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Analytic continuation in the coupling constant for resonances in 1 Be*
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Abstract: The application scope of the analytic continuation in the coupling constant (ACCC) can be extended to
the exchange parameters of the effective nucleon-nucleon interaction in the microscopic cluster model. Based on
such an exchange parameter dependent ACCC (abbreviated as EPD-ACCC), we examine the ?\Be system in the

framework of the @ +a + A microscopic cluster model. The particle emission from excited states of @ + @ + Aare in-

vestigated, and the corresponding resonant energies are obtained via EPD-ACCC. Furthermore, the complex scaling

method (CSM) is applied for comparison. A good agreement between these two theoretical approaches is obtained.

This study demonstrates EPD-ACCC to be a reliable method for estimating multi-cluster resonances in light hyper-

nuclei.
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I. INTRODUCTION

In nuclear physics, investigations related to reson-
ance are among the most important topics. Among the ap-
proaches that can address resonant states, a traditional es-
timation theory corresponds to the analytic continuation
in the coupling constant (ACCC) method [1, 2]. This
method is based on the property of the analytic continu-
ation: the S-matrix [3] pole of a resonant state is defined
as the analytic continuation of a bound-state pole in the
coupling constant of the attractive part of the Hamiltoni-
an.

The microscopic cluster model is a popular model in
nuclear physics that considers the microscopic structure
of clusters and Pauli principle between nucleons. In ad-
dressing the problems about resonant state, the tradition-
al ACCC method has also been applied within the cluster
model. For example, the ACCC method can be imple-
mented by incorporating an additional pseudo potential
[4, 5] or by modifying the effective nucleon-nucleon in-
teraction adopted in the microscopic cluster model [6, 7].
With respect to the latter, the exchange parameters in
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conventional Volkov interaction [8] and Minnesota inter-
action [9] are adjusted to implement the ACCC method.
The potentials used in the microscopic cluster model gen-
erally contain the exchange operator, and therefore, we
refer to such variant of ACCC method as the exchange
parameter dependent-ACCC (EPD-ACCC) method.

The complex scaling method (CSM) [10, 11] is anoth-
er powerful theoretical approach, in which the resonant
states of quantum systems are transformed into bound
states via complex scaling transformations, without chan-
ging their complex eigenenergies. This method has also
been extensively developed and applied in the study of
bound states, resonant states, and scattering states in nuc-
lear physics [12—23]. In this study, with EPD-ACCC
method and CSM, we consider the hypernucleus 2 Be
with a+a+A three cluster model as a proof-of-concept
example.

Hypernuclear system is an important research subject
in nuclear physics, and significant studies have been con-
ducted on the production, decay, and structure of hyper-
nuclei [24, 25]. Various theoretical studies, including the
generator coordinate method (GCM) [26, 27], the ortho-
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gonality condition model [28—30], the Tohsaki-Horiuchi-
Schuck-Ropke (THSR) wave function [31-33], antisym-
metrized molecular dynamics [34, 35], the variational
Monte Carlo (VMC) method [36], the Gaussian expan-
sion method [37—44], the cluster orbit shell model [45],
the particle rotor model [46], and mean-field approaches
[47-56], have been proposed to investigate different as-
pects of the nature of hypernuclei. Additionally, the har-
monic trap method [57] has also been successfully ap-
plied to the study of nuclear resonances and scattering
[58—=71], and it demonstrates potential for making valu-
able contributions to future research on hypernuclei. In
hypernuclear physics, one of the main aspects involves
studying the new dynamical and structural properties by
an addition of a hyperon (or more than one hyperon). The
systematic study of binding energy of light A-hyper-
nuclei has traditionally been a key topic in hypernuclear
physics. In addition to investigations on the bound states
and the structural properties, the resonant states have also
been studied with theoretical approaches.

In this study, through the EPD-ACCC method, we
calculate the resonant states within the @ +a+A three
cluster model for % Be. Here, the investigations about de-
cay indicates the particle emission of light hypernuclei.
The weak decay lifetime of a free A hyperon is approx-
imately 260 ps, and the lifetime of a hyperon in hyper-
nuclei is also on this order. Such a lifetime is much
longer than the time for particle decay and does not af-
fect the discussion in this study. To verify that the EPD-
ACCC method can provide a good estimation, we select
some resonant states of 3 Be as examples. Additionally,
the CSM is applied as a benchmark to extract the reson-
ant state.

The rest of the paper is organized as follows. In Sec.
II, the microscopic cluster model for the ¢ +a+A three
cluster system is briefly introduced. Furthermore, we il-
lustrate the framework of EPD-ACCC, along with the
CSM, which is applied as a benchmark. In Sec. III, the
numerical results are presented and discussed. Sec. IV
summarizes the article. The overlap and Hamiltonian ker-
nels evaluated in the framework of the generator coordin-
ate method (GCM) are provided in the Appendix.

II. THEORETICAL FORMALISM

A. a+a+A cluster model and CSM

2Be within the a+a+A three cluster system is de-
scribed by the GCM, and the configurations of 3 He and
2 Be are shown in Fig. 1. The Pauli principle between two
a clusters is considered with the GCM, whereas antisym-
metrization between A hyperon and other nucleons is not
required. Therefore, the wave functions of 3 He and 3 Be
can be expressed as

L RD
Jrd Lrd
(a) 3He (b) 8Be+A

Fig. 1. (color online) Coordinate systems and angular mo-
mentum labels for (a) 3He and (b) 3 Be

WGHe) = > fi(d)gads(d, DY (),
d

¥,0Be) = > fis(d, D) Praa(d)pr(D. RV (R)];, (1)

IL dD

where ¢, and ®,,, denote the wave functions of «
particle and ®Be with total angular momentum /, respect-
ively. Some details of the calculation for the a+a part
can be found in the Appendix or in [17, 72, 73].

The size parameters b appropriate for the coordinates
in Fig. 1 are chosen such that combinations with the cor-
responding reduced massed lead to an identical value of
hjw:

aa

= :uAa,abia,ﬂ = h/w (2)

Mijzv = ]‘4/\b2 = /mebz = ﬂA(rbi(y = ﬂ/\,(mbg\,(m

The total Hamiltonian of % Be can be divided as

H = Hsp. + Hg, (3)
with
1'1813e = T—TG+VN+V6,

8
Hp=Tp+ Z V/i\N’ )
i=1

where 7 denotes the total kinetic energy of 8 nucleons in
8Be, and T denotes the center-of-mass kinetic energy of
8Be. Furthermore, Trdenotes the kinetic energy associ-
ated with the coordinate R. Vy is the effective two-body
nuclear interaction energy and V¢ is the Coulomb interac-
tion energy. Vi, denotes the AN interaction between the
hyperon A and i-th nucleon.

Practically, we adopt Volkov (or Minnesota) interac-
tion as the effective two-body nuclear potential, which
has the general form
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where parameters of Volkov and Minnesota interactions
are all as listed in Table 1. In our calculations, Volkov
No.1 is utilized as NN interaction.

The Coulomb interaction can be expressed as

8

> (5+) (540) &
Ve==S"(z+40) (2+1,) &, 6
‘ 2; ZARVAC I rij (©)

where the isospin z-component equals ¢, = +1/2 for pro-
ton and ¢, = —1/2 for the neutron.

The two-body AN interaction is selected as YNG in-
teraction, which can be provided by

IGEDY {(VB + VixP,)exp {— (ﬁrﬂ

1

2
+(Vi7opon+ Vi oaonP,) exp {— (ﬂi) } },

(7
where P, denotes the space exchange parameter and
. VUE)+VO) VUE)-VY(0)
VD -, VEX =
2 2
oo Vg(T(E) + Vlg)'ﬂ'(o) oo V((J)'(T(E) — V(())'(r(o)
VD -, EX = —
2 2
(®)

The parameters of the YNG model used in this study
are taken from [24] and listed in Table 2. With the paramet-
ers adopted in the AN potential, the binding energy of 3 He
can be reproduced as 3.10 MeV, which is in good agree-
ment with the experimental value 3.12+0.02 MeV [74].

Table 2. ANinteraction depth of the YNG model. The Fermi
momentum kg is 0.9 fm ™.

Bi VO(E) V0(0) 4 Vex

1.5 —9.93 —7.66 —8.795 —1.135
0.9 —227.73 —82.55 —155.140 —72.590
0.5 1021.17 717.40 869.285 151.885

The following restrictions on the channels and gener-
ator coordinates are adopted in the calculation of 3 He:

channel (/)= (0)
a—A: d=0.01,0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5 fm

In this study, the A particle is treated as spinless be-
cause ANspin-spin interaction does not contribute to the
coupling potential between the A particle and spin-satur-
ated o cluster. Additionally, the A one-body spin-orbit
potential was found to be very weak in the experiment.

In the GCM framework, complex scaling can be in-
troduced by letting the generator coordinate be a com-
plex scaled one. This type of transformation has been
used in [17] for the two cluster system a+«. Here, for
the three cluster system, the transformation is extended to
dy=¢ed and D,=¢e?’D. Additionally, owing to the non-
hermitian property due to the CSM, we need to use the c-
product (bi-orthogonal product) [75] as opposed to the
normal inner product to calculate the matrix elements.
More detailed information regarding the implementation
of the CSM in the framework of the GCM can be found
in [18].

B. The EPD-ACCC method

There are many practical methods to select the reson-
ance states among positive energy eigenstates. One of
them is the analytic continuation in the coupling constant
(ACCC) method, which is based on the analytic continu-
ation from a bound-state pole to an S-matrix pole of a res-
onant state. As a variant of ACCC, inverse ACCC (IAC-
CC) [76, 77] can also complete the task of analytic con-
tinuation.

Table 1. Amplitudes V? (in MeV) and ranges a,(in fm) of Volkov No.1, Volkov No.2, and Minnesota interactions. The standard val-
ues are M = 0.6 and u = 1. However, these parameters can be modified to reproduce some important properties of the system.

Interaction k V]? ai Wi n By Hy
Volkov No.1 1 —83.34 1.60 1-M M 0 0

2 144.86 0.82 1-M M 0 0
Volkov No.2 1 —60.65 1.80 1-M M 0 0

2 61.14 1.01 1-M M 0 0
Minnesota 1 200 1/ V1487 ul2 1-u/2 0 0

2 -178 1/ V0.639 ul4 1/2-u/4 ul4 1/2-u/4

3 -91.85 1/ V0.465 ul4 1/2-u/4 -ul4 u/4-1/2
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Explicitly speaking, this can be realized by adding an
artificial attractive pseudo potential V' to the original
Hamiltonian H:

HW)=H+6xV, 9

where 0 denotes a coupling constant to vary the strength
of the pseudo potential, or from another point of view, the
original Hamiltonian can be written as

H(A) = Hy + AV,

where V,, denotes an attractive potential and 1 =1 de-
notes the physical value. Then, we have §=21-1 and
V = V. When there is a bound state with a value of 4, the
binding energy will decrease with the shrinking of A, and
this bound state will reach the threshold atd = A,, where
E(1=2y)=0. Beyond this critical point, the bound state
will become a resonant or a virtual state.

For a two-body system (n =2), it can be shown that
the square root of the binding energy, k, = V—E, behaves
near the thresholdA = Ayas

VA=, [£0
k = 0 , (10)
ﬂ,—ﬂ(), 120

Therefore, one can consider k; as a function of com-
plex variable x:

VI= 5, [£0
x= ‘ : (11)
/1—/10, [=0

and k; analytically continues from the A > A, region to the
A < 4y region.

In practice, we generally use the Padé approximant to
formulate k;:

ayx+a x>+ +ay, xM
1+b1x+b2x2+~~-+bN2xN2'

kllNl ,Nzl(x) —

(12)

In general, for systems with n > 2, k; denotes the rel-
ative momenta to the nearest desintegration threshold
ki = V—=(E, = Egy). In the calculations, we consider the
threshold energy as the sum of the intrinsic energies of
two free a particles, namely Egy, =2E,. Contrary to the
n =2 case, for n > 2 systems, / can no longer determine if
a bound state turns into a resonant state or a virtual one
when A < A.

In this study, the EPD-ACCC method applied is based
on the effective N-N interaction adopted in microscopic
cluster model:

Vn(r) = F(r)(W—-MP,.+BP, - HP:), (13)

where F(r) is typically in the form of a Gaussian func-
tion.

In the EPD-ACCC method, M(or u) becomes the new
coupling constant. In the conventional ACCC method, as
the coupling constant ¢ (or 1) increases, the attraction ef-
fect of the potential must be stronger, and thereby, the
binding energy of the bound state increases gradually.
This is also true if parameter u in Minnesota interaction is
adopted as the coupling constant. However, conversely,
for Volkov interaction, we can observe that the binding
energy of the bound state will decrease as the coupling
constant M increases. As M decreases from its physical
value (0.573 in our calculations), the system becomes in-
creasingly bound, and the resonant energy approaches the
threshold. A further decrease in M causes the system to
cross the threshold and become bound, allowing us to ob-
tain a series of bound states and their corresponding M
parameters. The complex variable that we should utilize
isvM—M,, where E(My)—En=0 and M <M, for
bound state.

Compared to introducing an auxiliary attractive po-
tential, using parameters from the original interaction as
the coupling constant has the advantage that the results do
not depend on the choice of the attractive potential. Addi-
tionally, for a single a cluster, the nuclear potential en-
ergy is only dependent on M+ W, and M+ W is gener-
ally restricted as a constant. Therefore, the internal en-
ergy of a single free a particle is independent of the
choice of M and u in Volkov and Minnesota interactions,
respectively. This is very convenient when we use the
ACCC method to estimate resonant states in the  +a+ A
system.

IIT. NUMERICAL RESULTS

A. Results of the EPD-ACCC method

To test the reliability of EPD-ACCC method, we
choose the 4 state of }Be as a proof-of-concept ex-
ample. The single and coupled channel cases are both
considered. For the single channel case, namely (/,L) =
(4,0), the generator coordinates are considered as
d=1,2,3,---,25fm and D=1,2,3,---,20fm. In the
coupled channel calculations, the following restrictions
on the channels and generator coordinates are adopted:

channel : J" =4
(,L)=(4,0),(0,4),(2,2),(2,4),(4,2),(4,4)
d=1,2,3,4,5,6,7,8fm, D=1,2,3,4,5,6,7,8 fm.

We solve the coupled channel Hill-Wheeler equa-
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Table 3. Weight wﬁ ;. of a channel specified by the angular momenta of a-a part (/) and A-8Be part (L), defined by Eq. (1). The total
binding energy E and A binding energy B, are also listed. It should be noted that Bxis defined as the binding energy measured from
the calculated Be(0") energy —54.074 MeV. Energies in parentheses are the results of the single channel calculation of (I,L) = (J,0).AN

interaction of the YNG form is used.

J* Energy/MeV Bp/MeV ~ momenta le, L

of —61.13(—60.45) —7.056 (LL) (0,0)0.9735 (2,2)0.02596 (4,4)5x107*

27 —58.18(=57.5) —4.106 (L,L) (2,0)0.9680 (0,2)0.01248 (2,2)0.01149 (2,4)3x107* (4,2)0.007596 (4,4)2x10™*
47 =50.62(=50.02) 3.454 (LL) (4,0)0.9274 0,4)7x10™* (2,2)0.06105 (2,4)6x10™* (4,2)0.009859  (4,4)3%x107*

tions and reproduce the so called ®Be analog states,
where the configurations are ¥Be(0%) + A, 3Be(2*) + A,
and ®Be(4%) + A for the 0], 2, and 4] states of 3 Be, re-
spectively. The results are listed in Table 3. It is notice-
able that the binding energy of the A particle is defined as
Br= E(Be)- E(*Be(0})). We can determine that the A
particle occupies the Os orbit coupling to the ®Be core
with a high probability, which can be observed from the
large s-wave components 0.9735, 0.9680, and 0.9274for
the 0f, 27, and 47 states, respectively. Additionally, we
can find that 07 and 27 are bound states among ®Be ana-
log states. However, the 4] state, calculated by the bound
state approximation, has a positive binding energy of the
A particle, which indicates that this state might be a res-
onance. More specifically, to clarify the nature of the ex-
cited states, we should compare their energies with the
lowest 3 He + a threshold. Furthermore, B, values alone
are insufficient to determine whether the excited states
are bound or unbound. Additionally, 07 and 2} states are
below the lowest 3 He + a threshold, indicating that they
are bound states. No excited states are found between
2He + a and o + a + A thresholds, which suggests that

0.00 [0 T : :
-0.01} o .
L \“
<-0.02F . ]
GJ \
=2 u
=-0.03f \ 1
m
€ 004 N\ 1
=00 e N33
[ —m— [Ny, No|=[4,4] q
0.05F [Ny, N5]=[5,5] A
* result of CSM =
-0.06 L L 1 I |
-1 0 1 2 3 4

Re(E) (MeV)
(a) single channel

Fig. 2.

potential 3He + o resonance states are not within the
scope of this study. Additionally, we refer to the reson-
ance states found above the o + a + A threshold as "a + o
+ A resonances."

Therefore, we utilize the EPD-ACCC method and
CSM to obtain the complex energy of the 4} state. Ini-
tially, we use the EPD-ACCC method to estimate the res-
onance of the 4} state with single channel calculations;
the order of the Padé approximant is denoted by [N, N,].

Choosing N, + N, bound state energies of % Be close
to the @+« threshold, the coefficients in the Padé ration-
al function can be determined. The trajectories of reson-
ance with a coupling constant 1 (here, A denotes Major-
ana parameter M) with several Padé orders [N;,N,] are
plotted in Fig. 2(a), where the values of the coupling con-
stant M corresponding to the points on the trajectories are
taken as 0.515, 0.520, 0.525, 0.530, 0.535, 0.540, 0.545,
0.550, 0.555, 0.560, 0.565, 0.570, and 0.573 from left to
right. The rightmost point of the trajectory represents a
real physical situation, namely the resonance we desire.
Figure 2(b) is similar to Fig. 2(a) but for coupled channel
case. The resonant energies and decay widths obtained by

0.00 [ & Tl T : :
-0.10F "\a .
Il
—~~ » \
0.20F oy .
2 *
=
=.030f ]
W
€ o040 ]
= 040 [Ny No)=[11]
—a—[N,Np]=[2,2]
050 [N1,N2]=(3,3] ]
* result of CSM
_060 1 1 1 1 1
-1 0 1 2 3 4 5

Re(E) (MeV)
(b) coupled channel

(color online) Positions of the resonance poles with the 4} state for different orders of the Padé approximant [Ny, N] (the ap-

proximant order is indicated in square brackets): (a) single channel case ((/,L) = (4,0)); (b) coupled channel case. The values of the
coupling constant M corresponding to points on the trajectories are taken as 0.515, 0.520, 0.525, 0.530, 0.535, 0.540, 0.545, 0.550,
0.555, 0.560, 0.565, 0.570, and 0.573, from left to right. The rightmost point of the trajectory represents a real physical situation. The
positions of the resonance poles obtained by the CSM are also marked in the figures with red stars.
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the CSM are also marked in the figures with red stars,
which shows good agreement between our two theoretic-
al methods.

To further corroborate the validity of this technique,
we can artificially manipulate M to a higher value
(namely broader resonance). Subsequently, employing
the same Padé approximant, we can estimate the reson-
ant state corresponding to the new parameter M. Further-
more, the CSM is applied as a benchmark during this pro-
cess. For instance, we can set the value of M to be larger
and use the original bound states obtained in the coupled
channel case; the complex energies of resonant states are
listed in Table 5. Based on the aforementioned calcula-
tions, we can observe that this method can also extrapol-
ate reliable values for resonance states with broad decay
widths.

B. Results of CSM

Complex scaling is introduced using the complex
scaled generator coordinates dy = €’d and Dy = €D in the
three cluster system. We calculate the single and coupled
channel cases for the 47 state of % Be with the CSM and
extract the resonances from the complex energy spectra
with respect to angle 6.

First, we show the results in the single channel case,
which dominates the 4] state observed in Table 3. In Fig.
3(a), we display a complex energy spectrum, where the
scaling angles are taken to be 12°, 14°, and 16°. We can
observe that the o + a + A resonance appears above the
8Be(0") + Athreshold. Using the conventional stability
condition, the accurate value is extracted from the 6 tra-
jectory in Fig. 3(b); the optimal scaling angle is also
marked. With this optimal angle, the location of the res-
onance is determined as E—il'/2 =4.0766—0.05096i
MeV (energy of two free a particles already subtracted),
which is a considerably narrow resonance. By comparing
the real part of this complex energy —50.06 MeV with the
positive energy —50.02 MeV obtained by bound approx-
imation in Table 3, the good reliability of the bound state
approximation for narrow resonance is confirmed.

Similarly, in Fig. 4(a), (b), we show the complex en-
ergy spectra of the 47 state calculated with the coupled
channel and 6 trajectory, respectively. The resonance
marked by the red circle is located at E-—il'/2=
3.8050-0.2368i MeV with the 6 stabilization condition.
This broader resonance indicates that there is a stronger
repulsive effect caused by the coupled channel, or more
explicitly, due to higher D wave A particle coupling to
$Be(2").

The results of two theoretical methods, EPD-ACCC
and CSM, for 4} resonance are listed in Table 4. We can
observe that the resonances obtained by these two meth-
ods are highly consistent with each other. Additionally,
through the investigation of 4] resonance in the range of
M > 0.573, as observed in Table 5, the good stabilization

Table 4.
state of  Be. The theoretical values are provided by CSM and
EPD-ACCC, respectively.

Resonant energies and decay widths for the 47

CSM EPD-ACCC
Jr =47
E,/MeV I'/MeV E,/MeV I/MeV
single channel 4.0766 0.1020 4.2847 0.1068
coupled channel 3.8050 0.4736 3.7265 0.4556

Table 5.
state of % Be with coupled channel calculations. Several differ-

Resonant energies and decay widths for the 47

ent values of M are considered to test the stabilization and reli-
ability of the EPD-ACCC method. The results obtained by the
EPD-ACCC method are listed in the second and third
columns. Here, the order of the Padé approximant is taken as
[N1,N21=[3,3]. In the fourth and fifth columns, we display the
results extracted by the CSM.

M E,/MeV I'/MeV ECSM/MeV M/ Mev
0.575 3.8592 0.4969 3.9311 0.5205
0.585 4.5075 0.7287 4.5345 0.7822
0.595 5.1320 1.0004 5.0928 1.0822
0.605 5.7350 1.3091 5.6057 1.4107
0.615 6.3182 1.6523 6.0734 1.7549
0.625 6.8831 2.0276 6.4966 2.0981

of the EPD-ACCC method is confirmed by the good con-
sistency between two theoretical methods.

Finally, we present the energy levels of 8Be and % Be
in Fig. 5, including both experimental data and theoretic-
al results. The first column shows the experimental data
for ®Be. The shaded areas represent the decay widths,
whose values are also indicated in parentheses. The
second column contains our numerical results obtained
using the microscopic R-matrix method, which are in
good agreement with the experimental values. The third
to seventh columns display the energy spectra for 3 Be.
The third column shows the energies of the bound states
07 and 2{, along with the resonance state 47 obtained us-
ing the EPD-ACCC method and CSM. The fourth column
contains the ®Be analog states from [43]. The fifth and
sixth columns present the experimental data correspond-
ing to Exp.(1) and Exp.(2) taken from [79—81] and [82,
83], respectively. The final column shows the recalib-
rated experimental data Exp.(2)* [74] from Exp.(2). It is
important to note that the resonant energies of 8Be dis-
played in Fig. 5 differ from those in [17, 19]; this is be-
cause, in [17, 19], we did not use b = 1.36 fm for the free
a particle. Instead, we used b* =1.3748 fm for free o
particle to maximize its binding energy, which results in a
difference of approximately 0.0316 MeV in the resonant
energies.

Our results for 07 and 2] bound states show consist-
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Re(E) (MeV)

-50 -40 -30 -20 -10
0Ff * resonance
v 6=12°
A 0=14°
/=16°
= 57 ]
> 8 + .
§ Be(4™)+A continuum
)
E-10]
8Be(O*’)+A continuum
and a+a+A continuum
-15¢
+
(1,L)=(4,0) 41 state

(a) complex spectrum

Fig. 3.

—~~

Im(E) (MeV

0

-0.048

-0.049 |

-0.05F

-0.051 |

-0.052f

-0.053————— '

-50.064
Re(E) (MeV)

(b) 6 trajectory

(color online) Complex energy spectrum for the 4} state with GCM wave functions in a single channel case. The blue square,

red circle, and orange triangle correspond to 6= 12°,14°,16°, respectively. Due to the small resonance energy of $Be(0*) above the
a+a threshold, the 8Be(0*)+A continuum and «+a+A continuum are indistinguishable, which can be observed from Fig. 3(a). The
8Be(4*)+A continuum is also marked in Fig. 3(a). In Fig. 3(b), we plot the 0 trajectory of the complex resonant energy. Angle 6 is
taken from 4° to 16°with steps of 1°. It can be observed that the optimal energy of the resonant state is approximately 6 =9.7°.

Re(E) (MeV)

60 40 20 0 20 40
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9 +
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® (=150
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> 10
=
@-20 o
S
= .30 015
0.2
-40 .25
0.3
-50
(a) complex spectrum
Fig. 4.

-0.228 T
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Y 0234
-0.236

-0.238

-0.232

-0.23

0
125 13 135 14 145 15
0 ()

i —

-50.35 -50.34 -50.33

Re(E) (MeV)

(b) 0 trajectory

(color online) Complex energy spectrum for the 4] state with GCM wave functions in the coupled channel case. The blue

square, red circle, and orange triangle correspond to 6 =20°,23°,26°, respectively. The angle 0 is taken from 12.5° to 15°with steps of
0.25°. It can be observed from Fig. 4(b) that the optimal energy of the resonant state is approximately at 6 = 13.6°.

ency with those obtained using the orthogonality condi-
tion model and Gaussian expansion method in [43]; they
also align well with the experimental data. Additionally,
our results for the 4] resonant state are also in good
agreement with those from [43]. The consistent reson-
ances obtained from the EPD-ACCC method and CSM
validate the good reliability of the EPD-ACCC method.

IV. CONCLUSIONS

In this study, we use the EPD-ACCC method to eval-
uate the resonances of light hypernuclei within the micro-
scopic cluster model and generator coordinate method.
We consider the resonant state 47 of % Be as an example
to investigate the validity and reliability of the EPD-AC-
CC method. For both narrow and broad decay widths, the
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Fig. 5. (color online) Low lying energy levels of Be and % Be. Here, we take the a+a+A threshold as the zero point of energy. The
black solid lines represent the binding energies of bound states and resonant energies of resonances, and the shaded areas indicate the
corresponding decay widths. The first column corresponds to experimental data of $Be [78]; the second column presents the energy
levels of 0%, 2*, and 4* states calculated based on the microscopic R-matrix method; the third column represents 07, 2}, and 4} states
of % Be obtained via EPD-ACCC calculations; and the fourth column displays the theoretical results taken from [43]. The observed en-
ergies of % Be in column Exp.(1) are taken from [79-81], and the observed energies in column Exp.(2) are taken from [82, 83]. Addi-
tionally, in column Exp.(2)*, we present the recalibration of the observed values in column Exp.(2) according to [74].

resonant energies and decay widths obtained from the our EPD-ACCC method can be extended to examine res-
EPD-ACCC method are in good agreement with those onant states in more complex multi-cluster systems.
calculated by the three cluster complex scaling method,

which encourages us to extract the resonant energies and
. APPENDIX A
decay widths in multi-cluster systems with the EPD-AC-
CC method. This study provides a reliable approach The matrix elements required are listed as follows:
based on the ACCC method to investigate the resonances The > He case
of light hypernuclei in the microscopic cluster model, and Matrix elements of overlap:
R R &P+ Py, (d*+P)a,
(Bads(dr, )Y s (B)dobs (o, )Y (F)) = dexp (—( e ) i ( S ) : (A1)

Matrix elements of kinetic:

&I+ )WV, 3 (d+d)Vae A+ )V
(e, Y DT e, Y (0) = drhioenp (- DG ) [ (3 (GBI} g (e ne )

2 2 2 2
" (dy +Z2)VA,Q /J, <(d1 +5212)VA,0> } ' (A2)

Matrix elements of AN potential:

014108-8
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4 3/2
<¢a¢/(d1,r)Y/(f)Z Van(Dlgad,(da, r)YJ(f)> =4 (1 + V’%) dmexp(=y(d; +d))(VRy Z1(v didy) + Viey Z1(y didb)).
i=1
(A3)

The notations used above are defined by

1 1 —1+102
Y= (VAa + VAN ) > Vi =5 (VA(Y + ( = )VAN - VAN ) (A4)

4 H+ VAN 2 H+Van H+ VAN
with
1 1 1 VAVN 4VAVN SVAVN (AS)
== VN=755VA= 753, VAN = > VAe = > VAaao = .
s ﬁ%\N b]2V bi VA +VN « VA + 4VN o Va + SVN

The wave functions of two «a clusters are constructed by the Brink wave functions. The matrix elements involving
two o clusters can be expressed as follows:

Kernels of a +« Norm kernel:

2, P
(@) = (1 (- sdmexp (LD () —a g (DL 436, ) (A6)
2
Kinetic kenrel:
d
(@00(d)T = TPy 00(da)) = 1 ( A-1)+ > d7) (@00(d))| Dy (da)) (A7)

where 4 denotes the nucleon number of ®Be.
NN interaction kernel:

(@140(d)VanIPraa(d2)) = (1+(=1))4mexp(—(d] +d§)%v) x {2V, +2V)[ _Zi(d\dyrvy)
=2 fi(didy )+ 61 = 20exp(=qd} ) +exp(=qd3 SO Fildids ) = 5u)]
+2Vyexpl-a(d +dD) 2N 7@ =201 3 =2 7i(1 - 20)dics ) + 71 Cadid )

+2V.expl=g(d} +d) T ~29)d1dr ) =2 Fi2qdida2) + Fi(1+2q)dids 2001} (A8)

with
e Ly 0 DNy s aB—aH —2M).V, =) ( )3/2(8M+4H 4B-2W) (A9)
2(vy +2un)’ ro. My NN

The NN interaction used here is of the form

2
Va(r) =0 (W — MP,. + BP, — HP,)exp (— ﬂrz—) (A10)

NN

014108-9
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The 3 Be case

Matrix elements of overlap:

([@14a(d)pL(D1, R)Y LR [@00(d2)$1 (D2, YL (R)],)

(@) Draa(de)) drexp(~ L] +D2)VA““)/((D D 2)”””‘

) (A1)

Matrix elements of kinetic Tg:

([@100(d)$1(D1, R)YL (R TrI[ Py 00(d2)p (D2, R)YL(R)], )

D+ D)Vraay 3 (D +D%>vA w0

(D + DQ)VA aa
1 )[(*

= <(D1 wa(dD|D; (l(l(d2)> 4rhwexp(—

) AL(
(D +D )VAQQ/L (D +D )VA(m)] (A12)

)

Matrix elements of AN potential:

i=1

8
<[d>h,m(d1>¢L, (DLRYLRLD  VavDI P, aa(d2)pr, (D2, R)Y 1, (R)],>

3
16(1 + = )—3/2(4ﬂ)26Xp[ Q’](D2+D2) az(d2+d2)]( 1)11+L1 Z <3> (_1)m+l Z (_1)k1+m+k6]%l"']%6
m

VAN m=0 K1 ke
V,l\)N/kl (QZ(m)dle)/kz(a'3D Dz)fk;(%d DZ)/M(Q@dZDl)fks(a'Sdl 1)fk6(a/5d2D2)
+szvjkl(ai(m)dldz)/kz(OZ;DlDz)/k3(agd1D2)/k4(agd2Dl)/ks((lsdlDl)/k(,(asdzDz)]

x Z Ci(K\ Ky K3 Ky kske, [ Ll Ly J)Co (K Ky K3 Ky ki ko ksky, J) (A13)
Ky, K4
where
Ci(Ki Ky K3Ky, kske, L Lil Lo J) = W(K Kyl Ly Jks) (ks Ky |1) (ks KoL)W (K3 Kyl Ly Tk ) (ke K31 ) (ke K4l L) (A14)
and
kl k3 K,
Cao(K Ko K3 Ky, kikoksks, J) = ) K Ko K Ky (ki s | K0 ) (kako | Ko ) (R kg |K3) (hskal K3) § ks ks K (A15)
K K, J

with (ablc) = (a0b0|c0) and d = 2d + 1.
The notations used above are defined by

v 1 y 1 2
@ = ~nga Ny = — By ) g = (e — Va2
4 ’ M+ VAN 16 MU+ VAN 2 ’ MU+ VAN
2
+ VAN + + 2m-3
T=—(vy— + " =, +
a; 8(VN VAN ,u+vAN) a;(m) =a; R
2 2
VAN L1 VAN
a5 = —(—Van + a; = —(—vany £ Al6
5 4( AN ,U+VAN) p 4( o (Al6)
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