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Abstract: The generalized thermodynamic extremum relation, as proposed by Goon and Penco, establishes a novel
theoretical framework  for  studying  spacetime  thermodynamics.  However,  previous  investigations  generally   as-
sumed that the black hole state parameter is solely a first-order function of the perturbation parameter when explor-
ing the Goon-Penco relation in diverse spacetime contexts. An analytic expression for the perturbation parameter as
a function of the black hole entropy can be expressed by treating the black hole mass as constant. The present study
addresses this limitation and provides insight into the universal Goon-Penco relation when multiple thermodynamic
state parameters behave as higher order functions of the perturbation parameters. Notably, we have not only estab-
lished a universal relational formula for multiple state variables, but more importantly, we have proposed an innovat-
ive  conjecture  that  reveals  the  existence  of  a  universal  relation  between  displaced  thermodynamic  quantities  in
spacetime in the context of an arbitrary black hole. These theoretical breakthroughs are expected to enable new ex-
ploration directions for quantum gravity research.
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I.  INTRODUCTION

Q > M

Q = M

The  Weak  Gravity  Conjecture  (WGC)  establishes  a
fundamental  constraint  on  the  theoretical  framework  of
quantum gravity. This conjecture posits that the canonic-
al interactions of specific states with some lighter charged
particle or  field  must  exceed  the  gravitational   interac-
tions  within  any  self-consistent  quantum  gravity  theory
[1, 2]. Specifically, it asserts the existence of at least one
particle state with charge Q and mass M that satisfies the
inequality  relation  , thereby  ensuring  that  gravita-
tional attraction is weaker than the electromagnetic repul-
sion. However, for extremal black holes (BHs) saturating
the  bound  for  a  charged  BH,  the  charge-to-mass  ratio

. This  theoretical  conjecture  is  of  particular   signi-
ficance in physical systems with global symmetry absent-
ing  [3],  and  its  theoretical  foundations  are  rooted  in  the
principles  of  quantum gravity  [4].  Utilizing  the  research
framework  of  the  Weak  Gravity  Conjecture  (WGC),
Goon  and  Penco  pioneered  the  study  of  the  universal
thermodynamic  correlation  between  black  hole  entropy
and  extremality  under  perturbation  parameters  [5].  The
study that  perturbation  corrections  to  the  free  energy   in-

ö

duce  novel  relationship  between  mass,  temperature,  and
entropy  is  demonstrated.  Through  a  higher-order  expan-
sion of the perturbation parameters, a theoretically signi-
ficant  approximation  that  can  be  naturally  connected  to
the theory of higher-order derivative corrections is identi-
fied [6]. A rigorous theoretical connection between shifts
in entropy and the charge-to-mass ratio  is  yielded [7–9].
Based  on  the  relation  proposed  by  Goon-Penco,  a  series
of  significant  advancements  have  been  achieved.  The
thermodynamic relations  have  systematically  been   ana-
lyzed in  various  AdS  spacetimes,  including  but  not   lim-
ited to charged BTZ black holes, high-dimensional Reiss-
ner-Nordstr m  (A)dS  black  holes  [10,  11],  Kerr-New-
man  (A)dS  black  holes  [12],  Power-law  corrected  AdS
black holes [13],  and Charged-Rotating-AdS black holes
surrounded by Quintessence and String Clouds [14] from
the  perspective  of  the  WGC  [15–28].  These  studies  not
only  verify  the  universality  of  the  Goon-Penco  relation
but also  provide  new  theoretical  perspectives  on   under-
standing  the  deep  connection  between  quantum  gravity
and black hole thermodynamics.

However, previous studies have the following import-
ant limitations:  first,  all  the  models  that  have  been   ex-
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plored  are  restricted  to  the  spacetime  gauge  containing
only the first-order term of the perturbation parameter η;
second, when the Goon-Penco (GP) relation for the com-
plex  black  holes  of  multiple  parameters  is  calculated,
only a certain pair  of  thermodynamic state  parameters  is
commonly  considered  as  a  function  of  the  perturbation
parameter η, whereas the other thermodynamic quantities
are approximated as constants.  In the more general case,
where the gauge of spacetime contains higher-order terms
for  the  perturbation  parameter η  and multiple   thermody-
namic state parameters are functions of η simultaneously,
the  challenge of  obtaining an analytic  expression for  the
perturbation parameter η makes the study of the GP rela-
tion in this type of spacetime context a major theoretical
challenge. In this study, we methodically explore the es-
tablishment  of  the  GP  relation  using  the  black  hole  in
Einstein-Bel-Robinson gravity theory as a specific model.
The  model  exhibits  two  distinctive  characteristics:  First,
the  black  hole  thermodynamic  quantities  contain  higher-
order  terms  of  the  perturbation  parameter η.  Second,  all
the  thermodynamic  state  variables  are  functions  of  η.
These  characteristics  make  our  study  universal.  More-
over, the  proposed  research  method  effectively   over-
comes the conventional limitations for studying GP rela-
tions within a complex spacetime context. This approach
is  not  only  applicable  to  specific  models  but  also  has  a
wide generalization  value.  Thus,  it  provides  a  new   re-
search paradigm for a deeper understanding of thermody-
namic polar relations in strong gravitational fields.

The remainder of this paper is arranged as follows: In
Sec. II, the expression for the thermodynamic state para-
meters  of  black  holes  in  the  Einstein-Bel-Robinson  the-
ory  of  gravity  is  presented  to  maintain  the  coherence  of
the theoretical  discussion.  In  particular,  the  key   thermo-
dynamic variables  such as  black hole energy M,  entropy
S, and temperature T as the higher-order functions of the
perturbation  parameter  η,  are  demonstrated  in  detail.  In
Sec. III, the GP relation for Einstein-Bel-Robinson black
holes  is  systematically  investigated  using  three  diverse
methods: (1)  the  direct  calculation  method:  the  GP  rela-
tion is obtained by calculating both the black hole energy
M and entropy S as higher-order functions of the perturb-
ation parameter η.  (2) The composite function derivation
method: the GP relation is discussed using the composite
function derivation method.  (3)  Full  differential  method:
the universal GP relation is deduced when the black hole
energy M  is  a  function  of  multiple  thermodynamic  state
parameters, and each state parameter is a higher-order fun-
ction of the perturbation parameter η under the condition
that the thermodynamic quantities at the black hole hori-
zon satisfy the first  law of thermodynamics.  The univer-
sality of the relation proposed by Goon and Penco is   in-
dependent of the specific functional form of each thermo-
dynamic quantity  as  a  function  of  the  perturbation  para-
meter η. Finally, a brief summary is presented in Sec. IV. 

II.  4D EINSTEIN-BEL-ROBINSON GRAVITY

4In    dimensions,  EBR  gravity  is  determined  by  the
following action [29, 30]: 

I =
1

16πG

∫
d4x
√

g
[
R−2Λ−β

(
P2

4−E2
4

)]
, (1)

Λ = −3/l2

P2
4 E2

4

Tµνλρ

where R is the Ricci scalar; β is the coupling constant of
the theory; and  , where l refers to the curvature
radius  of  the  maximally  symmetric  AdS  solution  of  the
field  equations.    and    are  the  Pontryagin  and  Euler
topological  densities,  respectively,  which  are  related  to
the Bel-Robinson tensor   in four dimensions through
the relation [31, 32] 

T µνλρTµνλρ =
1
4

(P2
4−E2

4). (2)

The Bel-Robinson tensor is defined as 

T µνδσ = RµργδRνσ
ργ +RµργσRνδ

ργ −
1
2

gµνRργαδRσ
ργα. (3)

Varying  the  action  (1)  with  respect  to  the  metric  yields
the following equations of motion: 

εab = Rab−
1
2

gabR+Λgab−βκab = 0, (4)

where 

κab =
1
2

gabE2
4 −2[2E4RRab−4E4Rρ

aRbρ+2E4Rρσλ
a Rbρσλ

+4E4RρσRaρσb+2gabRWE4−2R∇a∇bE4−4RabWE4

+4(Rab∇ρ∇bE4+Rbρ∇ρ∇bE4)

−4gabRρσ∇σ∇ρE4+4Raρbσ∇σ∇ρE4].

(5)

We  have  added  a  small  perturbation  parameter  η  to  the
cosmological constant in the action [5, 10, 12]. By taking
the limit of η to zero, we can reproduce the original form
of the action, modifying the action to 

I =
1

16πG

∫
d4x
√

g
[
R−2(1+η)Λ−β

(
P2

4−E2
4

)]
. (6)

Thus, the shift of action can be determined as 

△ I = − 1
16πG

∫
d4x
√

g(2ηΛ). (7)

The most  general  radially  symmetric  metric  can  be   ex-
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pressed in the form [31, 32] 

ds2 = −N(r) f (r)dt2+
dr2

f (r)
+ r2

Ç
dθ2+

sin2(
√

kθ)
k

dϕ2

å
, (8)

N(r) f (r)
k ∈ {1,0,−1}

where the metric functions   and   must be determ-
ined  from the  field  Eq.  (4)  and    respectively
corresponding to  spherical,  planar,  and  hyperbolic   trans-

N(r)

N(r)

verse sections. Note that, in general,   is not constant,
which is the generic scenario for higher curvature gravity
theories. The exception to this is the class of generalized
quasitopological gravity theories (GQGTs) [33–35], who-
se field equations ensure that    is  a  constant  that  can
be set to unity without loss of generality.

tt rrSolving  the    and    components  of  Eq.  (4)  yields
[32]

 

N(r) = 1−
Å

896(1+η)Λm2

r6
+

3584m3
r9

ã
β+

Å
372736(1+η)4Λ4m2

9r6
− 3686k(1+η)3Λ3m2

r8
+

10452992(1+η)3Λ3m3

9r9

− 17694720k(1+η)2Λ2m3

11r11
− 8019968(1+η)2Λ2m4

12
+

50429952k(1+η)Λm4

r14
− 86792016k(1+η)Λm5

5r15

+
4236115968km5

17r17
− 569393152m6

r18

ã
β2. (9)

 

f (r) = k− (1+η)Λr2

3
− 2m

r
++

Ç
−32(1+η)4Λ4r2

27
− 896(1+η)2Λ2m2

3r4
+

768(1+η)Λkm2

r6
− 3200(1+η)Λm2

r7

+
4608km3

r9
− 8576m4

r10

ã
β+

Ç
−4096(1+η)7Λ7r2

243
+

114688(1+η)5Λ5m2

9r4
− 475136(1+η)4Λ4k2

3r6

+
4280320(1+η)4Λ4m3

9r7
+

327680(1+η)3Λ3k2m2

r8
− 2465792(1+η)3Λ3km3

r9
− 3162112(1+η)3Λ3m4

9r10

+
1966080(1+η)2Λ2k2m3

r11
+

219955200(1+η)2Λ2k4

11r12
− 236548096(1+η)2Λ2m5

3r13
− 47185920(1+η)Λk2m4

r14

+
3749331456(1+η)Λk2m5

r15
− 29367336(1+η)Λm6

5r16
− 47185920(1+η)Λk2m4

r14
+

3749331456(1+η)Λk2m5

r15

− 29367336(1+η)Λm6

5r16
−283115520k2m5

r17
+

20514373632km6

17r18
− 1275707392m7

r19

ã
β2,

(10)

where m is a constant of integration. As we have introduced a perturbation to the action, the thermodynamic variables
also  shift  to  their  perturbed  forms at  the  theoretical  level.  These  variables  can  then  be  calculated  using  the  following
metric:
 

T =
1

4πr+
− (1+η)Λ

4π
+
β

π

Ç
−12(1+η)Λ

r5
+

+
8(1+η)2Λ2

r3
+

− 28(1+η)3Λ3

27r+
− 2

r7
+

− 26(1+η)4Λ4

27r+

å
+o(β2). (11)

 

M =
r+
2
− (1+η)Λr3

+

6
+β

Ç
20
r5
+

− 104(1+η)Λ
3r3
+

+
16(1+η)2Λ2

r+
− 56(1+η)3Λ3r+

27
− 52(1+η)4Λ4r3

+

81

å
+o(β2). (12)

 

S = πr2
++

32πβ
r4
+

(3−2(1+η)Λr2
++ (1+η)2Λ2r4

+)+o(β2).

(13)

In the context  of extended phase space thermodynamics,
or  more  commonly  known  as  black  hole  chemistry

[36–39],  the  cosmological  constant  can be interpreted as
thermodynamic pressure via 

P = − Λ
8π
, (14)
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with conjugate volume 

VΛ =
4πr3

+

3
+βπ

Å
448
3r3
+

− 704(1+η)2Λ2r+
9

+
1664(1+η)3Λ3r3

+

81

ã
+o(β2). (15)

r+
M = M(r+,P,β,η)

S = S (r+,P,β,η)

From  Eqs.  (11),  (12),  and  (13),  the  energy  (M) and   en-
tropy (S) of the black hole are functions of  , P, β, and
the  perturbation  parameter  η,  i.e.,  ,
 

III.  GOON-PENCO RELATION

The GP relation is constructed using mass, temperat-

ure, entropy, and the perturbation parameter η [5, 10, 12].
In addition, each side of the relation includes a partial de-
rivative term of mass and entropy with respect to η: 

∂Mext(Q,η)
∂η

= lim
M→Mext

−T
Å
∂S
∂η

ã
M,Q
, (16)

Qwhere M and   represent the mass and additional quantit-
ies, respectively.
 

1) Direct method of calculation

M→ M0 r+
Under  the  condition  that P  and β  are  constant,  when

, and the position of the black hole horizon ( )
is a function of the perturbation parameter η, we can ob-
tain

 

0 = −
ñ
Λr3
+

6
−β
Ç
−104Λ

3r3
+

+
32(1+η)Λ2

r+
− 56(1+η)2Λ3r+

279
− 208(1+η)3Λ4r3

+

81

åô
+

ï
1
2
− (1+η)Λr2

+

2
+β

Ç
−100

r6
+

+
104(1+η)Λ

r4
+

− 16(1+η)2Λ2

r2
+

− 56(1+η)3Λ3

27
− 52(1+η)4Λ4r2

+

27

åô
∂r+
∂η

. (17)

r+ r+
It is evident that, under the condition that P, β, and S are constant, subject to Eq. (13), the position of the black hole hori-
zon   varies with the perturbation parameter η. That is,   is a function of η.
 

0 =
32πβ

r4
+

(−2Λr2
++2(1+η)Λ2r4

+)+
Å

2πr++128πβ
Å
− 3

r5
+

+
(1+η)Λ

r3
+

ãã
∂r+
∂η

. (18)

According to the derivation law of composite function, we obtain the following result:
  Å

∂M
∂η

ã
P,β,S
=

Å
∂M
∂η

ã
P,β,r+

+

Å
∂M
∂r+

ã
P,β,η

Å
∂r+
∂η

ã
P,β,S

. (19)

 

lim
M→M0

Å
∂S
∂η

ã
P,β,M
= lim

M→M0

ñÅ
∂S
∂η

ã
P,β,r+

+

Å
∂S
∂r+

ã
P,β,η

Å
∂r+
∂η

ã
P,β,M

ô
. (20)

Substituting Eqs. (17) and (18) into Eqs. (19) and (20), respectively, we obtain
  Å
∂M0

∂η

ã
P,β,S
= −
ñ
Λr3
+

6
−β
Ç
−104Λ

3r3
+

+
32(1+η)Λ2

r+
− 56(1+η)2Λ3r+

279
− 208(1+η)3Λ4r3

+

81

åô
−

32πβ
r4
+

(−2Λr2
++2(1+η)Λ2r4

+)

2πr+

Å
1+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ãã
×
ñ

1
2
− (1+η)Λr2

+

2
+β

Ç
−100

r6
+

+
104(1+η)Λ

r4
+

− 16(1+η)2Λ2

r2
+

− 56(1+η)3Λ3

27
− 52(1+η)4Λ4r2

+

27

åô
= −
ñ
Λr3
+

6
−β
Ç
−104Λ

3r3
+

+
32(1+η)Λ2

r+
− 56(1+η)2Λ3r+

279
− 208(1+η)3Λ4r3

+

81

åô
−A−

32πβ
r4
+

(−2Λr2
++2(1+η)Λ2r4

+)

2πr+

Å
1+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ããB,

(21)
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lim
M→M0

Å
∂S
∂η

ã
P,β,M
=

32πβ
r4
+

(−2Λr2
++2(1+η)Λ2r4

+)+2πr+

Å
+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ãã
A
B
, (22)

with
 

A =

ñ
Λr3
+

6
−β
Ç
−104Λ

3r3
+

+
32(1+η)Λ2

r+
− 56(1+η)2Λ3r+

279
− 208(1+η)3Λ4r3

+

81

åô
,

B =
ï

1
2
− (1+η)Λr2

+

2
+β

Ç
−100

r6
+

+
104(1+η)Λ

r4
+

− 16(1+η)2Λ2

r2
+

− 56(1+η)3Λ3

27
− 52(1+η)4Λ4r2

+

27

åô
. (23)

From Eqs. (21) and (22), we obtain
 

2πr+

Å
1+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ããÅ
∂M0

∂η

ã
P,β,S

= −2πr+

Å
1+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ãã
A− 32πβ

r4
+

(−2Λr2
++2(1+η)Λ2r4

+)B

lim
M→M0

B
Å
∂S
∂η

ã
P,β,M
=

32πβ
r4
+

(−2Λr2
++2(1+η)Λ2r4

+)B+2πr+

Å
1+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ãã
A. (24)

 

2πr+

Å
1+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ããÅ
∂M0

∂η

ã
P,β,S
+ lim

M→M0
B
Å
∂S
∂η

ã
P,β,M
= 0. (25)

From Eqs. (25) and (11), we obtain  Å
∂M0

∂η

ã
P,β,S
= − lim

M→M0

B

2πr+

Å
1+64β

Å
− 3

r6
+

+
(1+η)Λ

r4
+

ãã
×
Å
∂S
∂η

ã
P,β,M
= − lim

M→M0
T
Å
∂S
∂η

ã
P,β,M

,

(26)

r+

r+ r+

which is a form of the GP relation (16). In the aforemen-
tioned  discussion,  we  posit  that,  within  the  context  of
constant energy M,  when the perturbation parameter η  is
varied, it induces solely a modification in the horizon po-
sition    of  the  black  hole  while  leaving  P  unaltered.
From  Eq.  (12),  we  determine  that,  under  the  condition
that  energy M  is  constant,  the  perturbation  parameter  η
can be altered to ensure the validity of the equation. This
modification may entail a change in either the horizon po-
sition    or  perturbation  parameter  η  or  both    and  η
provided that Eq. (12) is satisfied.
 

2) Derivation of the composite function

M→ M0 r+

In the context of Eq. (12), we can demonstrated that,
under  the  condition  that  β  and  S  remain  constant,  and
when  ,  both  the  black  hole  horizon  position 
and P are functions of η. According to the law of deriva-

tion of the composite function, we obtain
  Å
∂M
∂η

ã
P(η),β,S

=

Å
∂M
∂η

ã
P(η),β,r+

+

Å
∂M
∂r+

ã
P(η),β,η

Å
∂r+
∂η

ã
P(η),β,S

,

(27)

  Å
∂P
∂η

ã
S ,β,M(η)

=

Å
∂P
∂η

ã
β,r+ ,M(η)

+

Å
∂P
∂r+

ã
η,β,M(η)

Å
∂r+
∂η

ã
S ,β,M(η)

.

(28)

M→ M0 P→ P0When  ,  , from Eqs. (27) and (28), we ob-
tain
  Å

∂r+
∂η

ã
S ,β,M(η)

= −

∂M
∂η
∂M
∂r+

,

Å
∂r+
∂η

ã
P(η),β,S

= −

∂P
∂η
∂P
∂r+

. (29)

Substituting Eqs.  (29)  into  Eqs.  (27)  and  (14),   respect-
ively, we obtain
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Å
∂P
∂η

ã
S ,β,M(η)

=

Å
∂P
∂η

ã
β,r+ ,M(η)

−
Å
∂P
∂r+

ã
η,β,M(η)

∂M
∂η
∂M
∂r+

=

 

=

Å
∂P
∂η

ã
β,r+ ,M(η)

∂M
∂r+
−
Å
∂P
∂r+

ã
η,β,M(η)

∂M
∂η

∂M
∂r+

, (30)

  Å
∂M
∂η

ã
P(η),β,S

=

Å
∂M
∂η

ã
P(η),β,r+

−
Å
∂M
∂r+

ã
P(η),β,η

∂P
∂η
∂P
∂r+

=

Å
∂M
∂η

ã
P(η),β,r+

∂P
∂r+
−
Å
∂M
∂r+

ã
P(η),β,η

∂P
∂η

∂P
∂r+

.

(31)

Because  the  first  law  of  thermodynamics  is  satisfied  by
the thermodynamic quantities of the black hole, we obtain 

δM = TδS +ψΛδP+ψβδB, (32)

B =
β

16πwith   [32, 40, 41],
 

ψβ = −
64π
r5
+

− 832π(1+η)4Λ4r3
+

81
+

2560π(1+η)3Λ3r+
27

− 128π(1+η)2Λ2

r+
+

256π(1+η)Λ
3r3
+

+β

Ç
143360π(1+η)3Λ3

9r5
+

+
3072π

r11
+

− 23552π(1+η)2Λ2

r7
+

+
1638π(1+η)Λ

r9
+

− 99328π(1+η)4Λ4

27r3
+

+
13312π(1+η)6Λ6r+

27
−4096π(1+η)5Λ5

9r+

å
+o(β2).

(33)

From Eqs. (30), (31), and (32), we obtain  Å
∂M0

∂η

ã
P(η),β,S

= − lim
M→M0

∂M
∂r+
∂P
∂r+

Å
∂P
∂η

ã
S ,β,M(η)

= − lim
M→M0

ψΛ

Å
∂P
∂η

ã
S ,β,M(η)

. (34)

r+
r+

For  constant β  and P, M  is  a  function  of    and η,  and
from Eq. (13), S is also a function of   and η. According
to the law of derivation of composite function, we obtain  Å

∂M
∂η

ã
P,β,S (η)

=

Å
∂M
∂η

ã
P,β,r+

+

Å
∂M
∂r+

ã
P,β,η

Å
∂r+
∂η

ã
P,β,S (η)

,

(35)

  Å
∂S
∂η

ã
P,β,M(η)

=

Å
∂S
∂η

ã
P,β,r+

+

Å
∂S
∂r+

ã
P,β,η

Å
∂r+
∂η

ã
P,β,M(η)

.

(36)

M→ M0 S → S 0When  ,  , from Eqs. (27) and (28), we ob-
tain  Å

∂r+
∂η

ã
S ,β,M(η)

= −

∂M
∂η
∂M
∂r+

,

Å
∂r+
∂η

ã
P,β,S (η)

= −

∂S
∂η
∂S
∂r+

. (37)

Substituting Eqs.  (37)  into  Eqs.  (35)  and  (36),   respect-
ively, we obtain  Å

∂M0

∂η

ã
P,β,S (η)

= − lim
M→M0

∂M
∂r+
∂S
∂r+

Å
∂S
∂η

ã
S (η),β,M(η)

= − lim
M→M0

T
Å
∂S
∂η

ã
S (η),β,M(η)

. (38)

The  GP  relations  between  the  black  hole  energy M  and
the thermodynamic state parameters P and S are given by
Eqs. (34) and (38), respectively. The aforementioned cal-
culations  indicate  that  the  application  of  the  derivation
law  of  composite  function  is  a  more  efficient  approach
compared  with  the  direct  calculation  method.  However,
when calculating the GP relation, we take one of the ther-
modynamic state parameters of the black hole as the per-
turbation parameter η.  For  example, S or P  is  taken as  a
function  of  the  perturbation  parameter  η  when  calculat-
ing  the  GP relation  above,  whereas  the  other  parameters
are  discussed  as  invariants.  In  practical  problems,  each
thermodynamic state  parameter  is  a  function  of  the   per-
turbation parameter η, and the universal GP relation must
be determined when multiple  thermodynamic  state  para-
meters are functions of the perturbation parameter η.
 

3) Full differential method
In  the  context  of  employing  the  composite  function

derivation method, note that the GP relation between each
thermodynamic  state  parameter  and  the  energy  can  only
be calculated separately when the energy is a function of
multiple thermodynamic  state  parameters.  In  the   follow-
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ing,  we  employ  the  full  differential  method  to  compute
the GP relation when multiple thermodynamic state para-
meters  vary  with η,  and  the  universal  GP  relation  when
multiple  thermodynamic  state  parameters  vary  with  the

S (η) P(η) B(η)

perturbation  parameter  η  is  given.  As  demonstrated  in
Eqs. (12), (13), and (14), the energy of the black hole (M)
is a function of  ,  ,  , and η. Therefore, we ob-
tain

  Å
dM
dη

ã
S (η),P(η),B(η)

=

Å
∂M
∂η

ã
P(η),B(η),S (η)

+

Å
∂M
∂S

ã
P(η),B(η),η

Å
∂S
∂η

ã
P(η),B(η),M(η)

+

Å
∂M
∂P

ã
S (η),B(η),η

Å
∂P
∂η

ã
S (η),B(η),M(η)

+

Å
∂M
∂B

ã
S (η),B(η),η

Å
∂B
∂η

ã
P(η),S (η),M(η)

, (39)

M→ M0when the energy of the black hole  , from Eqs. (32) and (39), we obtain
 

0 =
Å
∂M
∂η

ã
P(η),B(η),S (η)

+T
Å
∂S
∂η

ã
P(η),B(η),M(η)

+ψΛ

Å
∂P
∂η

ã
S (η),B(η),M(η)

+ψβ

Å
∂B
∂η

ã
P(η),S (η),M(η)

, (40)

namely,
  Å

∂M0

∂η

ã
P(η),B(η),S (η)

= lim
M→M0

−T
Å
∂S (η)
∂η

ã
P(η),B(η),M(η)

− lim
M→M0

ñ
ψΛ

Å
∂P(η)
∂η

ã
S (η),B(η),M(η)

+ψβ

Å
∂B(η)
∂η

ã
P(η),S (η),M(η)

ô
. (41)

P(η) B(η)When   and   are invariant, Eq. (41) reduces to
  Å

∂M0

∂η

ã
P,B,S (η)

= − lim
M→M0

T
Å
∂S (η)
∂η

ã
P,B,M(η)

, (42)

S (η) B(η)when   and   are invariant, Eq. (41) reduces to
  Å

∂M0

∂η

ã
P(η),B,S

= − lim
M→M0

ψΛ

Å
∂P(η)
∂η

ã
S ,B,M(η)

, (43)

S (η) P(η)when   and   are invariant, Eq. (41) reduces to
  Å

∂M0

∂η

ã
P,B(η),S

= − lim
M→M0

ψβ

Å
∂B(η)
∂η

ã
P,S ,M(η)

, (44)

P(η)when   is invariant, Eq. (41) reduces to
  Å

∂M0

∂η

ã
P,B(η),S (η)

= − lim
M→M0

ï
T
Å
∂S (η)
∂η

ã
P,B(η),M(η)

+ψβ

Å
∂B(η)
∂η

ã
P,S (η),M(η)

ò
, (45)

B(η)when   is invariant, Eq. (41) reduces to
 

Å
∂M0

∂η

ã
P(η),B,S (η)

= − lim
M→M0

ï
T
Å
∂S (η)
∂η

ã
P(η),B,M(η)

+ψΛ

Å
∂P(η)
∂η

ã
S (η),B,M(η)

ò
, (46)

S (η)and when   is invariant, Eq. (41) reduces to  Å
∂M0

∂η

ã
P(η),B(η),S

= − lim
M→M0

ï
ψΛ

Å
∂P(η)
∂η

ã
S ,B(η),M(η)

+ψβ

Å
∂B(η)
∂η

ã
P(η),S ,M(η)

ò
. (47)

According to Eq. (42), in the event that the state para-
meters P and B of the black hole are not functions of the
perturbation parameter η,  the expressions derived are the
currently accepted expressions for the GP relation. How-
ever, Eqs. (12) and (13) show that Eq. (42) for the black
hole  energy M and entropy S contain  higher-order  terms
for η.  The  generalized  GP  relation,  as  presented  by  Eq.
(41),  is obtained, which not only contains the relation of
energy M and entropy S with the variation in the perturb-
ation parameter η, but also the universal GP relation con-
tains P and B with the variation in the perturbation para-
meter η. 

IV.  SUMMARY

The present  study is  grounded on  the  following core
concept:  Given  the  thermodynamic  quantities  of  black
holes, in accordance with the constraints imposed by Eq.
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(12), the thermodynamic quantity and horizon position of
a  black  hole  will  concomitantly  be  modified  when  the
perturbation  parameter  of  the  spacetime,  η,  is  altered.
This  physical  mechanism  not  only  verifies  the  salient
conclusion  of  the  Ref.  [5]  but  also  generalizes  it  to  the
following two more general types of scenarios: First, the
complex spacetime scenario in which the thermodynamic
quantities of the black hole are a higher-order function of
the perturbation parameter η. Second, the complex space-
time scenario in which the energy, M, of the black hole is
a function of a multi-parameter  (such as S, P,  and B).  A
notable strength of the present derivation is its computa-
tional simplicity and logical clarity, which renders it a re-
liable theoretical instrument for subsequent in-depth stud-
ies.

A thorough examination of  the proportional   relation-
ship between modified masses and thermodynamic quant-
ities has the potential  to reveal  novel  avenues for under-
standing the Weak Gravity Conjecture (WGC). As is well
known, the WGC offers significant physical insights into

the theory of quantum gravity. The findings of this study
are  expected  to  further  refine  our  comprehension  of  this
foundational physical problem.

In summary, the primary innovations of this investig-
ation  are  twofold:  (1)  revealing  the  universal  relation
when energy M as a function of multiple thermodynamic
quantities, and  (2)  formulating  the  generalized  GP   rela-
tion when each thermodynamic quantity is a function of a
higher-order  perturbation  parameter  η.  These  theoretical
findings not  only  provide  new  perspectives  for   compre-
hending the WGC but also contribute to the profound ad-
vancement of quantum gravity theory. We anticipate that
these findings will provide significant theoretical founda-
tions  and  research  directions  for  future  studies  in  this
field. 
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