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Abstract: In  this  study,  we  employ  the  maximum  likelihood  estimator  (MLE)  to  investigate  the  relationship
between initial-state  fluctuations  and final-state  anisotropies  in  relativistic  heavy-ion  collisions.  The  granularity  of
the initial state, reflecting fluctuations in the initial conditions (ICs), is modeled using a peripheral tube model. In ad-
dition to differential flow, our analysis focuses on a class of more sensitive observables known as flow factorization.
Specifically, we evaluate these observables using the MLE, an asymptotically normal and unbiased tool in standard
statistical inference. Our findings show that the resulting differential flow remains essentially unchanged for differ-
ent ICs defined by the peripheral tube model. The resulting harmonic coefficients obtained using the MLE and multi-
particle cumulants  are  found  to  be  consistent.  However,  the  calculated  flow  factorizations  show  significant  vari-
ations  depending on both  the  IC and estimators,  which is  attributed  to  their  sensitivity  to  initial-state  fluctuations.
Thus, we argue that the MLE offers a compelling alternative to standard methods, such as multi-particle correlators,
particularly for sensitive observables constructed from higher moments of the azimuthal distribution.
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I.  INTRODUCTION

Relativistic hydrodynamics  is  a  widely  accepted  the-
oretical  framework  for  modeling  the  temporal  evolution
of strongly coupled quark-gluon plasmas produced in re-
lativistic  heavy-ion  collisions  [1–7].  This  macroscopic
approach treats the plasma as a continuum, which is cru-
cial for capturing the underlying physics that gives rise to
observable  phenomena.  Key  observables  in  relativistic
hydrodynamics include  the  particle  spectrum at  interme-
diate and  low  transverse  momenta,  with  particular  em-
phasis  on  collective  properties  such  as  flow  harmonics

and  correlations  [8–14].  Experimentally,  measurements
of  azimuthal  distributions  have  been  instrumental  in
demonstrating  the  concept  of  a perfect liquid, first  ob-
served at the RHIC [15]. Consequently, azimuthal aniso-
tropy has  emerged  as  a  crucial  observable  for  extracting
information about the properties of the underlying physic-
al system [16–21]. Recently, these observables have been
further studied in the context of deformed nuclei [22–24].

The  essence  of  hydrodynamical  evolution  can  be
viewed mainly as the dynamic response to fluctuating ini-
tial  conditions  (ICs).  Given  the  inherently  nonlinear
nature of  hydrodynamics,  numerous  studies  have  invest-
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igated these  complex  interactions.  In  particular,  signific-
ant research  has  focused  on  understanding  the  relation-
ship between initial-state eccentricities and final-state azi-
muthal anisotropies [25–32]. The quantitative decomposi-
tion of  anisotropic  ICs was first  introduced in  Refs.  [25,
26]. This approach relies on a cumulant expansion, where
each expansion  coefficient  captures  the  ''connected''  ec-
centricity  component  at  a  given  order.  Consequently,
higher-order cumulants are defined by subtracting contri-
butions  from  the  ''disconnected''  combinations  of  lower-
order  terms.  Furthermore,  flow  harmonics  represent  the
hydrodynamic response  to  IC  fluctuations,  classified  ac-
cording to their cumulant order, with the lowest-order cu-
mulants  generally  assumed  to  have  the  most  significant
impact.

In  literature,  contributions  proportional  to  cumulants
of the same azimuthal order are often identified as linear
responses.  In  contrast,  contributions  from  combinations
of lower-order cumulants that result in the same azimuth-
al order are attributed to non-linearity. In practice, the re-
sponse strength varies across different cumulant combin-
ations. Specifically, the established mapping between ICs
and flow  harmonics  is  defined  by  the  strongest  correla-
tion between  an  optimized  linear  combination  of  cumu-
lant products and the corresponding flow harmonics [27,
30]. Numerical studies have confirmed that this mapping
is particularly effective for more central collisions, inspir-
ing further research in this area [28, 31, 32]. For example,
one  might  examine  whether  each  individual  component
of a given azimuthal order results in a linear response by
isolating  them  from  the  IC  [29].  It  should  be  noted  that
each azimuthal harmonic order corresponds to an infinite
set of  moments  or  cumulants.  Therefore,  it  remains  un-
clear  whether  a  specific  one-to-one mapping exists  or  to
what  extent  different  terms  of  the  same  azimuthal  order
mix during  dynamical  evolution.  Consequently,  this  am-
biguity prompts  the  consideration  of  alternative  descrip-
tions of the radial expansion.

In this regard, some authors argued that the cumulant
expansion  may  not  be  optimal  for  decomposing  the  IC.
Alternatively,  the  Bessel-Fourier  expansion  proposed  in
Refs.  [33, 34] utilizes  an  orthonormal  basis  to  decom-
pose IC fluctuations. A vital advantage of this approach is
that it  orders  fluctuations  based  on  their  wavelength,  al-
lowing shorter wavelength radial modes to be effectively
suppressed. This enables a more precise separation of dif-
ferent  modes  within  a  hydrodynamic  framework  [35].
Another intuitive method for capturing the granularity of
the  IC  is  the peripheral  tube  model [36–38],  which
provides  an  intuitive  interpretation  for  the  generation  of
triangular  flow  and  ridge  structures  observed  in  di-had-
ron  correlations.  Unlike  Fourier-based eccentricity  de-
compositions,  this  model  aims  to  capture  the  localized
feature  in  the  event-by-event fluctuating  IC.  It  is  motiv-
ated  by  heuristic  arguments  and  numerical  simulations,

which suggest that high-energy-density peaks are formed
near the  surface  region  due  to  elementary  binary  colli-
sions in the transverse plane. These localized regions nat-
urally  form  a  tube-like  structure  along  the  longitudinal
direction and are shown to correlate strongly with the ob-
served  ridge-like  structures  in  two-particle  correlations.
This model emphasizes the impact of localized IC fluctu-
ations,  as opposed to global sinusoidal  expansions based
on the azimuthal moment expansion. For instance, a tube
located  deep  inside  the  medium,  though  it  has  a  sizable
contribution  to  the  corresponding  moments,  would  have
its  hydrodynamic  effect  significantly  suppressed  by  the
surrounding  matter.  In  contrast,  a  tube  near  the  surface
can  induce  notable  distortions  in  the  single-particle azi-
muthal  distribution  and  influence  two-particle correla-
tions.  This  model  has  been  successfully  employed  to
study various features in di-hadron correlations, showing
good agreement with experimental data [36, 38–40].

vn

The anisotropic  distribution  of  final-state  particles  in
momentum space is characterized by flow harmonics ,
defined through the  one-particle  distribution function [9,
41] 

f1(ϕ) =
1

2π

[
1+

∑
n=1

2vn cosn(ϕ−Ψn)

]
, (1)

Ψn

v2 v3

v2

v3

where ϕ is the azimuthal angle of the emitted particle, and
 represents  the  event  plane  for  the  harmonic  order n.

Elliptic flow ( ) and triangular flow ( ) are particularly
relevant  observables,  with  primarily  arising  from  the
almond-shaped geometry of the overlap region [8] and 
stemming from event-by-event IC fluctuations [42]. Con-
siderable research has focused on exploring the relation-
ship between initial geometric anisotropies and final-state
flow  harmonics,  primarily  to  investigate  non-linear ef-
fects [43–46], eccentricity and flow fluctuations [46–49],
and multi-particle correlations [50, 51].

vn

Ψn

Ψn

Various techniques  have  been  developed  to  determ-
ine flow harmonics  from experimental data. The tradi-
tional  event  plane  method  [9, 52]  estimates  the  event
plane angles  to evaluate the harmonics in Eq. (1), re-
flecting  the  fact  that  the  reaction  plane  [42]  cannot  be
measured directly. Other methods, such as particle correl-
ations, use Q-vectors and cumulants [11, 53–55] to elim-
inate the need for . This approach allows cumulants to
be  compactly  expressed  using  generating  functions  [11,
56]. It includes techniques such as particle cumulants [11,
54, 56],  Lee-Yang  zeros  [57, 58], and  symmetric  cumu-
lants  [59].  Recently,  an  alternative  method  based  on  the
maximum likelihood estimator (MLE) was proposed [60],
treating the flow coefficients as unknown parameters of a
hypothetical probability distribution derived from experi-
mental data.  The  MLE  approach  offers  several  advant-
ages. First, it is a potential candidate to effectively handle
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the  nonflow  effects 1),  which  refer  to  correlations  that
cannot  be  attributed  to  collective  behavior  according  to
Eq. (1). Momentum conservation, for example, can cause
deviations  from  a  purely  flow-driven  spectrum  [61].
Second, the MLE is efficient at the limit of large samples
and can incorporate additional constraints in the flow dis-
tribution  function,  making  it  appropriate  in  scenarios
where a nonflow template is accessible. Furthermore, the
asymptotic  normality  of  the  MLE  ensures  unbiased  or
nearly unbiased results,  making it  well-suited for the ex-
tensive  datasets  obtained  at  the  RHIC  and  LHC.  Given
these attributes, the MLE provides a unique tool for ana-
lyzing  multi-particle correlations  and  assessing  the  con-
nection  between  initial  anisotropy  and  final-state  flow
harmonics.

pT

pT

pT

Beyond flow harmonics, the discussion can be exten-
ded to more complex observables constructed using gen-
eric  multi-particle correlators.  As  highlighted  in  literat-
ure  [62, 63],  such  quantities  are  often  more  sensitive  to
the specific characteristics of the underlying IC than their
global  averaged  properties.  Specifically,  event-by-event
fluctuations in the IC can introduce significant effects in
multi-particle correlators,  leading  to  transverse  mo-
mentum  ( )  dependent  event  planes  [48].  To  capture
these variations, the final-state event planes are typically
estimated  using  the  azimuthal  distribution  of  particles
over a broad  range on an event-by-event basis. Experi-
mental  data  [64, 65]  and  hydrodynamic  simulations  [42,
48]  indicate  that  the  event  planes  fluctuate  significantly
across  different  intervals.  This  observation,  which  is
supported  by  studies  such  as  Refs.  [66–68],  reveals  that
the correlation matrix in transverse momentum can be ap-
proximately  factorized.  Such  factorization  is  considered
compelling  evidence  for  the  hydrodynamic  picture  of
heavy-ion  collisions.  Consequently,  flow  factorization
[48, 62, 63]  has  emerged as  a  powerful  tool  for  probing
the properties of initial-state fluctuations.

The breakdown of  flow factorization  is  primarily  at-
tributed  to  event-by-event fluctuations  in  the  initial  en-
ergy distribution [48, 62, 63, 66, 67] rather  than to vari-
ations  in  the  transport  properties  of  the  medium.  This
suggests that  a  detailed  analysis  of  factorization  break-
down can  yield  valuable  insights  into  the  IC  of  the  sys-
tem.  Moreover,  distinct  differences  have  been  observed
between flow Pearson correlations constructed using dif-
ferent moments [69]. Given the ability of the MLE to pre-
serve  the  structure  of  these  correlations  owing  to  its
equivariance properties,  it  provides  a  robust  and  mean-
ingful  framework  for  assessing  multi-particle  correlators
and their sensitivity to initial-state granularity.

The present study is motivated by the above consider-

ations. We aim to explore the relationship between initial-
state anisotropies and final-state flow harmonics and their
correlations by employing the MLE as a statistical estim-
ator  for  the  flows and other  higher-order moments.  Spe-
cifically, we use the peripheral tube model to quantify IC
granularity and employ flow factorization to  capture  nu-
ances  in  high-order  flow  harmonics  and  multi-particle
correlators.  In  particular,  the  MLE  has  been  applied  to
specific correlators that are otherwise inaccessible for an
arbitrary combination.

The  remainder  of  this  paper  is  organized  as  follows.
In the next section, we discuss the MLE as a statistical es-
timator  for  multi-particle correlators  and  flow  factoriza-
tion.  In  Sec.  III,  we  introduce  the  peripheral  tube  model
and describe its application in modeling ICs with varying
granularity. Numerical studies, investigating the relation-
ship between IC granularity and final-state flow factoriza-
tion,  are  described  in  Sec.  IV.  The  results  are  compared
with those obtained using cumulants and the event-plane
method.  The  final  section  provides  further  discussions
and concluding remarks. 

II.  STATISTICAL ESTIMATORS FOR MULTI-
PARTICLE CORRELATOR AND FLOW

FACTORIZATION

The most prominent methods for extracting flow har-
monics  are  based  on  multi-particle  correlations  [52].
These techniques rely on the following definition for a k-
particle correlator [47]: 

⟨k⟩n1 ,··· ,nk ≡
⟨
ei(n1ϕ1+···+nkϕk)

⟩
=vn1 · · ·vnk e

i(n1Ψn1+···+nkΨnk ), (2)

⟨· · · ⟩where  denotes  the  average  over  distinct  tuples  of
particles, assuming  independent  particle  emission  as  de-
scribed by Eq. (1) in the limit of infinite multiplicity.

vn

(n1, · · · ,nk)
To isolate ,  one  typically  chooses  a  specific  set  of

indices  such that [47] 

k∑
j=1

n j = 0, (3)

k = 2 n1 = −n2 = n

which ensures that all contributions from the event planes
cancel in  the  exponential.  This  condition  effectively  re-
duces  the  expression  to  a  formalism  independent  of  the
event-plane angles [50]. The simplest example is the two-
particle  correlation  ( ),  where .  This
choice yields 

An MLE analysis on the relationship between the initial-state granularity and final-state flow... Chin. Phys. C 49, 084104 (2025)

1) It was pointed out [11] by Borghini, Dinh, and Ollitrault that typical nonflow will be suppressed for higher-order cumulants involving more particles. In the case
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⟨2⟩n,−n ≡
⟨
ein(ϕ1−ϕ2)

⟩
= ⟨cosn(ϕ1−ϕ2)⟩ = v2

n, (4)

vn

which  directly  relates  the  two-particle  correlation  to  the
square of the flow harmonic .

ϕ1,ϕ2, · · · ,
ϕM

In  realistic  scenarios,  however,  the  number  of
particles (M) in a given event is finite. Thus, the analysis
is  performed  using  discrete  azimuthal  angles 

 corresponding to the measured particles.  Rather  than
employing the integration in Eq. (4),  which is not viable
for a finite number of particles M, it is intuitive to use the
summation [59] “v2

n =
1

M(M−1)

∑
i, j

cosn(ϕi−ϕ j), (5)

vnto estimate the flow harmonic .
As  a  more  sensitive  observable,  flow factorization  is

defined as a Pearson correlation in terms of flow vectors
evaluated at different transverse momenta, namely, 

rn(pa
T, p

t
T) =

Vn∆(pa
T, p

t
T)√

Vn∆(pa
T, p

a
T)Vn∆(pt

T, p
t
T)
, (6)

pt
T pa

T
Vn∆(pT1, pT2)

pT1 pT2

where  and  are  transverse  momenta  of  the  trigger
and associated particles, respectively, and  is
the nth  harmonic  of  the  underlying  di-hadron  azimuthal
distribution  with  transverse  momenta  and ,
namely, 

Vn∆(pT1, pT2) ≡
⟨
ein(ϕ(pT1)−ϕ(pT2))

⟩
= ⟨cosn (ϕ(pT1)−ϕ(pT2))⟩

= ⟨V∗n (pT1)Vn(pT2)⟩, (7)

where 

Vn(pT) = vn(pT)e−inΨn(pT), (8)

is known as the flow vector [70, 71]. Because of its expli-
cit  consideration  of  transverse  momentum  dependence,
Eq.  (7)  can  be  viewed  as  the differential counterpart  of
the two-particle correlation defined in Eq. (4). Similar to
Eq (5),  in practice,  Eq. (7) is  implemented by enumerat-
ing  all  possible  combinations  of  the  measured  particles,
as given in Appx. A of [69]

v2
n

vn

From a statistical inference perspective, Eq. (5) serves
as an estimator, providing an estimation of  rather than

 itself,  based  on  a  finite  number  of  observations.  The
first two moments of this estimator can be readily evalu-
ated  [60]  and  generally  do  not  vanish.  Specifically,  this
estimator has  a  finite  variance  that  decreases  with  in-
creasing  multiplicity.  For  higher-order  correlators,  one

can employ generating functions [11, 72, 73] or compute
them  directly  [54]  using Q-vectors  [53]  or  flow  vectors
[70, 71]. Notably, quantities constructed using Q-vectors
or  flow  vectors  can  also  be  interpreted  as  estimators,
serving as generalized extensions of the unweighted sums
in  Eq.  (2).  Notably,  the  variance  of  these  quantities
largely remains finite [74], indicating an inherent  statist-
ical  uncertainty  due  to  the  finite  number  of  measured
events and particle multiplicity. A finite variance implies
that uncertainties in the estimated flow harmonics are in-
evitably influenced by limited statistics, particularly for a
finite  number  of  events.  Therefore,  such  limitations  of
statistical origin must be considered when comparing res-
ults obtained from different flow measurement methods.

y ≡ (y1,y2, · · · ,yM)

θ ≡ (θ1, θ2, · · · , θm)
L

Following this line of reasoning, the MLE could serve
as an  alternative  estimator  for  flow  and  related  observ-
ables, a possibility explored in a previous study [60]. Ex-
pressly, for a given set of observations ,
we assume that they are sampled from a joint probability
distribution  governed  by  several  unknown  parameters

.  As  mentioned  in  the  Introduction,  the
likelihood function  for the observed data is given by 

L(θ) ≡ L(θ;y) = f (y;θ). (9)

which represents the joint probability density for the giv-
en  observations  evaluated  under  parameters θ.  The  goal
of the MLE is to determine the parameters for which the
observed data attain the highest joint probability, namely 

θ̂MLE = argmax
θ∈Θ
L(θ), (10)

f (y;θ)
f uni

where  Θ  is  the  domain  of  the  parameters.  In  particular,
for independent  and  identically  distributed  (i.i.d.)  ran-
dom variables,  is given by a product of likelihood
functions : 

f (y;θ) =
M∏
j=1

f uni(y j;θ). (11)

This scheme can be readily applied to collective flow
in  heavy-ion  collisions.  Considering  an  event  consisting
of M particles, the likelihood function reads 

L(θ;ϕ1, · · · ,ϕM) = f (ϕ1, · · · ,ϕM;θ) =
M∏
j=1

f1(ϕ j;θ), (12)

Lwhere the likelihood function  is governed by the one-
particle  distribution  function  expressed  in  Eq.  (1).  The
last equality is based on the assumption that the particles'
azimuthal  angles  are  i.i.d.  variables.  The  parameters  of
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θ = (v1,v2, · · · ,Ψ1,Ψ2, · · · )the  distribution, ,  are  the  flow
harmonics and event planes.

ℓ
In  practice,  one  often  chooses  the  objective  function

to be the log-likelihood function : 

ℓ(θ;ϕ1, · · · ,ϕM) = logL(θ;ϕ1, · · · ,ϕM)

=

M∑
j=1

log f1(ϕ j;θ). (13)

Numerical calculations indicate that Eq. (13) is more
favorable  than  Eq.  (12),  although  as  multiplicity M in-
creases, an  appropriate  implementation  should  be  adop-
ted to avoid increasing truncation error.

ℓ
L ℓ

The maximum of  occurs at the same value of θ that
maximizes . For  that is differentiable in its domain Θ,
the necessary conditions  for  the  occurrence of  a  maxim-
um are 

∂ℓ

∂θ1
= · · · = ∂ℓ

∂θm
= 0. (14)

As discussed in the Introduction, the MLE has asymp-
totic  normality,  which  attains  the  Cramér-Rao  lower
bound  as  the  sample  size  increases.  In  other  words,  no
consistent estimator has a lower asymptotic mean squared
error  than  the  MLE.  In  the  context  of  relativistic  heavy-
ion collisions, all events of a given multiplicity asymptot-
ically form a (multivariate) normal distribution: 

θ̂MLE ∼ N
(
θ0, (IM(θ0))−1

)
, (15)

θ0 IM(θ)where  represents the true value, and  is the Fish-
er information matrix, defined as 

IM(θ) ≡ Eθ

ï
− d2

dθ2
ℓ(θ;ϕ1, · · · ,ϕM)

ò
, (16)

Eθ
f (ϕ1, · · · ,ϕM;θ)

where the expectation  is taken with respect to the dis-
tribution . For i.i.d. data, the Fisher inform-
ation possesses the form 

IM(θ) = MI1(θ), (17)

I1

1√
M

where  is the Fisher information matrix for a single ob-
servation. As a result, the standard deviation of the MLE

is  expected  to  be  roughly  proportional  to .  As  an
asymptotically  normal  and  unbiased  estimator,  the  MLE
is mathematically guaranteed to be superior  to any other
estimator  as  the  sample  size  becomes  sufficiently  high.
However, for a given event, this is limited by the number
of particles emitted from the collision. The overall uncer-

tainties receive  contributions  from both  factors.  In  prac-
tice, the two estimators give similar results for flow har-
monics  [60], with  minor  uncertainties  of  the  same  mag-
nitude. 

III.  PERIPHERAL TUBE MODEL

The peripheral tube model [38] offers a simplified yet
effective  framework  for  understanding  the  generation  of
triangular  flow  and  the  resulting  particle  correlations.
This approach is intrinsically connected to event-by-event
fluctuating hydrodynamics,  where  the  ICs  are  represen-
ted by a few high-energy tubes near the system's surface.
Each  of  these  high-energy tubes  independently  influ-
ences the local hydrodynamic evolution, and these tubes'
collective contributions combine to produce the observed
particle correlations.

The present study utilizes the tube model to quantify
the granularity of the fluctuating IC, while the bulk of the
hot matter is substituted by an average energy density dis-
tribution obtained from multiple events of the same cent-
rality  class.  We systematically  vary the size and number
of these tubes to investigate their impact on flow harmon-
ics and  particle  correlations,  focusing  on  flow  factoriza-
tion. The IC in this model is devised to reflect the under-
lying  event-by-event  fluctuating  initial  energy  density
distribution,  consisting  of  two  main  components:  a
smooth  background  and  several  high-energy-density
tubes close  to  the  surface.  The  smooth  background  cap-
tures  the  bulk  properties  of  the  system,  while  the  tubes
represent  localized  fluctuations  on  an  event-by-event
basis. The  energy  density  profile  in  the  model  is  ex-
pressed as 

ϵ = ϵbgd+ ϵtube, (18)

ϵbgdwhere  the  average  background  distribution  is  given
by 

ϵbgd = (K +Lr2+Mr4)e−r2c
, (19)

and the radial coordinate is defined as 

r =
√

ax2+by2, (20)

K, L, M, a, bwhere  the  constants ,  and c are  given  in
Table  1. These  model  parameters  are  determined  by  fit-
 

Table 1.    Parameters of the peripheral tube model employed
in the present study.

K L M a b c Atube Rtube

9.33 7.0 2.0 0.41 0.186 0.9 12.0 2.3
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ting to the average ICs generated by a microscopic event
generator, such as NeXuS [75, 76] or EPOS [77–79]. The
energy density  profile  given  by  Eq.  (19)  features  an  al-
mond-shaped  plateau  in  the  middle  and  then  decreases
rapidly at the edge. The specific values were extracted to
match the average ICs for the mid-central 20%−40% win-
dow of 200 A GeV Au+Au collisions [80].

The profile of an individual high-energy tube is given
by 

ϵtube = Atube exp
ï
− (x− xtube)2+ (y− ytube)2

R2
tube

ò
, (21)

Atube Rtube

rtube

where  and  denote the  maximum energy  dens-
ity and radius of the tube, respectively. Their specific val-
ues  were  also  extracted  [80]  from  a  typical  high-energy
bumpy  structure  encountered  in  events  generated  by  the
microscopic  event  generator.  The  radial  position  is
defined as 

rtube =
r0√

acos2 θ+bsin2 θ
, (22)

(xtube,ytube)with the spatial coordinates  given by 

xtube = rtube cosθ,

ytube = rtube sinθ.

r0

0%−5%√
sNN = 200

r0 ∼ U(0,0.546)
θ ∼ U(0,2π)

Here,  the parameters , a, b,  and θ determine the radial
location and orientation of the tube. Eq. (22) dictates that
the distribution of the tubes primarily follows the almond
shape of  the  background.  In  the  present  study,  the  num-
ber  of  tubes  is  varied  to  reflect  the  different  degrees  of
granularity of the IC. Previous analysis suggests that this
parameter has  a  limited  effect  on  the  resulting  flow har-
monics  and  two-particle  correlations  [81].  Nonetheless,
as  shown below,  varying  the  granularity  has  a  relatively
subtle effect  on  the  resulting  collective  flows.  The  para-
meters used in this model are calibrated using typical IC
profiles  for  Au+Au  collisions  in  the  centrality
class  at  GeV.  For  a  randomly  generated
event,  the  radii  and  azimuthal  angles  of  the  tubes  are
drawn from the uniform distributions  and

, respectively. The model parameters are sum-
marized in Table 1. 

IV.  NUMERICAL RESULTS

Using  the  devised  IC  furnished  with  the  peripheral
tube  mode,  the  final-state particles  are  obtained  by  nu-
merical simulations  using  the  hydrodynamic  code  NeX-
SPheRIO [38, 82]. NeXSPheRIO is a hydrodynamic code
using  a  mesh-free  Lagrangian  method  known  as

Ntube

smoothed  particle  hydrodynamics.  It  adopts  event-by-
event  fluctuating  ICs  furnished  with  microscopic  event
generators such as NeXuS and EPOS. The temporal evol-
ution is  implemented for a three-dimensional  ideal  fluid.
At the end of the hydrodynamic evolution of each event,
a  Monte-Carlo  generator  is  employed  to  achieve  hadron
emission  in  Cooper-Frye  and  chemical  freeze-out pre-
scriptions  [83]. Subsequently,  hadronic  decay  is  con-
sidered. In this study, the temporal evolution is evaluated
in a  2D+1 manner,  along with  differential  flow harmon-
ics  and  multi-particle correlations,  in  terms  of  flow  fac-
torization. The calculations are performed for IC config-
urations  with  different  numbers  of  tubes . The  nu-
merical results are shown in Figs. 1−4.

120

As  shown  in Fig.  1,  the  dynamic  evolutions  can
drastically differ  depending  on  different  IC  configura-
tions. As demonstrated in the left and middle columns of
Fig.  1, when  there  are  only  a  few tubes,  the  fluid  is  ob-
served to be deflected in the vicinity of each tube to both
sides.  In  particular,  the  evolution  around  an  individual
high-energy tube leads to two peaks separated by approx-
imately  degrees in  the  azimuthal  distribution,  as  in-
dicated by the left-most column of Fig.  1.  Subsequently,
this  gives  rise  to  the  desired  two-particle  distribution
where a double peak is formed on the away side, as poin-
ted out in previous studies [ 39]. However, as the number
of tubes  increases,  the  hydrodynamic  evolution  associ-
ated with different tubes faces significant interference. As
shown  in  the  right  column,  the  resulting  evolutions  are
rather complex.

v2
n

However,  the  rather  drastic  difference  in  the  initial
conditions  and hydrodynamic  evolutions  are  not  directly
reflected in the flow harmonics, which measure the glob-
al  anisotropies  in  the  momentum space.  As  indicated  by
Fig.  2,  the  resulting  differential  elliptic  and  triangular
flow harmonics are mainly irrelevant to the difference in
the  IC.  Specifically,  the  resultant  differential  flows  are
rather robust against the variation of the number of tubes.
This result  can be understood as the background primar-
ily  governing  the  overall  elliptic  and  triangular  shape  of
the  IC,  while  the  number  of  tubes  mainly  impacts  the
granularity. Consistent with previous findings [81] where
a  somewhat  different  setup  has  been  used  to  devise  the
ICs, this result implies that the resulting two-particle cor-
relation structure remains mostly unchanged. Notably, the
results  shown  in Fig.  2 were obtained  using  two  ap-
proaches:  MLE and  multi-particle  cumulant.  On  the  one
hand,  the  two-particle cumulant  estimates  flow  harmon-
ics through  by Eq. (5). By definition, the estimation is
skewed  owing  to  the  presence  of  flow  fluctuation  [74,
84]. On the other hand, the MLE evaluates the flow har-
monics  by  maximizing  the  likelihood  (Eq.  (10)),  which
might also lead to a biased estimation before attaining the
statistical limit. Nonetheless, it is observed that these two
methods give consistent results, and good agreements are
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Ntube = 1Fig. 1.    (color online) Temporal evolutions of different IC configurations with , 3, and 30 tubes. The hydrodynamic simula-
tions are carried out using the NeXSPheRIO code. It is observed that the hydrodynamic expansion of the system can be drastically dif-
ferent for different ICs.
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manifestly  reached  for  the  differential  flow.  Therefore,
one  must  explore  more  sensitive  quantities  to  scrutinize
the  observational  impact  from  different  granularities  of
the fluctuating IC.

It  should  be  noted  that  the  peak  energy  densities
between  configurations  with  different  numbers  of  tubes
are  somewhat  different.  As  a  result,  the  particle  spectra
(which are not shown in this paper) are not the same. An
alternative choice is to rescale each tube's energy profile
inversely proportional  to  the  number  of  tubes  to  guaran-
tee identical particle spectra. However, we argue that the
impact  on  the  system's  anisotropy  is  not  significant,  as
has  been  primarily  confirmed  by  numerical  calculations
in  previous  studies  [81],  and  the  main  findings  in  the
present  study  hold.  Although  qualitatively  similar,  it  is
noteworthy that the differential flows shown in the same
rows of Fig. 2 exhibit increasing deviations at large trans-
verse momenta. While these points are subject to greater
uncertainties as  transverse  momentum increases,  the  ob-
served  deviations  in  differential  flow  are  considered
minor compared  to  those  in  flow  factorization,  as  dis-
cussed below.

Following  from the  previous  discussions  about  more
sensitive observables, we proceed to evaluate flow factor-
ization [62, 63], which is more susceptible to initial state
fluctuations. For flow factorization, we elaborate on three

different scenarios, and the results are presented in Figs. 3
and 4. The numerical results indeed indicate that a signi-
ficant difference is observed in such quantities. Specific-
ally, we  focus  on  two  types  of  deviations.  First,  we  ex-
plore the dependence of flow factorization on event gran-
ularity by varying the number of tubes that constitute the
IC. Second, a sizable difference is observed across differ-
ent  flow estimators,  namely,  the MLE and multi-particle
cumulants.  In  other  words,  although  flow harmonics  are
found to  be  broadly  consistent  across  different  estima-
tions,  observables  associated  with  the  high-order mo-
ment of the one-particle distribution expressed in Eq. (1)
entail rather substantial deviations.

Ntube

rn

pa
T pt

T

Specifically,  we  consider  three  types  of  factorization
ratios.  The  first  scenario  involves  a  ratio  regarding  two
identical  flow  harmonics,  as  defined  in  Eq.  (6).  This
quantity  is  evaluated  for  elliptic  and  triangular  flows  by
employing  IC  with  different  numbers  of  tubes .  As
presented in the left column of Fig. 3, the calculated fac-
torization ratio  is shown as a function of the difference
between the transverse momenta of the trigger and asso-
ciated particles. The calculations are carried out using the
MLE method.  At  the  origin,  the  two  transverse  mo-
mentum  intervals  of  and  coincide;  therefore,  any
substantial deviation from the unit comes solely from the
correlation within the small given interval. Our numeric-

 

NtubeFig. 2.    (color online) Event-by-event averaged elliptic and triangular differential flows for ICs with different numbers of tubes .
The numerical calculations are carried out using the MLE and particle cumulant methods.
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al  calculations  indicate  that  the  deviation  from  perfect
factorization mostly vanishes at the origin of the coordin-
ates,  consistent  with  the  experimental  data  [66, 85].  In
theory, this is understood because, at the limit,  when the
size of the interval vanishes, the Pearson correlation falls rn

back  to  that  between  two  identical  quantities,  which  is
guaranteed to have a perfect correlation. Moreover, based
on  Eq.  (8),  the  flow  vector  can  be  further  factorized  if
there were no fluctuations. Although such a factorization
is not exact,  it  indicates that  can be roughly viewed as

 

rn pa
T − pt

T

Ntube = 100

r2 r3

Fig. 3.    (color online) Obtained flow factorization ratio ,  flow harmonics, and event-plane correlations as functions of  for
event-by-event fluctuating ICs generated by randomly casting peripheral tubes. The results are also compared against event-
by-event fluctuating ICs generated by NeXuS, as shown by black filled squares. The numerical calculations are carried out using the
MLE method. From left to right, the three columns correspond to factorization ratio, flow magnitude, and event-plane correlations. The
top row shows the results for , while the bottom row displays the calculated .

 

pa
T − pt

T

Ntube = 100 m = 5 k = 3 n = 2
m = 4 k = 2 n = 2

Fig. 4.    (color online) Mixed harmonic factorization ratios as functions of  for event-by-event fluctuating ICs generated by ran-
domly casting  peripheral tubes. The left panel shows the ratio as a function of momentum interval for , , and ,
and the right panel presents that for , ,  and . The calculations are carried out using the MLE and multi-particle cumu-
lants.
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receiving contributions from two factors: the Pearson cor-
relation  of  flow  harmonics  and  event-plane  correlation.
Specifically,  if  the  event  planes  are  largely  independent
of flow harmonics, one can approximate [68] 

rn(pa
T, p

t
T) ≃ rvn × rΨn , (23)

where 

rvn =
⟨vn(pa

T)vn(pt
T)⟩√

⟨v2
n(pa

T)⟩⟨v2
n(pt

T)⟩
, (24)

and 

rΨn = ⟨cosn(Ψn(pa
T)−Ψn(pt

T))⟩. (25)

The  results  for  the  factors  defined  in  Eqs.  (24)  and
(25) are shown in the middle and right columns of Fig. 3,
respectively. By  comparing  the  three  columns,  it  is  ob-
served  that  correlations  between  flow  harmonics  and
event planes are both crucial in forming the resulting flow
factorization.  The  results  obtained  for  different  numbers
of  tubes  indicated  that  a  more  significant  breakdown  of
the  factorization  occurs  when  the  number  of  tubes  is
small  and  gradually  recovers  when  the  number  of  tubes
increases. For a large number of tubes, the resulting IC is
somewhat  reminiscent  of  that  of  realistic  ICs  generated
by NeXuS [75, 76]. This is particularly true for the ellipt-
ic  flow,  as  the  resulting  factorization  ratios  approach
those  of  Au+Au  collisions,  as  indicated  by  the  black
filled squares in Fig. 3. This result demonstrates that flow
factorization  is  a  more  sensitive  quantity  to  quantify  the
initial state fluctuations, precisely, the degree of granular-
ity.

The second scenario involves a mix of three different
flow harmonics of the form 

rmix(pa
T, p

t
T, p

t
T)

=
⟨V∗m(pa

T)Vk(pt
T)Vn(pt

T)⟩√
⟨V∗m(pa

T)Vm(pa
T)⟩⟨V∗k (pt

T)Vk(pt
T)V∗n (pt

T)Vn(pt
T)⟩

=
⟨vm(pa

T)vk(pt
T)vn(pt

T)cos(mΨm(pa
T)− kΨk(pt

T)−nΨn(pt
T))⟩√

⟨v2
m(pa

T)⟩⟨v2
k(pt

T)v2
n(pt

T)⟩
,

(26)

where the three indices satisfy the relation 

m = k+n. (27)

Such a quantity has been investigated in literature re-
garding flow fluctuations [86, 87],  as the term related to
event-plane correlation readily vanishes if one has a glob-
al constant event plane. As the above quantity depends on

2.0 < pa
T < 2.5

three  transverse  momenta,  in  practice,  one  assigns  two
particles as triggers and one remaining particle as an as-
sociated particle,  whose  transverse  momentum  is  integ-
rated over a given interval, as shown in the figures. Here,
we are also interested in comparing the resulting factoriz-
ation ratios using two different approaches: the MLE and
particle cumulant  methods.  The  resulting  flow factoriza-
tion  ratios  are  shown in Fig.  4,  where  one  considers  the
range  GeV.

One observes that the factorization ratios obtained us-
ing two  different  methods  possess  a  similar  trend.  Non-
etheless,  the  difference  between  these  two  methods  is
rather  pronounced.  In  addition to  the analysis  performed
in Fig.  3, this  further  reinforces  our  conclusion  that  fac-
torization  is  a  more  sensitive  quantity  to  the  initial  state
fluctuations.  Although  it  distinguishes  different  degrees
of granularity,  the  quantity  is  rather  sensitive  to  the  em-
ployed method,  particularly  when  the  quantity  in  ques-
tion involves an explicit role of higher order moments. In
other words,  the  consistency  between  different  ap-
proaches  observed  for  differential  flow  in  Eq.  (2)  does
not  generalize  straightforwardly  to  factorization  ratios.
Moreover, for such a scenario, it is noted that the factor-
ization ratio  does  not  traverse  the  origin  of  the  coordin-
ates. This implies that, in this case, the underlying correl-
ation does not assume the Pearson correlation of the same
quantity as its limit,  and therefore, the factorization ratio
does not fall back to unity even when the momentum in-
tervals coincide.

Ntube = 100

Lastly,  we are  interested in  a  further  variation of  the
factorization ratio,  essentially  when the  relation between
indices  in  Eq.  (27)  is  no  longer  satisfied.  For  this  case,
even if the event plane is a global constant, it will not be
canceled out  by  the  particle  tuple  combination  in  ques-
tion.  As  a  result,  such  a  case  corresponds  to  a  specific
scenario where the MLE plays a more distinct role. In the
left panel of Fig. 5, we explore the dependence of the res-
ults on ICs of different granularities at different numbers
of  tubes.  A  feature  similar  to  that  in Fig.  3 is  observed,
where  the  degree  of  factorization  breaking  decreases  as
the number of tubes increases. Nonetheless, we note that
it  would  still  be  possible  to  form particle  pairs  to  assess
the harmonics through the higher moments of the under-
lying  one-particle  distribution.  Thus,  we  argue  that  the
results might  be  quite  sensitive  to  the  specific  construc-
tion.  This  can  be  shown  by  explicitly  evaluating  their
MLE counterparts in terms of high moments. The calcu-
lations can be carried out  straightforwardly owing to the
equivariance of  MLE  [88].  The  results  are  presented  in
the  right  panel  of Fig.  5,  for  which  the  calculations  are
carried out for the IC generated using  random-
ized tubes, corresponding to the black filled circles shown
in the left panel. For both panels, again, the factorization
ratio does not traverse the origin of the coordinates. It  is
observed  that  the  use  of  different  moments  affects  not
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only  the  magnitude  of  the  factorization  ratio  but  also  its
momentum dependence. Even for the same construction,
the results obtained using the MLE and multi-particle cu-
mulant  methods  are  different.  In  particular,  as  the  MLE
and particle  correlators  are  not  mathematically  equival-
ent statistical estimators, such a difference is not surpris-
ing. Therefore, we argue that the MLE provides a mean-
ingful alternative to existing means for assessing collect-
ive flows. 

V.  CONCLUDING REMARKS

v2 v3

Using  the  MLE,  we  investigated  the  relationship
between initial-state  fluctuations  and  final-state flow an-
isotropies  in  relativistic  heavy-ion collisions.  By  reflect-
ing  on  existing  results  on  the  mostly  linear  relation
between initial  state  eccentricities  and  final  state  aniso-
tropies [28, 31], the present study proceeds further based
on  the  observation  that  distinct  ICs  may  produce  almost
identical  momentum-space  anisotropy  in  terms  of  flow
harmonics [32]. In this regard, our primary focus was on
evaluating  how  the  granularity  of  ICs,  modeled  using  a
peripheral  tube  approach,  impacts  flow  factorization,  a
more sensitive  probe  compared  to  traditional  flow  har-
monics.  Specifically,  while  differential  flow  harmonics,
such as  and , showed minimal sensitivity to changes
in the number and configuration of tubes, the flow factor-
ization  ratio  exhibited  substantial  variation,  highlighting
its potential as an effective observable for uncovering de-
tailed  information  about  the  initial  state.  By  employing
the MLE, we extracted some specific mix-order correlat-
ors that are otherwise challenging to access, and the res-
ults  showed  distinct  differences  compared  to  standard
techniques. We understand that the primary reason for the
difference  in  higher-order  factorization  ratios  between

v2{2} ≡
»“v2

2

MLE  and  multiparticle  cumulants  originates  from  the
minute  difference  in  their  definitions.  The  MLE  is  an
asymptotically  normal  and  unbiased  statistical  estimator
with  equivariance  properties.  While  widely  employed  in
flow  analysis,  multiparticle  cumulant  applications  often
involve using higher moments of the particle distribution

function  to estimate  lower  moments  (cf. ).
This subtle difference manifests more strongly in higher-
order  factorization  ratios,  demonstrating  their  sensitivity
to initial-state granularity. From a theoretical perspective,
the present findings require further consolidation,  for in-
stance, through  systematic  studies  with  different  trans-
port models  and  initial  conditions.  Empirically,  the  ob-
served sensitivity motivates additional  experimental  ana-
lysis  of  these  higher-order quantities,  besides  the  stand-
ard  flow  harmonics  and  conventional  flow  factorization
ratios, while employing alternative methods. We emphas-
ize  the  potential  of  this  approach  to  extract  physically
meaningful information and provide new insights into the
initial conditions of heavy-ion nuclear collisions.

ϵn
vn

In this study, small-scale fluctuations were implemen-
ted in our model using high-energy peripheral tubes. As a
result,  it  was  observed  that  different  configurations  can
lead to similar eccentricities  and, consequently,  simil-
ar collective flows . This may explain why small-scale
fluctuations are effectively averaged, resulting in compar-
able flow harmonics while producing more distinct high-
order mixed-harmonic correlators and factorization ratios.
From another perspective, the original motivation for the
peripheral  tube  model  was  to  attribute  the  observed
particle correlations, known as the ''ridge'' and ''shoulder,''
to  local  small-scale  fluctuations  rather  than  larger-scale
eccentricity. Our results indicate that higher-order correl-
ators are  better  candidates  than  collective  flows  to  dis-

 

pa
T − pt

T

m = 4 n = 2

Ntube = 100

Fig.  5.    (color  online)  Mixed harmonic  factorization  ratios  as  functions  of  for the  peripheral  tube  model,  where  the  coeffi-
cients preceding the azimuthal angles do not satisfy the condition given by Eq. (27). We consider the specific choice of  and .
The left panel shows the results for ICs generated using different numbers of tubes. The right panel evaluates the same quantity for the
IC associated with  using various constructions in terms of the order of moments. The calculations are carried out using the
MLE and multi-particle cumulant methods.
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criminate between different models.

O(MN) O(M)

O(rD)

The present  study  further  generalizes  our  initial  pro-
posal [60, 69] to a more specific subject. A primary chal-
lenge of the approach is its computational cost. Specific-
ally, for a given event of multiplicity M, the computation-
al  time  spent  evaluating  the N-particle cumulant  is  pro-
portional  to  the  number  of  distinct N-tuples.  In  practice,
this can be reduced from  to  by removing re-
dundancy  through  explicit  enumeration  of  all  possible
combinations.  For the MLE approach, the computational
cost  is  dominated by the  large  dimension D of the  para-
meter  space θ when  searching  for  the  extremum  of  a
high-dimensional function.  Typically,  it  increases  geo-
metrically with D (specifically  per iteration), where
r is  inversely  proportional  to  the  desired  precision.  For
each  iteration,  the  likelihood function  must  be  evaluated
while  considering  all  particles.  Through  an  appropriate
numerical  algorithm,  our  findings  show  that  extending
this approach to differential  flow and particle correlators
remains  computationally  feasible.  Moreover,  the  MLE
provides a more nuanced understanding of flow factoriza-
tion and its dependence on initial-state granularity. As an

asymptotically  normal  estimator,  the  MLE is  robust  and
flexible,  offering a  new approach for  analyzing complex
multi-particle correlations.  In  particular,  its  implementa-
tion does not rely on constructing particle pairs or tuples
to cancel event planes, leading to much broader applicab-
ility. Moreover, compared with the standard methods, it is
more  flexible  to  deal  with  scenarios  where  a  template  is
not  known prior  to  the  analysis.  This  feature  indicates  a
promising  aspect  of  flow  analysis  that  the  MLE  can  be
applied to.  In  this  regard,  applying  the  proposed  ap-
proach to  existing  data  would  be  rather  interesting.  Spe-
cifically,  it  would  be  pertinent  to  compare  the  results
from  data  analysis  against  those  obtained  using  more
realistic  event  generators,  such  as  IP-Glasma.  However,
some initial attempts to analyze the CMS open data were
unsuccessful due to the lack of statistics (owing to a cut at
low transverse momenta). We plan to continue exploring
this topic in future studies. 
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