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Abstract: A systematic  study of  the neutrino mass matrix  with two texture zeros in  a  basis  that  the charged
leptons are diagonal, and under the assumption that neutrinos are Dirac particles is performed. Our study is conduc-
ted without  any approximation,  first  analytically and then numerically.  Current  neutrino oscillation data is  used in
our analysis. Phenomenological implications of  on lepton CP violation and neutrino mass spectrum are explored.
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I.  INTRODUCTION

SU(3)c⊗SU(2)L⊗U(1)Y

Although  the  gauge  boson  sector  of  the  Standard
Model (SM) with  local symmetry
has been very successful [1−4], its Yukawa sector is still
poorly  understood.  Questions  related  to  this  sector  such
as the total number of families in nature, the hierarchy of
the  charged  fermion  mass  spectrum,  the  smallness  of
neutrino  masses,  the  quark  mixing  angles,  the  neutrino
oscillations,  and the origin  of  CP violation,  remain open
questions to date in theoretical particle physics [5−10].

In the context of the SM, a neutrino flavor created by
the weak interaction and associated with a charged lepton
will maintain its flavor, which implies that the lepton fla-
vor  is  conserved  and  neutrinos  are  massless.  Moreover,
recent experimental  results  confirm  that  neutrinos  oscil-
late,  and,  consequently,  at  least  two  of  them  have  non-
zero masses [11−13].

UPMNS

Current neutrino experiments are measuring the neut-
rino  mixing  parameters  with  unprecedented  accuracy.
The next generation of neutrino experiments will be sens-
itive to subdominant neutrino oscillation effects that can,
in  principle,  provide  information  on  the  yet-unknown
neutrino parameters:  the Dirac CP-violating phase in the
Pontecorvo-Maki-Nakagawa-Sakata  (PMNS)  mixing
matrix , the neutrino mass ordering, and the octant
of the mixing angles [14−16].

To date,  the  solar  and  atmospheric  neutrino  oscilla-
tions have established the following values to 3 sigma of
the deviation [17−19]: 

∆m2
atm = (2.47−2.63)×10−3eV2,

∆m2
sol = (6.94−8.14)×10−5eV2 = ∆m2

21,

sin2 θatm = (4.34−6.10)×10−1 = sin2 θ23,

sin2 θsol = (2.71−3.69)×10−1 = sin2 θ12,

sin2 θReac = (2.00−2.41)×10−2 = sin2 θ13, (1)

which implies, among other things, that at least two neut-
rinos have very small but non-zero masses.

hϕν ≤ 10−13

Masses  of  neutrinos  require  physics  beyond  the  SM
connected  either  to  the  existence  of  right-handed neutri-
nos  and/or  to  the  breaking  of  the  baryon  minus  lepton
number  (B−L)  symmetry  [20].  If  right-handed  neutrinos
exist,  the  Yukawa  terms,  after  electroweak  symmetry
breaking,  result  in  Dirac  neutrino  masses,  requiring
Yukawa  coupling  constants  for  neutrinos .
However,  the  right-handed  neutrinos,  singlets  under  the
SM gauge group, can acquire large Majorana masses and
render the Type I see-saw mechanism [8, 21−23] to be an
appealing and  natural  scenery  for  neutrino  mass  genera-
tion.  Another  possibility  is  to  generate  neutrino  masses
via quantum loops [24, 25]

(0νββ)
For Majorana fields, a process exists called neutrino-

less  double  beta  decay , which  is  strongly  dis-
favored  by  current  experimental  results  ([26−28]),  the
reason for which the alternative is to assume that massive
neutrinos  must  be  related  to  Dirac  fields.  Therefore,  for
the model analyzed, we assume that Majorana masses are
forbidden by some type of physical mechanism.
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In addition to the fact that no experiment has thus far
excluded the possibility of Dirac neutrino masses, sever-
al theoretical  motivations  exist  to  assume  them,  for  ex-
ample, the generation of baryon asymmetry via leptogen-
esis  [29],  alternative  approaches  to  the  see-saw mechan-
ism [30], and the generation of radiative neutrino masses
via  quantum  loops  [31−34]. Additionally,  in  models  de-
rived  from  string  theories,  the  Majorana  masses  are
strongly suppressed  by  selection  rules  related  to  the  un-
derlying symmetries [35].

SU(2)L

Furthermore,  the  use  of  Dirac  particle  fields  enables
us  to  apply  the  polar  decomposition  theorem  of  algebra
[36], which states that any complex matrix can be decom-
posed into the product of a Hermitian and a unitary mat-
rix. This decomposition reduces the number of free para-
meters  by  half  in  this  sector  because  the  unitary  matrix
can  be  absorbed  into  the  singlet  representations  of

,  that  is,  in  the  right-handed sector  (a  simplifica-
tion that is not possible for Majorana particles [37]).

Other theoretical  motivations  to  study  Dirac  neutri-
nos  include  the  conservation  of  global  lepton  number,  a
common  mass  generation  mechanism  for  all  Fermion
fields, and a  clearer  distinction between matter  and anti-
matter,  which  could  aid  in  explaining  CP  violation  in
nature [38, 39].

UPMNS

To obtain  Dirac  neutrinos,  three  right-handed neutri-
nos  are  added  to  the  SM of  particles  and  fields  (one  for
each family),  enabling  the  most  general  possible  Her-
mitian  Dirac  mass  matrix  in  the  neutral  lepton  sector  in
our study.  Subsequently,  after  using  a  weak  basis  trans-
formation (WBT) to eliminate nonphysical  phases in the
Hermitian  neutral  mass  matrix,  we  aim  to  fit  the  mass-
squared  differences  and  the  mixing  angles  in  the 
matrix, values well measured in neutrino physics thus far,
into the parameters.

UPMNS

UPMNS

In our analysis, we assume a diagonal charged lepton
mass  matrix  in  the  weak  basis,  which  implies  that  the
mixing  angles  in  are  pure  oscillation  parameters
with  no  relation  with  charged  lepton  mixing.  Thus,  the
unitary matrix that diagonalizes the neutral mass matrix is
the same , and then, by introducing texture zeros in
the neutral sector, we obtain physical predictions that can
be tested numerically. 

II.  ZERO TEXTURES FOR DIRAC NEUTRINOS

(ναR; α = e,µ,τ)

For the analysis that follows, we adopt the following
three hypotheses: 1) We extend the electroweak sector of
the  SM  with  three  right-handed  neutrino  fields,

; 2) The charged lepton mass matrix is di-
agonal  in the weak flavor basis;  3)  Majorana masses are
forbidden.
 

A.    Neutrino mass matrix
According to the previous hypothesis, for the charged

lepton sector in the flavor basis, we have
 

Ml =

Ü
me 0 0

0 mµ 0

0 0 mτ

ê
, (2)

which implies that the most general 3 × 3 mass matrix for
the  neutrinos,  which,  owing  to  the  decomposition  polar
theorem of the matrix algebra [36] we assume to be Her-
mitian without loss of generality, can be expressed as
 

Mν =

Ü
mνeνe mνeνµ mνeντ

mνµνe mνµνµ mνµντ

mντνe mντνµ mντντ

ê
= UPMNS

Ü
m1 0 0

0 m2 0

0 0 m3

ê
U†PMNS

=

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


m1 0 0

0 m2 0

0 0 m3


U∗e1 U∗µ1 U∗τ1

U∗e2 U∗µ2 U∗τ2

U∗e3 U∗µ3 U∗τ3



=

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


m1U∗e1 m1U∗µ1 m1U∗τ1

m2U∗e2 m2U∗µ2 m2U∗τ2

m3U∗e3 m3U∗µ3 m3U∗τ3

,
(3)

UPMNSwhere  the  mixing  matrix  for  Dirac  neutrinos  is
parametrized in the usual form as [40]

 

UPMNS =

 1 0 0

0 c23 s23

0 −s23 c23


 c13 0 s13e−iδCP

0 1 0

−s13eiδCP 0 c13


 c12 s12 0

−s12 c12 0

0 0 1



=

 c12c13 s12c13 s13e−iδCP

−s12c23− c12s23s13eiδCP c12c23− s12s23s13eiδCP s23c13

s12s23− c12c23s13eiδCP −c12s23− s12c23s13eiδCP c23c13

 ; (4)
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Dg.(m1,m2,m3)
ci j = cosθi j si j = sinθi j

θi j, i < j = 1,2,3

where  represents the neutrino mass eigen-
values, and  and  are the cosine and
sine, respectively, of the mixing angle .

Mν mνeνe = m∗νeνe
, mνµνµ = m∗νµνµ , mντντ =

m∗ντντ mνµνe = m∗νeνµ
mντνe = m∗νeντ

mνµντ = m∗ντνµ

Now, owing  to  the  Hermiticity  constraint,  the  ele-
ments  of  satisfy 

, and ;  and .

UPMNS

For our analysis, it is convenient to use the following
numerical values for the entries of  evaluated at 3σ
ranges, presented in Ref. [17]: Ü

0.7838...0.8442 0.5135...0.6004 0.1901...0.2183

0.2508...0.4902 0.4665...0.6782 0.6499...0.7719

0.3135...0.5471 0.4841...0.6927 0.6161...0.7434

ê
,

(5)

which  include  strong  correlations  between  the  allowed
ranges owing to unitary constraints. 

Mν

θ12, θ13 θ23

m1, m2 m3

When the mass matrices for the lepton sector are giv-
en  by  (2)  and  (3),  we  observe  that  the  Hermitian  mass
matrix  has  six  real  parameters  and  three  phases  that
we  can  use  to  explain  seven  physical  parameters:  the
three  mixing  angles ,  and ,  one  CP  violating
phase δ,  and  three  neutrino  masses ,  and .
Therefore,  in  principle,  we  have  a  redundant  number  of
parameters (two more phases).

Mν

Now,  at  this  point,  and  contrary  to  the  quark  sector
[41, 37], we cannot introduce texture zeros via the WBT
[42−44] in the mass matrix  because it will change the
charged lepton diagonal mass matrix. However, as shown
in  the  appendix,  the  WBT  can  be  used  to  eliminate  the
two redundant phases.

M′ν
When  the  redundant  phases  are  removed  via  the

WBT,  the  Hermitian  matrix  has  six  real  parameters
and  one  phase  that  can  accommodate,  in  principle,  the
three mixing angles, three neutrino masses, and CP viola-
tion phase.  Thus,  one  texture  zero  should  imply  a  rela-
tionship between the mixing angles and physical masses.

∆m2
32 = m2

3−m2
2 ∆

2
31 = m2

3−m2
1 ∆m2

21 = m2
2−m2

1

∆m2
21+∆m2

32−∆m2
31 = 0

However, we do not have six experimental entries to
input in the analysis because the neutrinos masses are not
known.  Instead,  we  know  the  mass  square  differences

; , and  in nor-
mal  hierarchy,  with  the  mathematical  constraint

,  which  leaves  us  with  only  five
experimental real constraints to be accommodated. There-
fore,  patterns  with  one  texture  zero  should,  in  principle,
be compatible with the experimental data at the 3σ level,
although the parameter  space for  each of  these zero tex-
tures should  be  strictly  constrained  (an  analysis  presen-
ted somewhere else). Therefore, real physical predictions
should begin only when two texture zeros are considered. 

B.    Texture zeros
The  introduction  of  texture  zeros  in  a  general  mass

matrix  has  been  an  outstanding  hypothesis  that  provides
relationships between the mixing angles and mass values.

As discussed  earlier,  the  six  real  mathematical  para-
meters  of  the  most  general  Hermitian  mass  matrix  for
Dirac neutrinos  provides  sufficient  room  to  accommod-
ate  the  five  real  experimental  values  with  no  prediction.
Furthermore, one texture zero should not conduce to any
prediction.  Therefore,  texture  zeros  become  valuable
when two of them are introduced, with two texture zeros
providing one physical prediction.

In the following, for normal ordering, we study all the
possible cases of two texture zeros in the Hermitian mass
matrix  of  Dirac  neutrinos  and  observe  the  prediction  for
the lightest Dirac neutrino mass, which consequently has
the knowledge of the complete neutrino mass spectrum.

Three  different  cases  must  be  analyzed:  two  texture
zeros in the diagonal, one texture zero in the diagonal and
the other outside the diagonal, and finally two off-diagon-
al texture zeros.

To set  our  mathematical  notation,  we begin studying
the implications of one texture zero. 

1.    Diagonal texture zeros

mνeνe = 0Let  us  assume that  and observe  its  implica-
tions:

From (3), we obtain 

mνeνe = m1|Ue1|2+m2|Ue2|2+m3|Ue3|2 = 0, (6)

m3

|Ue1|2+ |Ue2|2+ |Ue3|2 = 1
dividing by  and using the unitary constraint of matrix
U, that is , we can express (6) as 

m1

m3
|Ue1|2+

m2

m3
|Ue2|2+1− |Ue1|2− |Ue2|2 = 0;

which we can rearrange as 

|Ue2|2 =
m3

m3−m2
− m3−m1

m3−m2
|Ue1|2. (7)

mνµνµ = 0Similarly for , we have 

|Uµ2|2 =
m3

m3−m2
− m3−m1

m3−m2
|Uµ1|2, (8)

mντντ = 0and for , we have 

|Uτ2|2 =
m3

m3−m2
− m3−m1

m3−m2
|Uτ1|2. (9)

The former three cases can be summarized as 

|Uα2|2 =
m3

m3−m2
− m3−m1

m3−m2
|Uα1|2, (10)
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α = e mνeνe = 0 α = µ mνµνµ = 0 α = τ
mντντ = 0
UPMNS

for  if ,  if ,  and  if
. This shows the dependence between two of the

 matrix entries and the neutrino mass values. 

2.    Texture zeros outside the diagonal

mνeνµ = 0 mνµνe =

m∗νeνµ
= 0

Let us now consider a texture zero outside the diagon-
al.  Let  us  begin  with  (notice  that 

).
For this scenario, (3) implies that 

mνeνµ = m1Ue1U∗µ1+m2Ue2U∗µ2+m3Ue3U∗µ3 = 0, (11)

m3

Ue1U∗µ1+Ue2U∗µ2+Ue3U∗µ3 = 0
which, dividing by  and using the orthogonality condi-
tion , can be expressed as Å

m1

m3
−1
ã

Ue1U∗µ1+

Å
m2

m3
−1
ã

Ue2U∗µ2 = 0, (12)

U∗e2Uµ2multiplying by  and rearranging, we obtain Å
m1

m3
−1
ã

Ue1U∗µ1U∗e2Uµ2+

Å
m2

m3
−1
ã
|Ue2|2|Uµ2|2 = 0, (13)

which we can finally expressed as 

Ue1U∗µ1U∗e2Uµ2+

Å
m3−m2

m3−m1

ã
|Ue2|2|Uµ2|2 = 0, (14)

which, together with its complex conjugate, can be separ-
ated in two parts:  a  real  part  and an imaginary part  both
equal to zero (note that for a Hermitian matrix, its eigen-
values must be real but not necessarily positive).

mνµνeAs  must also be equal to zero, the two relations
must also be equivalent to making the real and imaginary
parts in (14) equal to zero. As the second term in (14) is
real, making the imaginary part equal to zero produces 

Im.(Ue1U∗µ1U∗e2Uµ2) = J = 0; (15)

which  means  that  this  texture  zero  is  associated  with  a
Jarlskog invariant [45] equal to zero, and no CP violation
is present for this texture zero.

mνeντ = 0Similarly for , we have 

mνeντ = m1Ue1U∗τ1+m2Ue2U∗τ2+m3Ue3U∗τ3 = 0. (16)

m3

Ue1U∗τ1+Ue2U∗τ2+Ue3U∗τ3 = 0
Dividing by  and using the orthogonality  relation-

ship , we can express (16) in
the form Å

m1

m3
−1
ã

Ue1U∗τ1+

Å
m2

m3
−1
ã

Ue2U∗τ2 = 0, (17)

U∗e2Uτ2multiplying by  and rearranging, we obtain Å
m1

m3
−1
ã

Ue1U∗τ1U∗e2Uτ2+

Å
m2

m3
−1
ã
|Ue2|2|Uτ2|2 = 0, (18)

which implies 

Ue1U∗τ1U∗e2Uτ2+

Å
m3−m2

m3−m1

ã
|Ue2|2|Uτ2|2 = 0, (19)

which again produces 

Im.(Ue1U∗τ1U∗e2Uτ2) = J = 0. (20)

The former means that this texture zero outside the di-
agonal  is  also  associated  with  a  Jarlskog  invariant  equal
to zero and, again, there is no CP violation for this case.

mνµντ = 0Similarly, for  we obtain 

mνµντ = m1Uµ1U∗τ1+m2Uµ2U∗τ2+m3Uµ3U∗τ3 = 0, (21)

m3which, divided by  and using the appropriate orthogon-
ality relationship, we obtain Å

m1

m3
−1
ã

Uµ1U∗τ1+

Å
m2

m3
−1
ã

Uµ2U∗τ2 = 0, (22)

U∗µ2Uτ2which, multiplying by , we obtain 

Uµ1U∗τ1U∗µ2Uτ2+

Å
m3−m2

m3−m1

ã
|Uµ2|2|Uτ2|2 = 0, (23)

which again yields 

Im.(Uµ1U∗τ1U∗µ2Uτ2) = J = 0. (24)

MνTherefore, a texture zero in  outside the main diag-
onal implies CP conservation,  a result  also obtained in a
different manner in Appendix A. 

III.  NUMERICAL ANALYSIS

Mν

According  to  (4),  the  right-hand  side  of  (3)  depends
only  on  the  neutrino  mixing  angles,  CP-violating  phase,
and  neutrino  masses.  Therefore,  each  of  the  possible  six
texture zeros in the matrix  in (3) implies an equation
relating neutrino masses with the CP-phase and neutrino
mixing angles. The equation must be confronted with the
measured  experimental  values.  Hence,  we  must  place
each equation in terms of physical parameters. Let us ob-
serve this: 
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mνeνeA.     = 0
mνeνe = 0The texture  produces the constraint in equa-

tion (7), which, when expressed in terms of physical para-
meters, becomes 

s2
12c2

13 =
m3

m3−m2
− (m3−m1)

(m3−m2)
c2

12c2
13. (25)

This relationship  that  must  be  satisfied  by  experi-
mentally  measured  values  to  obtain  a  realistic  texture
zero in the neutrino mass matrix.

m = m1+m2+m3 ∆m2
32 = m2

3−m2
2

The  relationship  (25)  can  be  rearranged  slightly  by
using the definitions  and  

s2
12c2

13∆m2
32

m−m1
= m3− (m3−m1)c2

12c2
13. (26)

χ2The parameter space can be studied through a  ana-
lysis, which is defined as 

χ2(m1) =

ñ
sin2 θ12− sin2 θ̃12

σ(sin2 θ12)

ô2

, (27)

sin2 θ̃12

sin2 θ12 σ(sin2 θ12)
where w is  the  value  for  this  mixing  angle  ob-
tained  from Eq.  (26),  whereas  and  are
the current best fit value and its one sigma deviation, re-
spectively.  Experimental  data  in  (1)  and  (5)  are  used  to
perform the analysis.

∆m2
12

∆m2
13 θ12 θ13

χ2

After defining the parameter space in terms of ,
 and the mixing angles , , we perform a minim-

ization process for the  function. The best fit points ob-
tained around the minimum (about zero) for our analysis
are 

m1 = 0.00208 eV, m2 = −0.00886 eV, m3 = 0.0501 eV.

(m1, m2, m3)
m1

m2 m3

m2

m1

m3

m3

m1 m2

|m1|+ |m2|+ |m3| < 0.12 eV

To study the  parameter space, we first fix
the  value  in  its  minimum and search  for  the  allowed
values  of  and  at  the  95%  confidence  level  (CL);
the results  are presented in Fig.  1(a).  Next,  we fix  in
its minimum and search for the allowed values of  and

 at  the  95%  CL,  whose  results  are  presented  in 1(b).
Finally,  fixing , we determine the parameter space al-
lowed for  and , as presented in Fig. 1(c). The para-
meter spaces shown in the former three figures satisfy the
experimental  limits   [46],  the
square mass differences, and the three mixing angles.

θ23

Equation (25) shows that the CP violation phase is en-
tirely unconstrained, but the plots in the figure show that
the experimentally  measured  values  can  be  well  accom-
modated  in  the  allowed  parameter  space,  as  anticipated
above.  The  mixing  angle  is  easily  obtained  from the
(2,3) or (3,3) mixing matrix numerical entries.

Mν mνµνµ = 0
mντντ = 0 mνeνµ = mνµνe = 0

A similar analysis can be performed for the other five
one  texture  zero  in  the  matrix ,  that  is,  for ,

,  , etc. The results for this analys-
is will be presented elsewhere. 

B.    Two texture zeros
The next step is to study the different structures with

two texture zeros in the neutrino mass matrix (with a di-
agonal charged lepton sector in the weak basis). We study
three different  cases:  first,  the  two zeros  are  in  the  main
diagonal (there are three CP violating patterns); next, one
texture zero is in the main diagonal and the other one out-
side this diagonal (with nine CP conserving different pat-
terns);  finally,  the  two  zeros  are  off  the  main  diagonal
(with three CP conserving different patterns).1)

The following section presents, for one particular pat-

 

Mνeνe = 0Fig. 1.    (color online) Parameter space for the texture zero  at 95% CL.

Two texture zeros for Dirac neutrinos in a diagonal charged lepton basis Chin. Phys. C 49, 013107 (2025)
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013107-5



tern,  the  detailed  analytic  and  numerical  analysis  for  all
the different  fifteen  two  texture  zeros  patterns.  Our  nu-
merical  results  are  presented  in  one  appendix  at  the  end
of the paper. 

1.    Two zeros, one in the main diagonal

The number of  different  patterns in  this  category,  all
of  them  related  to  CP  conservation,  is  nine.  They  are
shown in Appendix B.B.1.

m1, m2 m3

UPMNS

In our  analysis,  performed  in  two  steps,  we  recon-
struct first the neutrino mass matrix in terms of the three
neutrino masses , and . This is achieved by us-
ing the invariant forms: tr[M], tr[M2], and det[M]. There-
after, we derive the analytic  orthogonal  matrices  that  di-
agonalize  the  several  3×3  real  neutrino  mass  matrices.
The result is the  in analytic form as a function of
the real  mass  eigenvalues  and  any  other  parameter  re-

quired, this last one conveniently chosen.

A7

To  observe  this,  let  us  use  as  an  example  here  with
the texture in : 

A7 =

Ü
x1 0 b

0 x2 c

b∗ c∗ 0

ê
. (28)

A7 |A7| = −x2|b|2− x1|c|2
= m1m2m3 m3 > 0

m1 > 0, m2 < 0 m1 < 0, m2 > 0
m1 > 0 m2 < 0

Notice  that  the  three  eigenvalues  of  a  general  3  ×  3
Hermitian matrix are real but not necessarily positive. By
taking the determinant of , we obtain 

, which by fixing  by a global phase con-
vention,  we  must  have  two  classes  of  solutions:

 and .  Let  us  perform  our
example for the particular case of  and 

3×3After  using  the  invariant  forms  for  this  mass
matrix, and solving the equations, we obtain

 à
x1 0

»
(x1−m1)(x1+m2)(−x1+m3)

2x1−m1+m2−m3

0 −x1+m1−m2+m3

»
(x1−m1+m2)(−x1+m1+m3)(x1+m2−m3)

2x1−m1+m2−m3»
(x1−m1)(x1+m2)(−x1+m3)

2x1−m1+m2−m3

»
(x1−m1+m2)(−x1+m1+m3)(x1+m2−m3)

2x1−m1+m2−m3
0

í
, (29)

m1, m2, m3 x1

UPMNS

where , and  are free parameters used to calculate the neutrino masses and mixing angles. After diagonaliz-
ing this texture, we obtain the  in terms of the free parameter.
 

UPMNS =

â
−
»

(x1+m2)(x1+m2−m3)(m3−x1)
(m1+m2)(m3−m1)(2x1−m1+m2−m3)

»
(x1−m1)(x1−m1+m2)(−x1+m1+m3)

(m1+m2)(m1−m3)(−2x1+m1−m2+m3)

»
(x1−m1)(x1+m2−m3)
(m1+m2)(−m1+m3)

−
»

(m1−x1)(m3−x1)(−x1+m1+m3)
(m1+m2)(m2+m3)(−2x1+m1−m2+m3) −

»
(x1+m2)(x1−m1+m2)(x1+m2−m3)

(m1+m2)(m2+m3)(2x1−m1+m2−m3)

»
(x1+m2)(−x1+m1+m3)

(m1+m2)(m2+m3)»
(x1−m1)(x1+m2)(x1−m1+m2)

(m1−m3)(m2+m3)(−2x1+m1−m2+m3)

»
(x1−m3)(x1−m1−m3)(x1+m2−m3)

(m1−m3)(m2+m3)(−2x1+m1−m2+m3)

»
(x1−m1+m2)(x1−m3)

(m1−m3)(m2+m3)

ì
.

χ2After obtaining this expression, we conduct a  min-
imization procedure:
 

χ2(m1, x1) =
∑
i< j

ñ
sin2 θi j− sin2 θ̃i j

σ(sin2 θi j)

ô2

, with i, j = 1,2,3.

(30)

sin2 θ̃i j

sin2 θi j σ(sin2 θi j)
where  represents  the  angles  mixing  predicted  by
our  forms,  whereas  and  are  the  current
best-fit  value  and  its  one  sigma  deviation,  respectively.
To  obtain  the  best  values  that  fit  the  experimental  data.
Note  that  the  analytical  results  contain  some square  root
terms  that  imply  several  limits  on  the  parameters,  such
that the results are real; that is, we must have
 

m3 > x1 > m1, 2x1 > m3, x1+m2 > m3.

|m1| =
0.0333 |m2| = 0.0344 |m3| = 0.0608

sin2 θ12 = 0.315, sin2 θ23 = 0.646, sin2 θ13 =
0.022.

The  minimization  procedure  produces  the  following
phenomenological  results:  The  neutrino  masses 

 eV,  eV,  eV,  and  the
mixing  angles 

The numerical result agrees with the data reported ex-
perimentally by the Neutrino Global Fit [17].

The  results  of  the  other  eight  possibilities  are  shown
in Appendix D. 

2.    Two zeros off the main diagonal

None of the three cases is viable because each one of
them is associated with a vanishing oscillation parameter
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A10 θ13 = 0 A11 θ23 = 0
A12 θ12 = 0
(for , we have , for , we have , and for

, we have ). The forms are shown in Appendix
B.B.2. 

3.    Two zeros in the main diagonal

A13, A14 A15

UPMNS

Three  different  patterns  are  given  by  the  matrices
, and . Using the invariant forms as before, we

obtain  complicated  analytic  expressions  for  the 
matrix, whose tracking does not reveal much. Therefore,
we proceed immediately with the numerical analysis.

UPMNS

Our result shows that none of the three different tex-
tures with two zeroes in the main diagonal can reproduce
the  three  measured  mixing  angles  in  the  oscilla-
tion matrix. 

IV.  SUMMARY

Mν

In the context of a model with right-handed neutrinos
(one for each family) and global lepton number conserva-
tion,  we  perform  an  analytic  and  numerical  systematic
study  of  the  Dirac  neutrino  Hermitian  mass  matrix 
with two  independent  texture  zeros,  under  the  assump-
tion that the charged lepton sector is diagonal in the weak
basis.

Mν

χ2

Analytic  expressions  for  the  entries  of  as func-
tions of the the three neutrino masses are obtained using
the  mathematical  invariant  of  a  3  ×  3  matrix.  Algebraic
expressions are derived to obtain numerical values for the
physical parameters via minimization with a  statistical
analysis.

A3 A7

sinθ13

According to our study, the cases compatible with the
current experimental data at the 3σ level are  and  (in
Appendix B), both of them associated to normal ordering
an CP conservation. This is contrary to the results presen-
ted  in  Refs.  [49, 50],  where  the  analysis  was  performed
for  correlations  between two of  the  three  mixing angles.
Now, performing  our  analysis  but  relaxing  the  correla-
tion  between the  angle  with  the  other  two mixing
parameters at the 3σ level, the results in Table [3] are ob-
tained, now in agreement with the results reported in the
literature [49, 50].

A  new  feature  in  our  analysis  is  the  iterative  use  of
WBTs [42−44], which provide the following results: first,
the  elimination  of  the  two  redundant  phases  in  the  most
general  Hermitian  neutrino  mass  matrix  ending  up  with
only one physical phase connected with possible CP viol-
ation  in  the  lepton  sector;  second,  the  demonstration  the
CP conservation in a novel manner in the context of our
analysis when a texture zero outside the main diagonal is
placed.

UPMNS

Note that in our analysis, based on the assumption of
a diagonal charged lepton mass matrix in the weak basis,
our  matrix  is  a  pure  oscillation  matrix  and  not  a
mixing one as it occurs in the quark sector. This is relev-

ant because neutrino experiments have measured oscilla-
tions.

A3 m1 = 0.021
m2 = 0.087 m3 = 0.501

From our study, the mass for one of the three neutri-
nos  can  be  predicted  (we  select  the  lightest  one).  Using
this value,  and  the  experimental  mass  squared  differ-
ences, the entire neutrino mass spectrum can be inferred,
as  presented  in  the  three  tables  at  the  end  of  the  paper.
Those  values  are  exact  predictions  in  our  analysis.  For
example,  for  in Table  D1,  we  obtain ,

, and , whose values are predicted in
eV.

Although we  realized  that  all  the  six  one  zero  tex-
tures  are  compatible  with  current  neutrino  oscillations,
we have not obtained in detail the constraints in the para-
meter  space  coming  from  the  experimentally  measured
values (results presented elsewhere).

Finally,  whether  neutrinos  are  Dirac  or  Majorana
particles remains an open question. 

APPENDIX A

In  this  appendix,  we address  two problems:  first,  we
show how to use the weak basis transformation (WBT) to
reduce the number of phases from three to one in a gener-
al  3  ×  3  Hermitian  neutrino  mass  matrix  (for  a  diagonal
mass  matrix  in  the  charged  lepton  sector).  Second,  we
discuss  the  mathematical  reason  for  CP  conservation
when  an  off-diagonal  vanishing  element  exists  in  the
neutrino sector.

UPMNS

In the context  of  the SM extended with right-handed
neutrinos and lepton number conservation, the most gen-
eral WBT that leaves the two 3 × 3 lepton mass matrices
Hermitian  and  does  not  alter  the  physics  implicit  in  the
weak currents  (does  not  alter  the  physical  content  in  the

 mixing matrix) is  an arbitrary unitary transforma-
tion U acting simultaneously in the charged lepton and in
the neutrino mass matrices [43]. That is 

Mν −→ MR
ν = UMνU†,

Ml −→ MR
l = UMlU†. (A1)

Mν

m1,m2

m3 θ12, θ13 θ23

UPMNS

Now, when the mass matrices for the charged lepton
sector are  diagonal,  we  have  that  the  most  general  Her-
mitian mass matrix  for the neutral sector has six real
parameters  and  three  phases  that  we  can  use  to  explain
seven physical  parameters:  three neutrino masses ,
and , the three mixing angles , and , and one
CP violating phase δ in the  mixing matrix. There-
fore, in principle, we obtain a redundant number of para-
meters (two more phases).

Mν

In contrast to the quark sector [41, 37], we cannot in-
troduce  texture  zeros  via  WBTs  in  the  mass  matrix 
because  it  would  change  the  charged  lepton  diagonal
mass matrix.  However,  the  WBTs  can  eliminate  the  re-
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dundant  phases.  Hence,  we  express  the  neutrino  mass
matrix as 

Mν =

Ü
|mνeνe | |mνeνµ |eiϕeµ |mνeντ |eiϕeτ

|mνeνµ |e−iϕeµ |mνµνµ | |mνµντ |eiϕµτ

|mνeντ |e−iϕeτ |mνµντ |e−iϕµτ |mντντ |

ê
, (A2)

and perform a WBT using the following diagonal unitary
matrix:
 

Mϕ = Diag(eiϕ1 ,1,eiϕ2 ), M†ϕ = Diag(e−iϕ1 ,1,e−iϕ2 ) = M−1
ϕ ,

which does not change the diagonal charged lepton mass
matrix. After this, the matrix (32) has the following form:

 

M′ν =

Ü
|mνeνe | |mνeνµ |ei(ϕeµ−ϕ1) |mνeντ |ei(ϕeτ+ϕ2−ϕ1)

|mνeνµ |e−i(ϕeµ−ϕ1) |mνµνµ | |mνµντ |ei(ϕµτ+ϕ2)

|mνeντ |e−i(ϕeτ+ϕ2−ϕ1) |mνµντ |e−i(ϕµτ+ϕ2) |mντντ |

ê
,

M′ν = M†ϕMνMϕwhere . Three cases are present in this ex-
pression:
 

ϕ1 = ϕeµ ϕ2 = ϕ1−ϕeτ = ϕeµ−ϕeτCase  A:  and , produ-
cing 

M′ν =

Ü
|mνeνe | |mνeνµ | |mνeντ |
|mνeνµ | |mνµνµ | |mνµντ |eiψ

|mνeντ | |mνµντ |e−iψ |mντντ |

ê
(A3)

ψ = ϕµτ+ϕ2 = ϕµτ+ϕeµ−ϕeτwith .
 

ϕ1 = ϕeµ ϕ2 = −ϕµτCase B:  and , producing 

M′ν =

Ü
|mνeνe | |mνeνµ | |mνeντ |e−iψ

|mνeνµ | |mνµνµ | |mνµντ |
|mνeντ |eiψ |mνµντ | |mντντ |

ê
. (A4)

ϕ2 = −ϕµτ ϕ1 = ϕ2+ϕeτ = ϕeτ−ϕµτCase C:  and , produ-
cing 

M′ν

Ü
|mνeνe | |mνeνµ |eiψ |mνeντ |
|mνeνµ |e−iψ |mνµνµ | |mνµντ |
|mνeντ | |mνµντ | |mντντ |

ê
. (A5)

UPMNS

From the former, we can conclude that using a WBT,
we can eliminate two unwanted phases, obtaining a single
phase responsible for  the possible CP violation phenom-
ena present in the  mixing matrix.

θ12, θ13 θ23 m1,m2

Counting parameters once more, we find that in mat-
rix (33)  (or  equivalently  in  (34)  or  (35)),  the  final  num-
ber of parameters is six real numbers and one phase (ψ),
just  sufficient  to  accommodate  the  three  mixing  angles

, and  and the three neutrino masses , and

m3

UPMNS

(δCP

, together with just one CP violating phase to consider
the  CP  violation  in  the  matrix  via  the  parameter

) for  Dirac  neutrinos.  Further  texture  zeros  will  re-
veal  relationships  between  neutrino  masses  and  mixing
parameters.

θi j

Thus, one texture zero would enable us to express one
of  the  mixing  angles  as  a  function  of  the  neutrino
masses; meanwhile,  two  texture  zeros  enable  us  to  ex-
press two mixing  angles  as  a  function  of  the  three  neut-
rino masses. Three or more texture zeros are meaningless.

ϕ1 ϕ2

The most  important  consequence  of  the  former  ana-
lysis  is  that,  because  the  phases  and  are  arbitrary
and  they  can  take  any  value,  the  final  phase ψ can  be
placed in any entry of  the neutrino mass matrix,  accord-
ing to (33)−(35). In particular, if we impose an off-diag-
onal vanishing element, we can place the phase ψ in that
entry,  meaning  that  a  phase  will  not  be  present  in  the
mass matrix. That implies CP conservation for that case.
This is a result obtained from the Jarlskog invariant ana-
lysis as shown in the main text. 

APPENDIX B

MνAs  mentioned  in  the  main  text,  the  mass  matrix 
for  Dirac  neutrinos,  in  the  context  of  the  SM  enlarged
with the right-handed neutrinos, can be transformed to be
Hermitian  without  loss  of  generality,  which  means  that
three  independent  off-diagonal matrix  elements  are  gen-
erally  complex,  whereas  the   three  independent  diagonal
ones  are  real.  If n of  them  are  taken  to  vanish  (n inde-
pendent texture zeros),  then a combinatorial  analysis  en-
ables us to express the number of independent matrices as
[50] 

Cn =
6!

n!(6−n)!
, (B1)

C1 = 6 C2 = 15 C3 = 20which means , , and  (Textures with
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n ≥ 3 are not realistic). 

A.    One texture zero
Two  different  scenarios  occur:  texture  zero  in  the

main  diagonal  and  texture  zero  off  the  main  diagonal,
with three different cases for each scenario: 

1.    Diagonal texture zero

Three different cases are given by the three matrices 

O1 =

Ö
0 a b
a∗ x2 c
b∗ c∗ x3

è
,

O2 =

Ö
x1 a b
a∗ 0 c
b∗ c∗ x3

è
,

O3 =

Ö
x1 a b
a∗ x2 c
b∗ c∗ 0

è
, (B2)

with all three cases related to CP violation. 

2.    Off diagonal texture zero

Again, three different cases are given by the matrices 

O4 =

Ö
x1 0 b
0 x2 c
b∗ c∗ x3

è
,

O5 =

Ö
x1 a 0
a∗ x2 c
0 c∗ x3

è
,

O6 =

Ö
x1 a b
a∗ x2 0
b∗ 0 x3

è
, (B3)

with all of them related to CP conservation. 

B.    Two texture zeros
Fifteen  different  cases  are  grouped  in  three  different

categories: 

1.    One diagonal and other off-diagonal texture zeros

Nine different cases occur: 

A1 =

Ö
0 0 b
0 x2 c
b∗ c∗ x3

è
,

A2 =

Ö
0 a 0
a∗ x2 c
0 c∗ x3

è
,

A3 =

Ö
0 a b
a∗ x2 0
b∗ 0 x3

è
, (B4)

 

A4 =

Ö
x1 0 b
0 0 c
b∗ c∗ x3

è
,

A5 =

Ö
x1 a 0
a∗ 0 c
0 c∗ x3

è
,

A6 =

Ö
x1 a b
a∗ 0 0
b∗ 0 x3

è
, (B5)

 

A7 =

Ü
x1 0 b

0 x2 c

b∗ c∗ 0

ê
,

A8 =

Ü
x1 a 0

a∗ x2 c

0 c∗ 0

ê
,

A9 =

Ü
x1 a b

a∗ x2 0

b∗ 0 0

ê
, (B6)

with all of them CP conserving.
 

2.    Two texture zeros off the main diagonal

Three different cases occur:
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A10 =

Ü
x1 a 0

a∗ x2 0

0 0 x3

ê
,

A11 =

Ü
x1 0 b

0 x2 0

b∗ 0 x3

ê
,

A12 =

Ü
x1 0 0

0 x2 c

0 c∗ x3

ê
.

All of them are related to CP conservation.
 

3.    Two texture zeros in the main diagonal

Three different cases occur:
 

A13 =

Ü
0 a b

a∗ 0 c

b∗ c∗ x3

ê
,

A14 =

Ü
0 a b

a∗ x2 c

b∗ c∗ 0

ê
,

A15 =

Ü
x1 a b

a∗ 0 c

b∗ c∗ 0

ê
.

All of them related to CP violation.
 

APPENDIX C

In this appendix, we review the definition of the Jarl-
skog invariant.

3×3

The Swedish physicist Cecilia Jarlskog observed that
the  area  of  each  of  the  six  unitary  triangles  in  a  unitary
matrix  (which is  the same for all  of  them) is  given
by the relation: 

−Ar = J/2,

−Jwhere  is known as the Jarlskog invariant [45], which,
in the parametrization that makes use of the Euler angles
takes the form 

−J = c12c23c2
13s12s23s13 sinδ13, (C1)

which can also be expressed as 

−|J| = Im(Ui jUklUk jUil), (C2)

i, j,k, l i , k j , lfor any combination of , where  and .
Thus, the Jarlskog invariant  is  an important informa-

tion carrier for CP-violation [51]. 

APPENDIX D

δCP = 0

In this  appendix,  we present  the  summary of  the  nu-
merical  results  obtained  from  our  analysis  for  the  nine
cases of two texture zeroes, one in the main diagonal and
the  other  one  outside  of  it.  For  the  analysis,  we  use

.  From  the  results,  normal  ordering  is  suggested.
Three tables are presented:

m1 > 0
m2 < 0 m1 < 0 m2 > 0

θ13

sinθ13

The  first  one  corresponds  to  the  analysis  for 
and .  The  second  is  for  and .  The
third table presents the results obtained when we relax the
constraints imposed by the value ; that is, without hav-
ing a correlation on the  mixing angle with the oth-
er parameters.

A7Table D1 shows that  only the texture  can accom-
modate the measured mixing angles, with the correspond-
ing predictions for the neutrinos mass values.

 

m1 > 0 m2 < 0
Table D1.    Results  of  the  mixing angles  and neutrino masses  for  the  nine different  textures  obtained according to  our  analysis  for

 and .

Texture sin2 θ12 sin2 θ23 sin2 θ13 |m1 |/eV |m2 |/eV |m3 |/eV

A11: 0.298 0.250 0.022 0.0018 0.0091 0.0512

A22: 0.305 0.018 0.014 0.0044 0.0096 0.0503

A33: 0.334 0.007 0.022 0.0021 0.0087 0.0501

A44: 0.318 0.200 0.022 0.0046 0.0097 0.0512

A55: 0.465 0.010 0.032 0.0153 0.0175 0.0534

A66: 0.524 0.003 0.014 0.0209 0.0227 0.0546

A77: 0.315 0.646 0.022 0.0333 0.0344 0.0608

A88: 0.022 0.515 0.023 0.2685 0.2686 0.2731

A99: 0.023 0.516 0.023 0.2765 0.2767 0.2810
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A3Table D2 shows that  only the texture  can accom-
modate the measured mixing angles, with the correspond-
ing predictions for the neutrinos mass values.

θ13

sinθ13

To compare our results with previous published stud-
ies, we conducted an alternative analysis consisting in re-
laxing  the  constraint  imposed  by  the  value ,  that  is,
without  having  a  correlation  of  the  mixing  angle
with  the  other  parameters.  The  results  obtained  are

A1 A4 A7 A8

3σ

sinθ13

UPMNS

presented  in Table  D3.  These  values  show  that  textures
, , , and  are in fairly good agreement with the

experimentally  measured  numbers  at ,  resulting  in
agreement  with  the  analysis  already  presented  in  Refs.
[49, 50].  Note  that  when  the  parameter  is
smoothed,  we  cannot  make  predictions  about  all  the
entries in the  mixing matrix.
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