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Abstract: The recently  released data  of  DESI  DR2 favors  a  dynamical  dark  energy theory,  with  the  equation  of
state crossing the cosmological constant boundary w = −1. In this paper, we briefly review quintom cosmology, es-
pecially the quintom bounce.  We will  give three examples of  a  quintom bounce and one example of  a  cyclic  uni-
verse with quintom matter.
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The  accelerated  expansion  of  the  Universe  was  first
discovered in 1998 through observations of high-redshift
Type Ia supernovae (SNe) [1, 2], and has since been ro-
bustly  confirmed  by  cosmic  microwave  background
(CMB) anisotropies, baryon acoustic oscillations (BAO),
and  large-scale structure  data.  Within  the  standard  cos-
mological model,  this  acceleration  is  attributed  to  a  cos-
mological  constant  Λ,  yielding  the  highly  successful
ΛCDM paradigm for past 20 years.

4.2σ

Recent results  from  Dark  Energy  Spectroscopic  In-
strument  (DESI)  Data  Release  2,  when  combined  with
CMB  and  supernova  data,  provide  compelling  evidence
that  dark energy may be dynamical  in nature [3, 4].  The
joint analysis reveals a statistically significant time evolu-
tion  of  the  dark  energy  equation  of  state  (EoS), w,  with
the  DESI  DR2+CMB+DESY5  dataset  excluding  the
ΛCDM model at the  level. Notably, the reconstruc-
ted w crosses  the  cosmological  constant  boundary  at

w = −1,  a  distinctive  signature  of  the Quintom scenario
[5].
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To  quantify  the  statistical  support  for  the  Quintom
scenario, we  perform  an  independent  cosmological  ana-
lysis  using  the  same  combined  DESI  DR2+CMB+
DESY5 dataset. Here, CMB includes the full Planck tem-
perature  (TT),  polarization  (EE),  and  cross  (TE)  power
spectra  (using ,  for ,  and

 for ),  supplemented  by  the  Planck+ACT
DR6  CMB  lensing  likelihood.  Using  the  infer-
ence  framework  with  Metropolis–Hastings  MCMC
sampling, interfaced with  for theory predictions, we
adopt the CPL parametrization  [6, 7] for dark en-
ergy,  and  the  standard  six-parameter  base  ( , ,

, , , τ).  Chains  are  deemed converged
when  the  Gelman–Rubin  statistic  satisfies ,
and posterior summaries are generated using the 
package.
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∆χ2
MAP = −21.2

4.22σ

3.2σ

w0 > −1
w0+wa < −1

4.05σ

Our  result  yields  relative  to  the
ΛCDM model,  corresponding to a  deviation (In a
recent reanalysis by the DES group combined with CMB
data,  this  confidence level  has  been reduced,  but  a 
preference  for  evolving  dark  energy  remains  [8]).
Moreover, we find a posterior probability of 99.997439%
for  the  Quintom-B  region  defined  by  and

, equivalent  to  a  significance  of  approxim-
ately . As shown in Fig. 1, our results are fully con-
sistent with the DESI findings [3] and very strongly sup-
port the Quintom scenario.1)

w = −1

The Quintom scenario was first  proposed in April  of
2004 [5]. The Quintom theory of dark energy differs from
Quintessence  and  the  Phantom,  and  predicts  the  EoS  of
dark  energy  crossing2) the cosmological  constant  bound-
ary at . In general, the basic single-field models or
single perfect fluid models can not exhibit Quintom beha-
vior  due  to  the  No-Go  theorem  [11−13].  For  a  detailed
description  of  the  Quintom  model,  please  refer  to  Refs.
[14−19].

a(t)
H(t)

In  2007,  we  considered  the  applications  of  Quintom
scenarios  on  the  very  early  universe  and  demonstrated
that  non-singular  bounce  models  can  emerge  naturally
with  quintom  matter  [20].  As  we  know,  non-singular
bounce  cosmology  encompasses  scenarios  in  which  the
Universe  initially  undergoes  a  phase  of  contraction,
reaches a finite minimum scale, then subsequently enters
an expanding phase. This behavior can be understood by
examining  the  dynamics  of  the  scale  factor  and  the
Hubble parameter .  It  is  well-known that  in GR, the
Friedmann equations that govern the universe are written
as: 

H2 =
8πG

3
ρ , Ḣ = −4πG(ρ+ p) , (1)

H = dlna/dt

H < 0 H > 0 H = ρ = 0

Ḣ > 0 ρ+ p < 0
w ≡ p/ρ→−∞

w = −1

w = 1/3
w = 0

where .  When  the  Universe  goes  from  the
contracting  phase  to  the  expanding  phase,  the  Hubble
parameter  goes  from  to ,  with  at
the bounce point. This requires that the time derivative of
H must be larger than zero, , which gives .
Therefore,  at  this  point,  one  has ,  namely
below the  line. On  the  other  hand,  after  the  uni-
verse  enters  into  the  normal  expanding  phase,  it  should
experience radiation-dominant era ( ), matter-dom-
inant  era  ( ),  etc.,  as  required  by  the  standard  Big-
Bang Theory.  This  means that  in  the  whole  bounce pro-
cess,  the  equation  of  state  of  our  universe  will  cross -1
from below. Such a crossing behavior is the characterist-
ic property of the quintom model.

After the bounce,  the Universe will  enter  into an ex-
panding phase,  and  according  to  its  behavior,  in  the  fu-
ture  it  will  evolve  towards  various  fates  [17].  Among
these fates, an interesting one is that the Universe will re-
turn  to  a  contracting  phase  and  then  bounce  again,  thus
performing  a  cyclic  behavior  forever  [21−27].  Like  the
bounce,  a  4D non-singular  cyclic  universe also needs its
EoS  to  cross -1,  and  thus  it  can  be  realized  by  quintom
matter [13, 28, 29].

In the  following,  we  will  give  three  models  as  ex-
amples of a quintom bounce, and one example of a cyc-
lic universe with quintom matter. 

I.  BOUNCE WITH TWO SCALAR FIELDS

The simplest Quintom model contains a quintessence-
 

w0 wa w0waCDMFig. 1.    (color online) Results for the posterior distributions of  and , from fits of the  model to DESI in combination
with  CMB  and  DESY5  datasets  as  labelled.  Quintom-A: w evolves  from  Quintessence  to  Phantom;  Quintom-B:  from  Phantom  to
Quintessence.
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w < −11) Since in Quintom-B scenario,  stays only for a short period of time, the null energy condition can still be satisfied for the whole universe [9, 10].
2) This is also called phantom divide crossing in the literature.
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like scalar field and a phantom-like scalar field, with the
Lagrangian [5, 14, 20] 1): 

S =
∫

d4x
√−g
ï
−1

2
∇µϕ∇µϕ−V(ϕ)+

1
2
∇µσ∇µσ−V(σ)

ò
,

(2)

where ϕ and σ stand for quintessence and phantom fields,
respectively. The Friedmann equations are: 

H2 =
8πG

3

ï
1
2
ϕ̇2− 1

2
σ̇2+V(ϕ)+V(σ)

ò
, (3)

 

Ḣ = −4πG(ϕ̇2− σ̇2) , (4)

while the equations of motion of the two fields are: 

ϕ̈+3Hϕ̇+V,ϕ = 0 , (5)

 

σ̈+3Hσ̇+V,σ = 0 . (6)

H = 0

V(σ) = 0
σ̈+3Hσ̇ = 0

σ̇2 ∼ a−6

a(t) σ̇2

a(t) σ̇2

From  the  Friedmann  equation  one  can  see  that,
provided that the potentials of both fields are not less than
zero, the only possibility for making , as is required
by  bounce  process,  is  to  have  the  kinetic  term  of  the σ-
field become large and compensate the rest of the energy
density. On the other hand, this term should not be dom-
inant in order not to give rise to a negative energy dens-
ity. This can be achieved by setting , so that the
equation  of  motion  for  the σ-field  becomes 
with the solution . Therefore at the bounce point
where the scale factor  reaches its minimum,  gets
its  maximum  value,  while  whether  the  universe  goes
backwards or forwards,  gets enlarged and  will de-
cay.  Thus  the  evolution  of  the  universe  away  from  the
bounce  depends  on  the  potential  of  the  normal  field ϕ
only.

To obtain the observational signals, it is important to
analyze  the  perturbations  generated  by  the  model.  The
longitudinal metric perturbations are given by: 

ds2 = a2(η)[(1+Φ)dη2− (1−2Ψ)dxidx j] , (7)

dη = a−1(t)dtwhere η is the conformal time with , while Φ
and Ψ are gauge-invariant metric perturbations. The per-
turbed Einstein equation gives rise to the equations of Φ
and Ψ [31−34]: 

∇2Ψ−3H(Ψ′+HΦ) = 4πG[ϕ′(δϕ′−ϕ′Φ)

+a2V,ϕδϕ−σ′(δσ′−σ′Φ)] , (8)
 

Ψ′+HΦ = −4πG[−ϕ′δϕ+σ′δσ] , (9)

 

Φ′′+3HΦ′+ (2H ′+H2)Φ = 4πG[ϕ′(δϕ′−ϕ′Φ)

−a2V,ϕδϕ−σ′(δσ′−σ′Φ)] ,

(10)

which can be combined to give the main equation of the
Newtonian potential Φ: 

Φ′′+2
Å
H − ϕ

′′

ϕ′

ã
Φ′+2

Å
H ′−H ϕ′′

ϕ′

ã
Φ−∇2Φ

= 8πG
Å

2H + ϕ
′′

ϕ′

ã
σ′δσ , (11)

H
H ≡ a′/a

where prime  denotes  derivative  with  respect  to  the  con-
formal time η, and  is the conformal Hubble parameter,

. Moreover, the curvature fluctuation ζ is related
with Φ via: 

ζ = Φ+
H

H2−H ′ (Φ
′+HΦ) , (12)

which is conserved on super-Hubble scales: 

(1+w)ζ′ =
2k2(Φ′+HΦ)

9H2
. (13)

V(ϕ)
In  the  following,  we  will  see  that  different  forms  of

potential  will  give  rise  to  different  backgrounds  as
well as different evolutions of the perturbations. In order
to  understand  their  main  influence,  we  consider  two
broad categories  of  potentials,  namely  large  field  poten-
tials and small field potentials. 

A.    Large field potentials

V(ϕ) = m2ϕ2/2
ϕ = 0

The  typical  large  field  potential  is  the  mass  squared
potential,  [33]. This  potential  is  symmet-
ric with respect to its minimum at ,  therefore it  can
give  rise  to  symmetric  evolution  before  and  after  the
bounce.

⟨w⟩ = 0

w ≃ −1

At the very beginning, the ϕ-field is set near the min-
imum and oscillates with increasing amplitude, due to the
contraction  of  the  Universe  and  the  friction  term.  This
will cause an oscillating behavior of the EoS, with the av-
erage  value  of .  This  phase  is  called  the  "heating
phase".  When  the  friction  becomes  less  important,  the
Universe  enters  into  a  "slow-climbing"  phase,  where ϕ
evolves slowly along the potential upwards, with the EoS

.  Meanwhile,  the  kinetic  term  of  the σ-field be-
comes  more  and  more  important.  When  it  reaches  the

A focused review of quintom cosmology: from quintom dark energy to quintom bounce Chin. Phys. C 50, 012001 (2026)

1) To be general, the potentials of ϕ and σ can also include interacting term, see [30].
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−∞

⟨w⟩ = 0

value of the ϕ-field’s energy density, the two parts cancel
out and the bounce takes place. At the bounce point,  the
EoS  reaches ,  as  has  been  demonstrated  previously.
After the bounce, the σ-field decays again, and the ϕ-field
also rolls slowly along the potential to its minimum, and
the  EoS  approaches -1  again.  Finally,  when  the ϕ-field
reaches  the  bottom,  it  oscillates  around  its  minimum
again with decreasing amplitude, with . The evol-
ution behavior  of w through the whole process  is  shown
in Fig. 2.

The evolution of the perturbation is given by the main
equation (11). Before going into the details, we draw the
evolution  of  perturbation  wavelength  scales  vs.  Hubble
radius in Fig. 3. From this plot we can see that, the evolu-
tion  is  symmetric  before  and  after  the  bounce,  thus  like
the expanding phase, in the contracting phase, the Hubble
radius  will  also  shrink  and  expand  (to  infinity  at  the
bounce  point),  and  the  perturbations  will  also  exit  and

reenter the horizon. This will change the evolution of the
perturbations and  will  affect  the  final  observational  sig-
nals  in  the  CMB.  Moreover,  for  large k (small  scale)
modes, the reentrance into the horizon takes place in the
slow-climbing  region,  for  small k (large  scale)  modes  it
happens in the bounce phase.  Therefore the evolution of
the perturbations is highly nontrivial.

In the heating phase, since the EoS is effectively zero,
one has 

a ∝ η2 , H = 2
η
, ϕ′ =

1
η
. (14)

Moreover,  since  in  this  phase  the  kinetic  term  of σ-
field is negligible, we can omit the right hand side of Eq.
(11) for  simplicity.  Then  the  equation  becomes  (in  mo-
mentum space) 

Φ′′k +
6
η
Φ′k + k2Φk = 0 , (15)

with the solution 

Φk = η
−5/2[k−5/2Ak J5/2(kη)+ k5/2Bk J−5/2(kη)] . (16)

|kη| ≫ 1
Φk

The  coefficients  can  be  determined  by  matching  the
sub-horizon approximation ( ) with the initial con-
dition of , which we take to be the Bunch-Davies vacu-
um solution: 

Φk = Aη−3 e−ikη

√
2k3

, A ≡ 4πG
√
ρ0η

3
0 , (17)

Ak = (i
√
π/2)Ak3/2 Bk = −(

√
π/2)×

Ak−7/2

|kη| ≪ 1

from  which  we  get , 
. On the other hand, in the super-horizon approxim-

ation with , the approximate solution becomes: 

Φk ≃
iAk3/2

15
√

2
− 3A√

2
k−7/2η−5 , (18)

which has one constant mode and one growing mode.

ηc

We  assume  that  the  Universe  enters  into  the  slow-
climbing  phase  at  the  time . After  that,  Eq.  (11)  be-
comes 

Φ′′k + (2ϵH −δH)HΦ′k −δHH2Φk + k2Φk = 0 , (19)

ϵH ≡
−Ḣ/H2 δH ≡ ϵ̇H/(HϵH) |ϵH |, |δH | ≪ 1
where  we  defined  the  slow-climb  parameters: 

, , satisfying . The solu-
tion is 

Φk = (η− η̃c)α[k−νCk Jν(k(η− η̃c))+kνDk J−ν(k(η− η̃c))] , (20)

 

Fig. 2.    (color online) Plot of evolution of EoS w in a double-
field quintom bounce with large field potential.  The figure is
taken from Ref. [33].

 

|H−1 |

Fig.  3.    (color  online)  The  evolution  of  perturbation
wavelengths with different comoving wavenumbers k as well
as the Hubble radius . The figure is taken from Ref. [33].
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α ≃ 1/2 ν ≃ 1/2 η̃c ≡ ηc+1/Hcwhere , , and . The super-ho-
rizon  approximation,  which  is  to  be  connected  with  the
super-horizon  approximation  in  the  heating  phase  (18),
turns out to be: 

Φk ≃
…

2
π

[Ck(η− η̃c)+Dk] . (21)

By matching with (18) using matching conditions [35,
36] (see also [37]), one gets the coefficients: 

Ck = −Hc

ï
1

15

Å
1− 2

3
ϵH

ã
Ak +3(1+ ϵH)Bkη

−5
c

ò
,

(22)

 

Dk = ϵH

Å
2

45
Ak −3Bkη

−5
c

ã
≃ 0 . (23)

Thus  the  main  contribution  comes  from the  growing
mode. On the other hand, the sub-horizon approximation
of (20) is 

Φk ≃
…

2
π

ï
Ck

k
sin(k(η− η̃c))+Dk cos(k(η− η̃c))

ò
. (24)

−∞
When  the  universe  enters  into  a  bounce  phase,  the

EoS goes down towards  and goes up again to above -
1,  so  it  will  be  complicated  to  analyze  the  dynamics  of
the perturbations.  Nevertheless,  it  is  convenient  to  para-
metrize the Hubble parameter  as  a  linear  function which
crosses zero at the bounce point, namely 

H ≃ y
2

(η−ηB) , a ≃ aB

1− y(η−ηB)2/4
, (25)

ηB aB

ηB σ̇

ϕ′′ ≃ −2Hϕ′

where  is  the  time when bounce occurs,  and  is  the
scale factor at .  Moreover, during the bounce phase 
becomes important. However, from the background equa-
tion (4)  one approximately  has ,  so  the  right
hand side of  Eq.  (11)  can still  be neglected.  This  can be
easily seen considering calculations  around Eq.  (4).  Dif-
ferentiating Eq. (4) with respect to t we can get 

Ḧ = −8πG(ϕ̇ϕ̈− σ̇σ̈) . (26)

σ̈+3Hσ̇ = 0
As  the σ field  has  no  potential,  we  simply  get

. Combining Eqs. (4) and (26) and after some
calculations one finds 

ϕ̈

ϕ̇
= −3H× 3Hσ̇2+ Ḧ/(8πG)

3Hσ̇2−3HḢ/(4πG)
≃ −3H× 2σ′2− y/(6πG)

2σ′2− y/(4πG)
,

(27)

σ′2≫ y/G
ϕ̈/ϕ̇ ≃ −3H ϕ′′+2Hϕ′ ≃ 0

where in the last step we made use of the parametrization
(25). It implies that as long as  is satisfied, one
has , which is equivalent to . We
verify this result by numerical calculation shown in Fig. 4.
Therefore,  the  perturbation  equation  during  the  bounce
phase becomes: 

Φ′′k +3y(η−ηB)Φ′k + (k2+ y)Φk ≃ 0 , (28)

and the solution is 

Φk ≃ e−
3
4 y(η−ηB)2 [

Ek sin[k(η−ηB)]+Fk cos[k(η−ηB)]
]
. (29)

Ek Fk

Ek Fk

Φk

The coefficients  in  solution  (29),  namely  and ,
are obtained by matching (29) to the slow-climbing solu-
tion (20) with the same matching conditions. From Fig. 3,
one can see that there are two cases, namely matching in
the  sub-horizon  region  (for  large k)  and  matching  in  the
super-horizon  region  (for  small k).  In  the  first  case  (29)
matches  (24),  while  in  the  second  case  it  matches  (21).
This will give two sets of  and , and the detailed ex-
pressions are given in [33]. From the solution we can also
see that, while in the first case  in the bounce phase is
dominated by the growing mode in slow-climbing phase,
in the second case it is dominated by the constant mode.

ηB+

After the bounce, the Universe enters into an expand-
ing  phase  at  the  time ,  where  the ϕ field  is  slow-
rolling.  In  this  phase,  the  perturbation  equation  is  the
same as Eq. (19), with the solution: 

Φk = (η− η̃B+)α[k−νGk Jν(k(η− η̃B+))+ kνHk J−ν(k(η− η̃B+))] ,

(30)

η̃B+ ≡ ηB++1/HB+where .  The  sub-horizon approxima-
 

3H+ ϕ̈/ϕ̇Fig. 4.    The evolution of the factor  with respect to
cosmic time t in the bouncing phase. The figure is taken from
Ref. [33].

A focused review of quintom cosmology: from quintom dark energy to quintom bounce Chin. Phys. C 50, 012001 (2026)
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tion is: 

Φk ≃
…

2
π

ï
Gk

k
sin(k(η− η̃B+))+Hk cos(k(η− η̃B+))

ò
, (31)

while the super-horizon approximation is: 

Φk ≃
…

2
π

[Gk(η− η̃B+)+Hk] , (32)

Gk

Hk

Gk Hk

Φk

Hk ≃ 0 Φk

where the first and second terms correspond to the decay-
ing and constant mode, respectively. The coefficients 
and  will  also  be  obtained  by  matching  the  solution
(30)  to  the  solution  (29)  in  the  bounce  phase.  Similarly,
there are two cases of matching at sub-horizon and super
horizon regions, where (29) matches to (31) and (32), re-
spectively. The detailed expressions are given in [33]. In
the first case where both  and  are important, the fi-
nal  perturbation  is  dominated  by  its  constant  mode.
While in the second case where  is obtained,  is
dominated by its decaying mode [22, 38−50].

CMB  observations  suggest  a  nearly  scale-invariant
power  spectrum  of  primordial  curvature  perturbations,
which  could  be  realized  by  either  de-Sitter like  expan-
sion  (inflation)  or  matter-like  contraction.  However,  due
to the addition of the slow-climbing phase, the k-depend-
ence of the perturbations become more complicated, and
in  general  cannot  give  rise  to  a  scale-invariant  power
spectrum (see numerical results in [33]). 

B.    Small field potential

V(ϕ) = (λϕ4/4) ln(|ϕ|/v)−λ(ϕ4− v4)/16

ϕ = ±v

The  typical  small  field  potential  is  the  Coleman-
Weinberg potential, 
[34, 51]. As a result of this potential, the vacuum is shif-
ted  to .  Therefore,  the  symmetry  is  spontaneously
broken in  the  vacuum.  It  will  also  give  rise  to  an  asym-
metric bounce behavior.

⟨w⟩ = 0

w ≃ −1

⟨w⟩ = 0

Figure 5 shows the evolution behavior  of w over  the
process  in  this  model.  Initially,  the ϕ field  is  still  set
around  the  minimum  value,  and  it  can  oscillate  with  its
amplitude increasing and . When the field reaches
the  plateau,  the σ field  catches  up,  and the  bounce takes
place  when w goes  to  minus  infinity.  After  the  bounce,
when  the ϕ-field  rolls  along  the  plateau,  the  Universe
enters  into  a  slow-roll  phase  where ,  very  much
like  inflation.  Finally  when  the  field  drops  into  another
minimum  and  oscillates,  the  inflation  ends  and  the  field
becomes oscillating again, with .

We  also  draw  the  evolution  plot  of  perturbation
wavelength scales v.s. Hubble radius in Fig. 6. From the
plot we can see that, since now the symmetry before and
after the bounce is broken, the evolution of the perturba-
tions  will  also  be  different.  While  the  small k modes  of
perturbations still  need to exit  and reenter the horizon in

the contracting phase, the large k modes needn't, and will
stay inside  the  horizon until  the  expanding phase.  In  the
following, we will focus on these modes.

⟨w⟩ = 0
In the  contracting  phase  where  the  EoS  of  the  Uni-

verse  oscillates  continuously  with , the  back-
ground and perturbation evolutions are still  described by
Eqs.  (14)  and  (15).  While  the  solution  is  given  in  Eq.
(16), since we are only interested in the subhorizon solu-
tion, we only have: 

Φk = 4πG
√
ρ0η

3
0

η3

e−ikη

√
2k3

. (33)

Since in this case the evolution is not symmetric and for

 

Fig. 5.    (color online) Plot of evolution of EoS w in a double-
field quintom bounce with small field potential. The figure is
taken from Ref. [34].

 

|H−1 |

Fig.  6.    (color  online)  The  evolution  of  perturbation
wavelengths with different comoving wavenumbers k as well
as Hubble radius . The figure is taken from Ref. [34].
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large k modes  there  is  no  horizon-exit  behavior  before
bounce,  we  don't  have  a  "slow-climbing"  phase.  In
bounce  phase,  the  equation  is  the  same  as  (28),  and  the
solution is  given by (29).  After  the bounce,  the universe
will  enter  a  slow-rolling  expanding  phase,  in  which  the
perturbation equation is (19) and the solution is the same
as (30).

Ek Fk Gk Hk

Hk

The  coefficients , ,  and  are obtained  us-
ing the same matching method as above. However, since
here the matchings are only performed at sub-horizon re-
gions, the final  perturbations are  determined by the con-
stant  mode  of .  From  the  tedious  calculation  done  in
[34], one obtains

 

Hk =

…
π

2
4πG√

2k3
|ϕ̇|e−ikη̃B+

ß
1+

3e−ik(ηB−−η̃B+)

kηB−
sin[k(ηB−− η̃B+)]

™
. (34)

ηB−

ζ ≃ Φ/ϵH

where  is  the  time  when  the  Universe  enters  the
bounce phase. Moreover, in the super-horizon region with
nearly  de-Sitter  spacetime  we  have ,  Thus  one
obtains the power spectrum of the curvature perturbations 

Pζ ≡
k3

2π2
|ζ |2 = 8G2ρ

3ϵH

ß
1− 3HB−

2k
sin

2k
HB+

™
. (35)

This  result  indicates  that  for  large k (small scale)  re-
gion  where  the  last  term  could  be  neglected,  the  power
spectrum  is  both  constant  and  scale-invariant,  while  for
small k (large scale)  region  where  the  second  term  be-
comes important, the spectrum gets some wiggle-like cor-
rections. This is due to the effect of perturbations during
bounce  region.  Moreover,  for  even  larger  scales,  as  the
perturbations  exit  the  horizon  before  the  bounce,  the
power spectrum will be blue-tilted and will thus get sup-
pressed  [52−54].  There  are  already  some  hints  of  these
signals  in  the  observations  [55−58].  If  they are  furtherly
confirmed, they  will  provide  a  smoking gun for  a  boun-
cing cosmology. 

II.  BOUNCE WITH A HIGHER-DERIVATIVE
FIELD

The single  field  Quintom model  with  higher-derivat-
ive interactions was proposed in [59]. With higher-deriv-
ative terms, the single field gains an additional degree of
freedom that can make the EoS cross −1. When applied to
the early Universe, it can also give rise to a bounce solu-
tion.

ϕ̂

A detailed analysis of a bounce model with higher-de-
rivative  interactions  was  performed  in  Ref.  [60].  In  this
work, the Lagrangian of the single field  is written as: 

L =
1
2
∇µϕ̂∇µϕ̂−

1
2M2

(□ϕ̂)2− 1
2

m2ϕ̂2 . (36)

In particle physics, this Lagrangian is called the ''Lee-
Wick  model'',  in  which  the  Higgs  mass  is  stabilized

ϕ̃

against radiative corrections to solve the hierarchy prob-
lem  [61−63]. Note  that  this  model  can  also  be  trans-
formed  into  a  two-scalar-field  model.  By  introducing  an
auxiliary field  and redefining a scalar field as: 

ϕ = ϕ̂+ ϕ̃ , (37)

the Lagrangian (36) then becomes 

L =
1
2
∇µϕ∇µϕ−

1
2
∇µϕ̃∇µϕ̃−

1
2

m2ϕ2+
1
2

M2ϕ̃2 , (38)

ϕ̃where  the  equations  of  motion  (EoM)  for  the ϕ and 
fields are 

ϕ̈+3Hϕ̇+m2ϕ = 0 , ¨̃ϕ+3H ˙̃ϕ+M2ϕ̃ = 0 , (39)

respectively.  From the EoM one can see that,  since both
fields now get masses, in the contracting phase they will
both oscillate  around their  vacuum with increasing amp-
litude, 

|ϕ(t)| ∼ |ϕ̃(t)| ∼ a−3/2(t) , (40)

(12π)−1/2mpl

ϕ(t) ϕ̃(t) ϕ(t)
ϕ(t)

⟨w⟩ = 0
(12π)−1/2mpl

ϕ̃

ϕ̃

ϕ̃

and  will  freeze  out  when  their  amplitude  reaches
.  At  the  initial  time  let’s  assume  the  energy

density of  is larger than , so that  will domin-
ate  the  Universe.  When  is  oscillating,  the  Universe
will  behave  like  matter  with  its  average  value  of  EoS

.  Similarly  to  the  large  field  bounce  story,  when
the ϕ-field  reaches  and  then  freezes  out,  it
will  slow-climb  along  the  potential  and  tend  to  drive  a
period  of “deflation”.  But  what  is  different  is  that,  now
the  second  field  also  has  mass  and  will  also  oscillate,
which  will  destroy  the  deflation  behavior.  If  the  field
oscillates until  its  energy density catches up with that  of
ϕ, the total energy density will vanish and the bounce will
occur.  If  the  bounce happens  before  freezes  out,  there
will  be  no  deflation  era  and  we  will  get  a  pure  matter
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bounce  [46, 64, 65].  Moreover,  since  both  fields  have
symmetric  potentials,  the  evolution  of  the  Universe  will
also  be  symmetric  before  and  after  the  bounce,  namely
the  Universe  will  directly  enter  into  a  matter-dominated
era  without  inflation.  The  evolutions  of  both  fields  and
the EoS of the Universe are plotted in Fig. 7.

The perturbation equation is the same as in case of the
two-field models,  namely  Eq.  (11).  However,  as  is  de-
scribed above,  the  cosmological  periods  that  the  Uni-
verse experiences are different. Here in Fig. 8 we plot the
perturbation wavelength scales vs. Hubble radius (in con-
formal time). The process is just from matter dominance
to  the  bounce,  then  to  matter  dominance  again.  As  is
demonstrated above,  the initial  condition is  given by the
Bunch-Davies vacuum solution, namely Eq. (33).

In  the  previous  section,  we  have  shown  that  if  the

matter  contracting  phase  is  followed  by  an  inflationary
phase  after  the  bounce,  where  the  perturbations  did  not
exit  the  horizon  before  the  bounce,  a  scale-invariant
power spectrum  is  acquired.  This  is  because  the  evolu-
tion inside of the horizon actually does not affect the av-
eraged k-dependence of  the  perturbations  and  it  still  be-
haves  like  the  Bunch-Davies  vacuum.  However,  in  this
model,  in  the  absence  of  inflation  era,  one  may  not  be
able  to  obtain  a  scale-invariant  power  spectrum.  As  we
will see below, this issue can be overcome by making the
perturbations  exit  the  horizon  before  the  bounce.  In  this
case,  the  growing  mode  of  Φ,  which  dominates  in  the
contracting phase, gets deeply red-tilted, and when cross-
ing the bounce point, it will be compensated by the same
amount of blue-tilting.

The  super-horizon  approximation  of  the  contracting
phase was obtained previously 

Φ = D−+S −(η− η̃B−)−5 , (41)

D− ∼ k3/2 S − ∼ k−7/2 η̃B− ≡ ηB−−2/HB−where , , .  While the
first mode is constant, the second mode is growing.

k2≪ y k2

During  the  bounce  phase,  the  equation  of  motion  is
given by Eq. (28). However, since we are considering the
fluctuation  modes  which  exit  the  horizon  in  the  heating
phase, unlike the case of the previous solution (29), now
we  consider  the  solution  with  much  smaller k,  namely

.  Thus  the y-term  will  dominate  term  and  the
solution  will  present  approximately  no k-dependence.
This is a very important property of the large-scale solu-
tion  which  will  affect  the  scale-dependence  as  follows.
The solution is given by 

Φk = Fk +Ek
√

y(η−ηB)− 3
5

Fky(η−ηB)2+O(y3/2(η−ηB)3) ,

(42)

O(η−ηB)3
where we assume that the bounce period is very short and
it is enough to expand up to .

In the expanding phase,  the solution is  similar  to the
contracting phase since both have an EoS of matter 

Φ = D++S +(η− η̃B+)−5 , (43)

η̃B+ ≡ ηB+−2/HB+

D+

where . Now  the  second  mode  be-
comes decaying, so the constant mode will be dominant.
Matching  the  solutions  (41),  (42),  and  (43)  one  obtains
the final result for : 

D+ = D−+
ï
−4

5
D−+

3
5
H5

B−
24

S −

ò
2k2

9H2
B−
,

= −
√
ρB−

10
√

2
k−3/2 , (44)

 

ϕ̃Fig.  7.    (color  online)  Plot  of  evolutions  of  fields ϕ,  and
EoS w in  the  Lee-Wick  type  quintom  bounce.  The  figure  is
taken from Ref. [60].

 

λ = 1/k
|H−1 |

Fig.  8.    (color  online)  The  comoving  wavelength  as
well as the comoving Hubble radius . The figure is taken
from Ref. [60].
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D− ∼ k3/2

S − ∼ k−7/2 ρB− ηB−

where  in  the  last  line  we  made  use  of ,
.  Here  is  the  energy density  at . There-

fore the power spectrum turns out to be 

PΦ ≡
k3

2π2
|D+|2 =

ρB−

(20π)2
, (45)

D+
PΦ

ns

which is scale-invariant. From Eq. (44) one can see that,
this is due to the fact that in the small k region, while the
constant mode is suppressed, the growing mode, which is
deep red, will contribute to , and will be blue-tilted by
the right amount. In Fig. 9 we plot  and the spectral in-
dex  with  respect  to k.  We can  see  from the  plot  that,
while  in  the  large k region  the  power  spectrum  is  blue-
tilted, in the small k region it will be scale-invariant.

⟨|δT 0
0 (k)|⟩2

δM(R)

For  the  matter  bounce,  initial  fluctuations  could  also
be generated  classically  by  the  thermal  matter  perturba-
tions inside the Hubble radius [60, 66−69]. From the per-
turbed  Einstein  equations,  the  Fourier  space  correlation
function of the Newtonian potential Φ is related to dens-
ity  fluctuations  (or mass  fluctuations  in  posi-
tion space ), 

⟨|Φ(k)|⟩2 = 16π2G2k−4a4⟨|δT 0
0 (k)|⟩2

= 16π2G2k−4a4R−3δM(R)2 , (46)

R = a/k

δM(R)2 ∼ T 5R3

where  is the physical radius of the region corres-
ponding  to  the  wavenumber k.  On  the  other  hand,

. Therefore one has 

PΦ(k) ∼ k3⟨|Φ(k)|⟩2 ∼ k−1T 5 ∼ k−1a−5 , (47)

T ∼ a−1

tc a(tc)H(tc) ∼ k
a ∼ k−(1+3w)/2 ⟨|w|⟩ = 0
PΦ ∼ k9 k−1

where we used the fact  for thermal matter. At ho-
rizon  crossing  time  where ,  one  can  get

. For matter contraction , this leads to
 (constant mode) and  (growing mode) [60].

One  can  also  discuss  the  tensor  perturbations  in  the
bounce model, which contribute to the primordial gravita-
tional waves and will have signals in the B-mode polariz-
ations  of  the  CMB map.  Since the  tensor  perturbation is
also  generated  in  the  contracting  phase  and  propagates
during  the  contracting  and  bounce  phases,  it  is  expected
to be  different  from  that  generated  in  the  normal  infla-
tionary scenario. To see this, one can start with the FRW
metric with tensorial perturbation 

ds2 = a2(η)[dη2− (δi j+hi j)dxidx j] , (48)

hi j = h ji hii = 0 hi j, j = 0with the properties ,  and . It is well
known that, in Einstein’s gravity, it satisfies the equation
of motion 

h′′i j+2
a′

a
h′i j−∇2hi j = 0 . (49)

hi jConsidering the Fourier modes of  

hi j =
∑
λ=1,2

∫
d3k

(2π)3/2
h(λ)

k (η,k)e(λ)
i j eikx , (50)

vk = ahk/
√

2 (λ)
vk

and  defining  (omitting  superscript  " "),
one gets the Mukhanov-Sasaki equation for : 

v′′k +
Å

k2− a′′

a

ã
vk = 0 . (51)

w = 0
a(η)

a′′/a ∝ η−2

The  procedure  for  dealing  with  this  equation  is  the
same as  that  for  scalar  perturbations.  The  solution  is  di-
vided into  three  stages,  namely  the  contracting  and  ex-
panding phases with , and the bounce phase. For the
former, the behavior of  is given by Eq. (14), so one
has . For the latter one has 

 

PΦ
PΦ ns

Fig. 9.    (color online) Left: numerical results for the power spectrum of curvature perturbations  with respect to time (t for cosmic
time and η for comoving time). Right: the power spectrum  as well as the spectral index  with respect to comoving wavenumber k.
The figures are taken from Ref. [60].
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a′′

a
≃ 4
π
αa2

B =
y
3
. (52)

vk

One can then solve  Eq.  (51)  for  each stage  and con-
nect  with  matching  conditions.  The  final  solution  for 
will take an asymptotic form, 

vk ≃ i

√
2

24
H3

B+

k3/2
(η− η̃B+)2 . (53)

Then the tensor power spectrum is given by 

PT (k) ≡ 2
k3

π2

∣∣∣vk

a

∣∣∣2
=

2ρB+

27π2
, (54)

indicating  a  scale-invariant  and  constant  tensor  power
spectrum [60, 70].

In 2008, a class of single scalar models called the Ga-
lileon has been proposed [71−73].  These models contain
higher  derivative  terms  in  their  Lagrangians,  however,
due to  the  delicate  design  of  the  Lagrangians  (for  ex-
ample,  the  coupling  of  the  higher  derivative  term  to  the
kinetic term), their equations of motion can be made 2nd
order, therefore avoiding a dynamical ghost mode. These
models  can  be  extended  to  include  modified  gravity  or
nonminimal coupling, which is a realization of an idea pi-
oneered by Horndeski in 1974 [74, 75]. Due to this inter-
esting property, these models have been applied to many
aspects in cosmology, see Ref. [76−85].

A  Galileon  model  can  also  realize  quintom behavior
and  drive  a  bounce  [86−97].  Here  we  give  a  concrete
model: 

S =
∫

d4x
√−g
ï

R
16πG

+F2e2ϕ(∂ϕ)2+
F3

M3
(∂ϕ)2□ϕ

+
F3

2M3
(∂ϕ)4

ò
, (55)

which  is  called  the  conformal  Galileon  model  [98].
The coefficient F is the mass scale of the Galileon field,
while M is the scale of higher derivative operators. Thus

we can get the energy density and pressure as 

ρ = F2
ï
−e2ϕϕ̇2+

Å
3F

2M3

ã
(ϕ̇4+4Hϕ̇3)

ò
, (56)

 

p = F2
ï
−e2ϕϕ̇2+

Å
F

2M3

ã
(ϕ̇4−4ϕ̇2ϕ̈)

ò
. (57)

H < 0

In the absence of potential terms in ρ and p, the Fried-
mann  equation  can  be  easily  solved  to  get  an  analytical
solution in the contracting phase ( ): 

ϕ̇ ∼ 1√
2(t0− t)

, H =
1

2(t− t0)
. (58)

w = 1/3
This indicates that this model will give a bounce solu-

tion  with  (radiation-like)  in  the  contracting
phase.  In Fig.  10 we plot  the  scale  factor  from the  con-
tracting phase to the expanding phase.

To see how the ghost mode is eliminated in this kind
of model, it is useful to apply the ADM formalism [99] to
write  down  the  second  order  perturbed  action.  In  this
formalism, the perturbed metric is 

ds2 = −N2dt2+a2e2ζδi j(dxi+N idt)(dx j+N jdt) , (59)

N(x) Ni(x)

δϕ = 0

where  and  are the lapse function and shift vec-
tor,  while ζ is  the  curvature  perturbation.  Moreover,  in
uniform-ϕ gauge we set . Then the  2nd order  per-
turbed equation for the curvature perturbation is [100]: 

S 2 = 3
∫

dtd3xa3DM2
p

ï
ζ̇2− c2

s

a2
(∂iζ)2

ò
, (60)

where 

D =
2M4

pH2+2(F/M)6ϕ̇6+ (F/M)3M2
pϕ̇

4

2[M2
pH− (F/M)3ϕ̇3]2

, (61)

 

c2
s =
−2M4

pḢ+2(F/M)3M2
pHϕ̇3−2(F/M)6ϕ̇6+6(F/M)3M2

pϕ̇
2ϕ̈

3[2M4
pH2+ (F/M)3M2

pϕ̇
4+2(F/M)6ϕ̇6]

. (62)

c2
s

From this result, we can see that the factor in front of
the kinetic term of the perturbation ζ is positive definite,
therefore there is  no ghost mode. We also plot D and 
in the bounce solution in Fig. 11 and Fig. 12. We can see
that,  the  parameter D stays above  0  throughout  the  pro-
cess,  indicating  that  there  is  no  ghost  instability.  The

c2
ssound speed squared  is also positive in most of the re-

gion from  the  contraction  to  the  expansion  phase,  espe-
cially  until  the  bounce  phase,  but  will  go  below  0  after
the bounce, which would break down the Galileon effect-
ive  theory.  Although  the  exact  time  point  is  model-de-
pendent  and  it  may  not  necessarily  ruin  the  bounce,  the
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c2
s

c2
s

existence of the negative-  period is proved to be gener-
al in cubic Galileon theories [101−103]. However, in [93,
94, 104−107] it  has  been  shown that,  when  some modi-
fied  gravity  effects  beyond cubic  action  are  included, 
can  be  made  positive  at  all  times  without  affecting  the
background.

Moreover,  as  a  bounce  solution  with  a  radiation-like
contracting  phase,  it  cannot  give  rise  to  the  scale-invari-
ant  power  spectrum  required  by  the  observational  data.
To  remedy  this  defect,  we  introduce  another  curvaton
field which has nonminimal coupling to the Galileon field
to  generate  the  power  spectrum.  A  usual  curvaton  is  a
light field in an inflationary phase, which is used to give
rise  to  a  scale-invariant spectrum  instead  of  the  back-
ground field  [108−110].  But  in  a  radiation-like contract-
ing background, the curvaton needs to couple to the back-
ground field to make itself “feel” that it  was in an infla-
tionary  background.  A  possible  action  of  the  coupled
curvaton is [86, 89, 96, 98] 

S σ =

∫
d4x
√−g[−ϕq(∂σ)2] , (63)

where σ is the curvaton field, while q is a parameter. The
equation of motion for the curvaton is 

σ′′+

Å
2H + qϕ′

ϕ

ã
σ′−∇2σ = 0 . (64)

ϕ ∼ η H ∼ η
Since,  in  a  radiation-dominant  phase,  from  solution

(58)  one  has , ,  then  the  solution  of  Eq.  (64)
(in momentum space) is 

σk ∼ c1k−(1+q)/2|η|−(1+q)+ c2k(1+q)/2 (65)

in the super-horizon approximation. The power spectrum
can be scale-invariant if:

q = 21) : 

σk ∼ c1k−3/2|η|−3+ c2k3/2 , Pσ ≡
k3

2π2
|σ|2 ≃ c2

1

2π2
|η|−6 , (66)

q = −4or 2) : 

 

Fig.  10.    (color  online)  The  evolution  of  the  scale  factor a
with  respect  to  cosmic  time t in  a  Galileon  type  quintom
bounce. The figure is taken from Ref. [86].

 

Fig.  11.    (color  online)  The  evolution  of  the  parameter D
with  respect  to  cosmic  time t in  a  Galileon  type  quintom
bounce. The figure is taken from Ref. [86].

 

c2
s c2

s

c2
s

Fig. 12.    (color online) The evolution of the parameter  with respect to cosmic time t in a Galileon type quintom bounce. Left:  in
the contracting and bouncing phases. Right:  after the bounce. The figure is taken from Ref. [86].
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σk ∼ c1k3/2|η|3+ c2k−3/2 , Pσ ≡
k3

2π2
|σ|2 ≃ c2

2

2π2
. (67)

ρσ ∼
(t0− t)−3−q/2

ρbg ∼ (t0− t)−2

q ⩾ −2
q = 2

However, the  equation  of  motion  (64)  for  the  back-
ground  gives  the  energy  density  for σ field: 

, while the radiation-like background scales as
. To obtain a stable evolution where the en-

ergy density of the curvaton field does not overwhelm the
background  and  ruin  the  bounce,  we  require .
Therefore the solution with  is chosen.

a ∼ η

Meanwhile,  one  can  also  calculate  the  tensor  power
spectrum  in  this  model.  Since  the  gravity  part  is  not
altered  from  Einstein’s  Gravity,  the  equation  of  motion
for the tensor power spectrum is the same as the previous
one,  namely Eq. (51).  For the radiation-dominated back-
ground , one has 

PT (k) ≡ k3

2π2

∣∣∣vk

a

∣∣∣2
∼ k2 , nT ≡

d ln PT (k)
d lnk

= 2 . (68)

Therefore,  a blue-tilted tensor power spectrum is ob-
tained. However, it obviously depends on the contracting
background  as  well  as  the  gravity  sector  of  the  model.
When the model is different, it is possible to obtain scale-
invariant tensor spectrum as well. 

III.  BOUNCE WITH MODIFIED GRAVITY

Bouncing cosmologies  can  also  be  realized  in  modi-
fied gravity models [111]. In modified gravity, the Fried-
mann equations  are  no  longer  of  the  form (1),  while  the
modified gravity will act as effective ρ and p. Thus even
in the absence of  exotic  matter,  they can still  effectively
realize  a  quintom  scenario  and  bounce  the  Universe.  A
large class of modified gravity models is called metric af-
fine  gravity,  which  contains  other  geometric  quantities
such as the torsion tensor [112−118]: 

T α
µν = Γ

α
νµ−Γαµν , (69)

whose  existence  means  that  the  connection  is  no  longer
symmetric, and the nonmetricity tensor [119−121]: 

Qαµν ≡ ∇αgµν =
∂gµν
∂xα
−gνσΓσµα−gσµΓσνα , (70)

whose  existence  means  that  the  covariant  derivative  of
metric  is  no  longer  vanishing.  Both  of  these  tensors  can
be contracted into scalars: 

T ≡ − 1
4

T ρ
µνT

µν
ρ +

1
4

T ρ
µνT

νµ
ρ +

1
4

T ρ
µνT

µν
ρ +

1
2

T µ
µνT

αν
α

− 1
2

T ν
µνT

αµ
α , (71)

 

Q ≡ 1
2

QµνλQλµν− 1
4

QµνλQµνλ+
1
4

Q µ
λµQλ µ

µ −
1
2

Q µ
λµQµ

µλ ,

(72)

which  are  called  the  torsion  scalar  and  the  nonmetricity
scalar, respectively. Moreover, people interestingly found
that these two scalars have a simple relation to the Ricci
scalar R: 

R = T −2∇̂νT µ
µν , R = Q−∇̂α(Qα µ

µ −Qµ α
µ ) , (73)

∇̂where  denotes the covariant derivative with respect to
the Christoffel symbol.  For this reason, when these scal-
ars  act  as  the  gravity  sector  of  the  Universe’s  action,  in
the minimal  case they will  be mathematically equivalent
to each other [122−125]: ∫

d4x
√−gR =

∫
d4x
√−gT =

∫
d4x
√−gQ , (74)

and  all  of  the  physical  laws  originating  from this  action
are  the  same.  Thus  the  gravity  theories  of T and Q are
equivalent to  GR.  However,  when the  actions  are  exten-
ded to arbitrary functions of R, T and Q, they will be dif-
ferent from each other since the total derivative cannot be
removed ∫

d4x
√−g f (R) ,

∫
d4x
√−g f (T ) ,

∫
d4x
√−g f (Q) . (75)

ds2 = −dt2+a2(t)δi jdxidx j

Then  we  will  have  different  actions  with  different
physical  consequences  [126−128].  For  example,  when
applied  to  FRW  spacetime  where  the  metric  is

,  the  Friedmann  equations  for
the cases of T and Q should be: 

6 fT H2+
1
2

f = ρm , (76)

 

( fT −12H2 fTT )Ḣ = −1
2

(ρm+ pm) , (or T → Q)

(77)

T = Q = −6H2

f (R)
where  1). Moreover,  the  Friedmann  equa-
tions for  will be [129]: 

3 fRH2+3H ḟR−
1
2

fRR+
1
2

f = ρm , (78)

 

fRḢ+
1
2

f̈R−
1
2

H ḟR = −
1
2

(ρm+ pm) . (79)
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Q = 6H2 f (Q) S = −
∫

d4 x
√−g f (Q)1) Note that in some literature, Q is defined as . Then, in order to match with GR, the action of  should be  instead.
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f (R)
f (T ) f (Q)

Various  works  on  constructing  bounce  models  in
framework  of  modified  gravity  theories  such  as ,

 and  has been done [130−142]. For such theor-
ies,  it  is  convenient  to  construct  a  bounce  scenario  by
finding an Ansatz bounce solution first, then reconstruct-
ing  the  forms  of  the  functionals.  We  consider  a  simple
Ansatz 

a(t) = aB(1+αt2)
1

3(γ+1) , (80)

w = γ
therefore  the  equation  of  state  far  from  the  bounce  is

.  According  to  Eq.  (80),  the  Hubble  parameter  is
given by 

H(t) =
ȧ
a
=

2αt
3(1+γ)(1+αt2)

. (81)

In principle, it is straightforward to substitute (81) in-
to the Friedmann equations (76), (77) to obtain the func-
tional  of f.  However,  the  calculation  process  is  difficult
and we usually do not have an analytical solution over the
whole period, but only have a numerical solution, or ana-
lytical solutions in certain periods, for which we refer the
readers to e. g. Ref. [131, 142].

More detailed calculations and results can be found in
Ref.  [131, 142], where realistic bounce models were ob-
tained, and  the  evolutions  of  background  and  perturba-
tions  are  discussed  extensively.  Although  the  action  is
different, at the leading order in perturbation theory, one
can get similar equation of motion as in field theory mod-
els,  and  a  nearly  scale-invariant  power  spectrum  can  be
obtained.  See  also  [143−148] for  bounce  models  con-
structed from other modified gravity theories. 

D.  Beyond a bounce: Cyclic scenarios

A  simple  and  precise  example  of  a  quintom  cyclic
model is given by the two-field action [29]: 

S =
∫

d4x
√−g
ï

1
2
∂µϕ∂

µϕ− 1
2
∂µψ∂

µψ−V(ϕ,ψ)
ò
, (82)

Thus the energy density and pressure of the universe
are 

ρ =
1
2
ϕ̇2− 1

2
ψ̇2+V(ϕ,ψ) , p =

1
2
ϕ̇2− 1

2
ψ̇2−V(ϕ,ψ) , (83)

while the equations of motion for the ϕ and ψ fields are 

ϕ̈+3Hϕ̇+V,ϕ = 0 , ψ̈+3Hψ̇−V,ψ = 0 . (84)

To  realize  a  cyclic  scenario,  we  consider  a  coupled
potential of the form 

V(ϕ,ψ) = (Λ0+λϕψ)2+
1
2

m2ϕ2− 1
2

m2ψ2 . (85)

ϕ→ iψ ψ→−iϕ
Due to the symmetry of the potential under the trans-

formation: , ,  the  two  scalar  fields  will
dominate  alternately.  Due  to  the  couplings  between  two
fields, the potential will be bounded from below. For Eq.
(84)  (with  Hubble  parameter  satisfying  the  Friedmann
equation and the energy density comes from Eq. (83)), we
can obtain an Ansatz solution 

ϕ =
√

A0 cosmt , ψ =
√

A0 sinmt , (86)

A0where  is  the  oscillation  amplitude  of  the  fields.
Moreover, the Hubble parameter turns out to be: 

H =

√
3

3Mp
(Λ0+Λ1 sin2mt) , (87)

Λ1 =
√

3mA0/(4Mp)where we define .

H = d lna/dt

Λ0 Λ1

lna
Λ0 = 0

lna

0 < Λ0 < Λ1

H < 0
H > 0 lna

Λ0 ⩾ Λ1

lna

−|Λ1| < Λ0 < 0
H < 0

H > 0 lna

From Eq. (87) one can see that the Hubble parameter
shows an oscillating behavior, and since , the
scale factor  can  be  oscillating  as  well.  Moreover,  differ-
ent choices of the parameters  and  can give rise to
different  oscillating  behaviors.  In Fig.  13 we  provide  4
possible kinds of oscillating behaviors of , H and EoS
w given  by  Eq.  (87).  The  first  case  is  for  where
both H and  are  oscillating  with  an  equal  amplitude.
This is a standard oscillating Universe, but it suffers from
the entropy problem. The second case is for .
In  this  case,  the  center  value of  the  Hubble  parameter  is
positive,  so  the  period  of  in  each  cycle  will  be
shorter  than  that  of ,  therefore,  the  is oscillat-
ing with the total amplitude increasing. The third case is
for .  In this case the Hubble parameter is always
larger  than  zero,  so  the  Universe  is  always  expanding
with increasing . However,  the expansion will  be ac-
celerating  or  decelerating  alternately.  Since  there  is  no
transition process from contraction to expansion, the EoS
will  also  be  regular  all  the  time.  The  last  case  is  for

 where the center value of Hubble paramet-
er is negative. In this case, period of  in each cycle
will  be longer  than that  of ,  therefore,  the  will
be decreasing in total,  but have short periods of increase
in  each cycle.  Therefore,  it  still  has  room to  explain  our
current expanding universe.

H→ 0 ρ→ 0

Ḣ > 0 −∞

Apart from bouncing and cyclic scenarios, one should
note that a non-singular Universe can also be realized via
emergent behavior, when the Universe approaches a stat-
ic  model  in  the  infinite  past  [149−151].  In  this  case,

 and ,  while  in order  to enter  into a  realistic
expanding phase, H still needs to gradually increase, with

. Thus the EoS of the Universe will go from  to
above -1 as well. Therefore, in the emergent scenario, the
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Universe also realizes quintom-like behavior [152, 153].
In  conclusion,  in  this  paper  we  briefly  reviewed  the

Quintom  model  of  dark  energy  and  its  applications  to
constructing bouncing cosmologies. Specifically, we have
considered three classes of quintom scenarios: a two-field
model, a  single  scalar  with higher  derivatives and modi-
fied gravity.

Recently,  other  non-singular bounce  scenarios  mak-
ing  use  of  matter  with  EoS  crossing -1 have  been  pro-
posed.  In  Ref.  [154]  Bardeen,  Bars,  Hanson  and  Peccei
(BBHP) introduced the folded string, which is a classical
solution of a limit of the Nambu model. This was general-
ized by Itzhaki [155], who found that in a classical (1+1)-

dimensional string model with an increasing dilaton field,
there are Instant Folded String (IFS) solutions. These are
essentially  the  BBHP  folded  strings,  with  the  roles  of
time and space reversed so that they spontaneously nucle-
ate1).  The  IFS  violates  the  null  energy  condition  (NEC)
[158],  a  fact  which  was  used  to  create  a  non-singular
bouncing cosmology in Ref. [159]. In Ref. [160], Itzhaki,
Peleg and Steinhardt showed that by introducing a partic-
ular potential for the dilaton, together with an extra field
that  becomes  massless  at  an  enhanced  symmetry  point
[161], the bounce of Ref. [159] can be incorporated into a
cyclic bouncing cosmology, complete with reheating per-
formed by the extra field.
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