
shadows [21-25], and images when illuminated by an ex-
ternal light source [26—32]. Initially, we examine the ef-
fective potential of particles in the equatorial plane and
derive the equation governing the positions of the LRs.
Due to the absence of an analytical solution, we numeric-
ally calculate the LRs as a function of the coupling con-
stant for various spin values. The existence of LRs im-
plies the presence of a critical curve and shadow on the
observer's screen when illuminated by celestial light. To
explore the shadow images, we employ the backward ray-
tracing method. Furthermore, we utilize a simplified thin
disk model to compare the intensity images with those of
the Kerr black hole, aiming for a more realistic scenario.

The paper is organized as follows. In Sec. II, we
provide a review of the quantum-corrected Kerr black
hole, examining particle trajectories and the existence of
light rings within this spacetime. In Sec. III, we investig-
ate the shadow images of the quantum-corrected Kerr
black hole when illuminated by a celestial source. Then,
in Sec. IV, we introduce a thin disk model that serves as a
more realistic light source, presenting the obtained res-
ults of black hole images. Finally, we summarize our
findings and conclude this study in Sec. V. We work in
the geometrized unit with 87G = ¢ = 1 in this paper.

II. METRIC AND THE LIGHT RINGS

To begin, let us briefly review the semiclassical Ein-
stein gravity and the quantum-corrected Kerr black holes
in [9]. In this framework, the background geometry re-
mains classical while the quantum fields influence the

geometry through their expectation value of the renormal-
ized stress tensor, denoted as (7,,), in the Einstein equa-
tions. Due to the quantum anomaly, the trace of (7)) is
non-zero and dependent only on the local curvature. If we
only consider the type-A anomaly, we have

¢ (T =36 @)

where G = R>—4R,,R" + R,,,»R**" is the Gauss-Bonnet
scalar, and o represents the coupling constant. By com-
bining Eq. (2) with the semiclassical Einstein equations,
R, —guwR/2=(T,). Hence, the following can be ob-
tained.

R=32gG. 3)

In general, it is impossible to solve the semiclassical Ein-
stein equations when the renormalized stress tensor re-
mains undetermined. However, by adopting a Kerr-Schild
ansatz and directly solving Eq. (3), the author of [9]
found a stationary and axisymmetric solution, which can
be interpreted as a quantum-corrected Kerr black hole.
The line-element was written in the ingoing Kerr-like co-
ordinates (v,r,0,¢),

2
ds* = — (1 - /;/lr) (dv—asinzedga)2

+2 (dv—asin® 6dy) (dr—asin® 6dy)
+X (d6* +sin’ 6d¢*) 4)

where M denotes the mass function in Eq. (1). Given that
M is dependent on 6, the resulting spacetime does not
satisfy the circularity conditions [33]. Figure 1 provides
various examples of M under typical coupling constants.
It is important to note that a significant difference exists
between the cases with positive and negative coupling
constants. Moreover, the radius of the event horizon is
also a function of 6, rendering it non-spherically symmet-
ric and requiring numerical solving. Furthermore, it has
been observed that another Killing horizon is present at
r* —2Mr+a® = 0, which does not coincide with the event
horizon but is located quite close to it.

In this study, we focus on potential observational fea-
tures of the quantum-corrected Kerr black hole. Specific-
ally, we would like to solve the propagations of light and
determine the associated black hole images. Under the
WKB approximation, i.e., the wave length of the light is
much smaller than the gravitational radius, the light
propagations can be described by null geodesics. The
constrained Hamiltonian for geodesics can be expressed
as follows:
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Fig. 1.
fixed at a =0.8.
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where p* denotes the four momentum, m =0,1 denotes
null and timelike geodesics, respectively. The equations
of motion are as follows:

o _
Opy

oH

A

= ~Pu> (6)

i

where dot denotes the derivative with respect to the af-
fine parameter. Given that the spacetime is non-circular,
it appears impossible to transform the equations of mo-
tion into first-order equations, as is possible in Kerr
spacetime. Moreover, the global transformation between
the ingoing Kerr coordinates and Boyer-Lindquist co-
ordinates is rather complicated [34].

Nonetheless, we can still gain some insights from the
simplified scenario of geodesics on the equatorial plane.
When restricted to 6 = 7/2, the metric Eq. (4) can be eas-
ily transformed to

2_ 2
dy=dr+ —%ar, dgo=d¢+%dr, )
2 s
ds? = —<1— MOr)dt2+—dr2
b A
IMord? 4
+<r2+a2+M)d¢2—mdtd¢, (8)
s >
where A=r*=2Mor+a*, My= M(r, n/2) =2M/
S8aM
1+14/1-

5 )-In this case, the geodesics are determ-

ined by an one-dimensional equation of », which con-
siders

(color online) M as function of r for differnet values of a, evaluated at the pole (Left) and equatorial plane (Right). The spin is

2M0m2
r
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with E=-p,, L=p, the conserved energy and angular
momentum, and V. acting as an effective potential. Let
us now focus on the case of photons with m = 0. The key
property of photons is that their conserved energy can be
absorbed into the affine parameter by rescaling 2 — AE.
Then, by defining [ = L/E, the potential is simplified to

) N2
P 2Mol-a)®

r2 3

V() =1+2 (10)

r

The unstable photon orbits, termed as light rings (LRs),
are circular orbits of photons that play a crucial role in the
observational properties of black holes. LRs can be ob-
tained by setting:

Vai=0, 0,Vez=0. (1n
Based on these equations, we obtain:
a(r3+9r—801+6r2 /1 —%)
I=- 3 —9r+ 8« ’
TPl Gl DY (12)

r? [ 8a
r3 1_r73

Thereafter, we set M = 1, without loss of generality. Eq.
(12) provides the equation for the LRs,
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As Eq. (13) is very complicated, we solve the LRs nu-
merically. There are two real roots, r,, r,,, corresponding
to prograde and retrograde photon orbits respectively. We
have confirmed that these LRs are unstable under radial
perturbations, i.e., 8*V.q > 0. Consequently, similar to the
Kerr spacetime, the LRs in the quantum-corrected Kerr
solution imply a shadow region in the image of this type
of black hole.

Figure 2 illustrates how the radii of LRs change as the
coupling constant a increases, while the spin parameter
remains fixed at different values. It is important to note
that although Eq. (13) has solutions throughout the range
of —1 < @ < 8, only the colored parts of the curves corres-
pond to the actual black hole solution, i.e., where the
event horizon encloses the curvature singularities. The
gray portions of the curves correspond either to cases
where the event horizon is complex or where the singu-
larity crosses the event horizon. For the case of a =0.9
(bottom right), there are two distinct intervals for black
hole solutions: —0.0649 < a < 0.3487 and 2.25 < @ < 6.784,
consistent with the domain of black hole solutions found
in [9]. In the case of a=1 (bottom left), the black hole
touches the Kerr bound, and a black hole still exists for
a =0 (red dots) and 4.5698 < @ < 6.47976. Furthermore, it

r a=0.1
45
4.0
35

rm
25

r a=09

2 4 6 8

Fig. 2.
retrograde orbit, respectively.

is apparent that both r, and r,, increase with a. This im-
plies that a larger value of a could potentially result in a
larger shadow in the black hole image. This finding
aligns with previous research studies [5, 6, 35].

III. SHADOWS CAST BY A CELESTIAL
LIGHT SOURCE

It is known that the LRs suggest the existence of a
family of unstable photon orbits around a black hole,
which significantly affect the observational characterist-
ics of a black hole. Photons launched near these orbits
complete multiple loops around a black hole before
reaching the observer, leading to the formation of a critic-
al curve in the observer's screen [36]. To investigate these
characteristics of the quantum-corrected Kerr black hole,
we utilize a celestial sphere as the light source to illumin-
ate the black hole [37]. The black hole is located at the
origin, whose size is much smaller than that of the celesti-
al sphere and the distance between the observer and ori-
gin. This setup allows the celestial sphere to outline the
critical curve accurately and reveal the unstable photon
orbits. When illuminated by the celestial sphere, any
spacetime information that lies behind the LRs remains
invisible on the screen. Light rays that penetrate the in-
terior of the prograde LR r, are inevitably captured by
the black hole, creating a shadow region on the screen.

Once the celestial sphere model is established, we
utilize the backward ray-tracing method to generate the
black hole images. The numerical strategy involves set-
ting up a camera model at the observer and integrating
the equations of motion along the null geodesics moving
backward from the observer. More specifically, we em-

° 104
2 4 6 8 !

(color online) LRs as functions of a under different spin parameters. The red and orange colors denote the prograde orbit and
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ploy a fisheye camera that incorporates the stereographic
projection of the momentum p, of photons onto the
screen. With the values of p, on the screen determined,
we may now proceed with solving the trajectories of
photons in the metric Eq. (4) by performing backward in-
tegration of the Hamiltonian equations,

OH oH
op, ~ o Pu (14)
where dot denotes the derivative concerning the affine
parameter. During the ray-tracing process, light rays that
reach the celestial sphere are colored based on their posi-
tions. Furthermore, rays that reach the horizon are
colored black, creating a shadow region on the screen.
Let us first consider the case of a >0. Figure 3 dis-
plays black hole images for three different positive val-
ues of a, with an identical black hole spin a = 0.99 for an
edge-on observer (6, =x/2). It is evident that the black
hole shadow increases in size due to the impact of a posit-
ive a. As a becomes sufficiently large, the shadow shape
transforms into an ellipse as demonstrated in the right
panel of Fig. 3. Moreover, regarding the case of large a,
the lensed images surrounding the shadow become nar-

rower, indicating a different gravitational lensing process
when compared to that in Kerr spacetime. To quantify the
impact of quantum corrections on the shadow, we intro-
duce a parameter n = Sgu/S ke, representing the area ra-
tio between the shadow of a quantum-corrected black
hole and that of a Kerr black hole with identical spin. The
right panel of Fig. 4 shows the variation in # concerning «
under different black hole spins. The area ratio # pro-
gressively increases as the quantum-corrected parameter
increases, with a more substantial impact on higher-spin
black holes. This finding aligns with the behavior of the
LRs, whose radii are monotonically increasing functions
of a. Furthermore, as illustrated in Fig. 5, we present an
example of a violation of the Kerr bound, where a = 1.06
and « =6.275, which is close to the maximum value
found in [1]. However, we do not observe a remarkable
feature when compared to the right panel of Fig. 3, where
a=0.99 and a =6.2. It is possible that the quantum cor-
rections suppress the high-spin effect, even when it sur-
passes the Kerr bound.

Next, we proceed to the case of a < 0. For clarity, we
present the black hole shadows for three different values
of a, but with the same spin a =0.8 for an edge-on ob-
server. The results are shown in Fig. 6. Here, we choose a

Fig. 3.

(color online) Black hole images of @ =0.99 with @ >0. Left: @ =0, which corresponds to a near extreme Kerr black hole.

Middle: @ =0.02. Right: @ = 6.2. The observer is placed at r, = 300, 6, = n/2.

Fig. 4.

a

(color online) Left: shadow curves of black holes with a =0.99 and « > 0. Right: the variation of the area ratio # with respect to

postive a for a different black hole spin a. The incline angle of the observer is fixed at 6, = n/2.
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Fig. 5.  (color online) Black hole images of a=1.06 and « = 6.275, which violates the Kerr bound a < 1. The observer is placed at
r, = 300. Furthermore, the incline angles of the observer are 6, = 7/9,7/3,7/2, respectively.

Fig. 6.
a =-0.15. The observer is placed at r, = 300, 6, = r/2.

Black hole shadows of a=0.8 with @ <0. Left: « =0, which corresponds to a Kerr black hole. Middle: a =-0.09. Right:
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(color online) Left: shadow curves of black holes with a = 0.8 and « < 0. Right: the variation in the area ratio # with respect to

negative a. The black hole spin is fixed at a = 0.8 and incline angle of the observer is fixed at 6, = 7/2.

smaller spin than that of a case with a > Obecause the
high spin limits the range of values for o, as shown in
Fig. 2 of [1]. As a decreases, the left-hand side of the
shadow curve exhibits a concave shape, as observed in
the right panel of Fig. 6 and the left panel of Fig. 7. Due
to this type of effect, the shadow area may decrease as a
decreases. To verify this, we plot the variation in the area
ratio # concerning a in this case in Fig. 7. The range of a
follows the domain of existence for a black hole. By com-
bining Fig. 7 with Fig. 4, we conclude that the area ratio 7
is a monotonically increasing function concerning the
quantum-corrected parameter a, similar to the radii of
LRs.

Moreover, in the case of a nearly extreme Kerr black
hole, an edge-on observer can observe a vertical line seg-
ment within the left contour of the shadow, as depicted in
the left panel of Fig. 3. This vertical line, termed as the

NHEKIine [38], originates from photons emitted in the
near-horizon-extreme-Kerr (NHEK) geometry of the Kerr
spacetime [38—40]. The existence of the NHEK geo-
metry is attributed to the degeneracy of the inner and out-
er horizons [39]. However, the presence of the quantum-
corrected parameter o breaks the global degeneracy of the
horizons, thereby destroying the NHEK geometry. As
demonstrated in the left panel of Fig. 4, NHEKIlines can
be blurred by even a small value of a.

IV. BLACK HOLE IMAGES WITH A THIN
ACCRETION DISK
The millimeter-wave images of supermassive black

holes are typically thought to be dominated by accretion
disks [12—14]. In this section, we use the disk model em-
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ployed in [29] to generate images of the black hole-disk
system. The disk is geometrically and optically thin, and
it is placed on the equatorial plane. For simplicity, we de-
termine the disk structure in the Boyer-Lindquist coordin-
ates Eq. (8). The accretion flows are divided into two
parts by the innermost stable circular orbit (ISCO), whose
radius is determined by solving the following equations:
Veff'r:rlsco = 07

— 2 —
=rsco — =rsco —
arvefflr r1Sco 0’ arvefflr r1SCo 0’

(15)
where V.s is given by Eq. (9) with m=1. The above
equations are quite complicated, and the radius of the
ISCO can only be solved numerically. Outside the ISCO,
the accretion flows move along timelike circular orbits,

w =ul, (1,0,0,9Q), (16)
where
. 1

Ugyt = - 2 ’

8082 + 281082+ 8ut o)y

2
—(9, + 6;‘ - af af
0, = 280 \/( 810) 8490r8u (17)
6rg¢¢

0=r/2

Inside the ISCO, the fluid falls from the ISCO to the
event horizon, with the same conserved quantities as that
for the ISCO. The components of the four-velocity take
the form:

uhy = (=" Ersco + 8" Lisco) | y_r/n »

ufy = (=8 Exsco + 8 Lisco) g2

togt t 9 ¢ ¢
ro_ _glluinuin+2gl¢uinuin+g¢¢uinuin+1

8 0=n/2
W =0, (18)

where Esco and Lisco denote the energy and angular mo-
mentum at the ISCO.

Light rays propagating around the black hole can un-
dergo multiple crossings with the disk, leading to the ac-
cumulation of intensity. The expression for the observed
intensity can be formulated as follows:

Nimax

L= g (19)
n=1

where v, denotes the observed frequency on the screen,
n=1,2,..Nmnx denotes the number of times that the ray
crosses the disk, Ny.x denotes the maximal crossing num-

ber, g, denotes the corresponding redshift factor, and J,
denotes the emissivity at the n-th intersection point. The
emissivity is selected as a function of 7,

J =exp <—lzz—2z> , z=log—, (20)
2 ry

where ry denotes the horizon radius on the equatorial

plane.

The left column in Fig. 8 illustrates the intensity maps
obtained from the thin disk imaging. In this case, the spin
parameter is fixed at a =0.99, and the observer is situ-
ated at r, = 200, 6, = 80°. Within these intensity maps, the
bright, narrow curves are referred to as "photon rings",
which emerge due to the strong gravitational lensing ef-
fect. The shapes of these photon rings align with the
shadows cast by the celestial light source mentioned
earlier. Moreover, the completely dark regions central in
the images result from the direct imaging of horizons,
termed as the "inner shadows" [41].

When comparing the two images in the left column in
Fig. 8, the most prominent distinction is that the
quantum-corrected black hole exhibits a smaller inner
shadow. For further investigation, we plot the maximal
number of times light rays crossed the disk, Ny.x,as de-
picted in the middle column of Fig. 8. Two notable differ-
ences are observed: First, the area occupied by light rays
that do not intersect the disk is smaller in the image of a
quantum-corrected black hole. As light rays accumulate
intensity while passing through the disk, the inner shad-
ow of a quantum-corrected black hole naturally appears
diminished.

Second, for the quantum-corrected black hole, the re-
gions corresponding to Ny =3 and Ny =4 extended
"tentacles" outward, which suggests that light rays are
more likely to oscillate in their f-direction near the equat-
orial plane of the quantum-corrected black hole. We ana-
lyzed the trajectories of light rays associated with the
tentacles and observed that they predominantly intersect
the accretion disk between the ISCO and horizon. This
suggests that the non-circular spacetime effects resulting
from quantum corrections are more pronounced in the vi-
cinity of the horizon. This implies that the contribution of
a near-horizon light source plays a crucial role in the ob-
servable effects of a quantum-corrected black hole. To
verify this, we present the imaging results in the right
column of Fig. 8, where only the light source inside the
ISCO is present. It is evident that the image of the
quantum-corrected black hole differs significantly from
that of a typical Kerr black hole. We would like to em-
phasize that while the conventional disk model treats the
ISCO as its inner boundary, studies also show that the ac-
cretion flow within the ISCO exhibits complex dynamics
and substantial radiative capabilities [42]. Therefore, we
may expect the presence of observable effects of quantum
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Fig. 8. (color online) Black hole images illuminated by the thin disk model. The spin is set as a = 0.99, and the observer is positioned

at r, =200, 6, = 80°. The top row corresponds to a typical Kerr black hole with a = 0, while the bottom row represents the quantum-cor-
rected Kerr black hole with @ =0.02. In the left column, we display the intensity maps generated by the thin disk. The middle column
shows the number of times the light rays intersect the disk. Finally, the right column exhibits the intensity maps generated solely by the
inner-ISCO region of the disk.

corrections in realistic accretion systems of black holes'. coupling constant gradually increased within its range of
values, # also increased. Moreover, an intriguing discov-
V. SUMMARY AND DISCUSSION ery was that the NHEKIline was highly susceptible to dis-

ruption by the coupling constant. This phenomenon may
arise from the fact that the presence of the trace anomaly
breaks the degeneracy between the inner and outer hori-
zons, resulting in the absence of the NHEK geometry.
Following this, we employed a thin disk model to
study the black hole images in a more realistic manner.

In this study, we examined the LRs, shadows, and
disk images of the Kerr black hole in the semiclassical
gravity with type-A trace anomaly [1]. Considering that
the mass function M depends on r and 0, the spacetime
should be non-circular. Consequently, the Hamiltonian

for geodesics does not allow for the separation of vari- i :
ables. To determine the radii of LRs, we performed nu-  OUr findings revealed that the images of the quantum-

merical calculations based on the effective potential of ~ corrected black hole could deviate from those of the typ-
photons. Our results demonstrated that the radius of the ~ ical Kerr black hole. The quantum correction leads to a
retrograde LR are always larger than that of the prograde ~ higher frequency of light ray oscillations around the

LR, irrespective of the value of the coupling constant. equatorial plane, specifically between the ISCO and the
Furthermore, we employed a celestial sphere to illu- horizon. Hence, the influence of a source near the hori-
minate the black hole and utilized the backward ray-tra- ~ zon becomes crucial in determining the observable ef-

cing technique to determine the shape and area of the fects of a quantum-corrected black hole.
shadow on the observer's screen. To characterize the vari-

ations in the shadow's area, we introduced the parameter ACKNOWLEDGMENTS
n = Ssu/Skenr, representing the ratio of the shadow's area
for a quantum-corrected black hole to that of a Kerr black We are grateful to Prof. Bin Chen for the valuable

hole with the same spin. Our findings revealed that as the  discussions.
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