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*H and *He nuclei production in a combined thermal and coalescence
framework for heavy-ion collisions in the few-GeV energy regime”
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Abstract: A thermal model describing hadron production in heavy-ion collisions in the few-GeV energy regime is

combined with the idea of nucleon coalescence to make predictions for the *H and *He nuclei production. A realistic

parametrization of the freeze-out conditions is used, which reproduces well the spectra of protons and pions. It also

correctly predicts the deuteron yield that agrees with the experimental value. The predicted yields of *H and *He ap-

pear to be smaller by about a factor of two compared to the experimental results. The model predictions for the spec-

tra can be compared with future experimental data.

Keywords: heavy-ion collisions, light nuclei formation, thermal model, coalescence model

DOI: CSTR:

I. INTRODUCTION

In this work, we use a statistical hadronization model
of hadron production in heavy-ion collisions in the few-
GeV energy regime [1-3]. This approach describes well
the transverse momentum and rapidity spectra of protons
and pions. Moreover, it correctly reproduces the experi-
mentally measured value of the deuteron yield [4],
provided that, of the two options, the freeze-out corres-
ponding to the higher temperature is selected. We con-
sider a version of the model that incorporates spheroidal
hydrodynamic expansion [2], which is more realistic than
the one that assumes spherical symmetry. The latter was
used in the original blast-wave model by Siemens and
Rasmussen [5]; see also Ref. [6]. We note that our as-
sumptions should be contrasted with the frequent use of
boost-invariant blast-wave models at ultrarelativistic en-
ergies [7], which becomes inappropriate at the lower
beam energies.

Our analysis is based on the data collected by the
HADES Collaboration for Au-Au collisions at the beam
energy +/sxv = 2.4 GeV and the centrality class of 10%
[8—10]. The fits to the particle abundances made by us
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and-other groups [11] suggest two different sets of pos-
sible freeze-out thermodynamic parameters. In particular,
they yield two different values of the freeze-out temperat-
ure: 7=49.6 MeV vs T'=70.3 MeV. As the analysis of
deuteron production favors the case with the higher tem-
perature [4], here we always assume that 7= 70.3 MeV.
In this case, the system size R is rather small, approxim-
ately 6 fm, hence, the probability of nuclei formation by a
nucleon triplet is relatively large (compared to the low-
temperature case where R ~ 16 fm). The thermodynamic
parameters used in our calculations (temperature, baryon,
and isospin chemical potentials) are given in Table 1. The
thermodynamic parameters that control the production of
strangeness are not displayed here, as they are irrelevant
to the present analysis.

In the collisions of gold nuclei considered, one de-
tects on average per event about 28.7 nuclei of *H, 8.7
nuclei of *H, and 4.6 nuclei of *He [8, 10]. " Hence,
about 46.5 protons are found in the bound states. The re-
maining average number of directly produced protons is
77.6. In the framework defined in Refs. [1, 2] we assume
that all protons eventually detected in bound states and
those measured as free particles originally form a thermal
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Table 1.
on chemical potential ug, isospin chemical potential i, ), sys-

Thermodynamic parameters (temperature 7, bary-

tem radius R, Hubble expansion parameter /, longitudinal ec-
centricity J, radial flow vg, and Lorentz gamma factor at the
system's boundary (r=R) ygr, extracted from experimental
data.

T[MeV] pup [MeV] i, [MeV] R[fm] H[MeV] 4
70.3 876 -21.5 6.06 225

YR
1.25

VR

0.4 0.60

system. Thus, while comparing the predictions of our
model with the data, the final results for the proton spec-
tra are rescaled by the factor 77.6/(77.6+46.5). This im-
plicitly assumes the existence of a certain physical mech-
anism that combines the remaining protons with neutrons
into the light nuclei mentioned above. In the present
work, we assume that this process can be interpreted as
coalescence and use the standard expressions of the co-
alescence framework (see, for example, Refs. [12, 13]) to
predict the light nuclei spectra. Continuing the approach
from Ref. [4], we do not use Gaussian ad hoc parametriz-
ations of the thermal source but rather consider initial
particle production as independent thermal production
within a sphere of the radius R (which is consistent with
thermal model assumptions adopted in Refs.-[1, 2]). Our
present work does not include contributions from decay-
ing resonances. We have verified using THERMINAT-
OR [14, 15] that for the low-temperature case they are
negligible, while for the high-temperature case only the
Delta resonance plays a noticeable, though very small,
role.

The topic of producing light nuclei has recently at-
tracted a lot of interest (see, for example, Refs. [16—28]).
In relativistic heavy-ion collisions, the production of such
systems is well reproduced by both the thermal approach
and the coalescence model. These two approaches are
usually treated as exclusive alternatives (for a short and
critical review of this issue, see Ref. [29]). In this work,
we present a scenario for lower energies where the initial
thermal production of particles is combined with a sub-
sequent coalescence mechanism in a consistent way,
showing that the two pictures may coexist and supple-
ment each other.

The paper has the following structure: In Sec. II we
introduce the coalescence model and discuss the nuclei
formation rate. In Sec. III the freeze-out model is defined.
The spheroidal form of expansion is discussed in Sec. I'V.
We introduce there a compact description of the distribu-
tion functions with given symmetries, which turns out to
be very useful for implementing the coalescence model.
Our main numerical results are presented and discussed
in Sec. V. We conclude in Sec. VI. Throughout the paper,
we use natural units: ¢ = h = kg = 1. The metric tensor has
the signature (+1,—1,-1,-1).

Io. COALESCENCE MODEL

A. Basic concept

In the coalescence model for light nuclei production,
the particle spectrum is obtained as a product of proton
and neutron spectra taken at a fraction of the nucleus mo-
mentum [30, 31]. Specifically, with the proton and neut-
ron three-momentum distributions defined by

d

Ny
&ép’

Fp(p) = Fu(p) = (1

dn,
dp’
the three-momentum distribution of a nucleus X with the
mass number 4 and the atomic number Z is the product

(53 (=(5)

where' A% is the particle formation rate coefficient dis-
cussed in more detail below, and the subscripts p and n
refer to protons and neutrons, respectively.

Equation (2) assumes the additivity of three-mo-
menta of the nuclei that form the considered nucleus,
px = Ap. Classically, this leads to a small violation of en-
ergy conservation: for example, owing to the finite nucle-
us binding energy, msy. =2809 MeV, while
my, +2my, = (938 +2x940) MeV = 2818 MeV. This and
other related problems connected with the conservation
laws in the coalescence model are usually circumvented
by reference to the quantum nature of the real coales-
cence process, which introduces natural uncertainty of the
energies and momenta of interacting particles [12]. In any
case, small differences due to the binding energy and the
inequality of m, and m, do not affect our present analys-
is. Therefore, in the following, we use the approximation
m, ~m, ~m, where m is the mean nucleon mass, and
mx ~ Am. Hence, while switching in Eq. (2) from the
variable pyx to the particle transverse momentum p,x and
rapidity yx, we use the simple rules

dNx
dpx

_ AX
— “'FR

2)

y=yx- )

As in both theory and experiment one usually deals
with invariant momentum distributions, EdN/(d’p),
rather than with the forms (1), it is convenient to recall
that for systems with cylindrical symmetry (with respect
to the beam axis z) studied in this work we have

N AN dN
d#p 27Edyp.dp. 2rxEdym.dm,’

4)

where E is the on-mass-shell energy of a particle,
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E=+/m?*+p*, and m, is its transverse mass, assume the Gaussian profile [32, 33]
m, = y/m?*+ p%. Therefore, from Eq. (2) we obtain

2\~ % S
dNy A% ( dn, )z D("1,..-»"A)—(477ka) exp _Tﬁin , ©

Exdym xdm, x - Qn*' \Edym, dm,
dN. A-Z where Ry, is the radius of the system at freeze-out.
X (711) (5)  However, this formula may be considered inconsistent
Edym, dm,

with the physical assumptions used in our model, where
original particles are produced independently inside a
sphere of radius R at a fixed laboratory time ¢ [1, 2]. The
expression (9) gives . the root-mean-squared value
Fms = VOR ~ 2.45R, which implies hadron production far
away from the original thermal system and its long form-
ation time". Thus, as an alternative to the Gaussian distri-
bution (9), we use the position distribution of particles

Note that since the momenta and energies of protons and
neutrons are equal, the proton and neutron distributions
differ only on account of the different thermodynamic
parameters used in equilibrium distribution functions.
Note also that within our approximations yx =y, =y. =,
and at zero rapidity Eq. (5) reduces to the formula

dNx A% an, z glat are produced independently within a sphere of radius
dym?ydm x|,y Q0" \ dymidm, |,
A-Z 3 A
aN, D v = () ORI 05 (R=Ira).  (10)
“\ Gy dm, : ©) 47R
dymidm, | _,

) ) with the normalization condition
Previous works introduce two models that reproduce well

the spectra of protons and neutrons [1, 2]. Here we will
use one of these models to predict, based on Eq. (6), the /d3r1 &ry. draD(ry,..r0) = 1. (11)
spectra of *H and *He nuclei. For finite values of rapidity,

Eq. (5) takes the fi S . . .
q- (5) takes the form Since in this work we are interested in the production of

AN AX dN z °H and *He nuclei, in the following we consider the case
X FR p
= A=3and the f
dym?ydm,x  (2mcoshy)*™! (dymzidm l) and use the form
N, A-Z 3 33
X (dymi dmL) ' D Drirar) = (—4HR3) O (R~ ) 6 (R~ IraD) 6 (R~ Irs)..

(12)
By integrating this equation over the transverse mass
of the particle, we obtain the particle rapidity distribution. Here 6y(x) is the Heaviside step function. In this case, it

is convenient to introduce a set of normalized Jacobi co-
B. Nucleus formation rate

ordinates
A popular form of the coefficient AX; used in the lit-
erature is [12] 1
Tem = g(rl +ra+r3),
2SX +1
AX =72n3(*““/d3r...d3r D(ry,....r Fo=r =",
FR (2s+1)A( ) I 4 D(r A) 1
X[@x(ry.-...rP (®) i Se=rm g nin). (13
where the function D(ry,...,rs) is the distribution of the =~ The coordinates r.,, i, and r3;; can be interpreted as
space positions of neutrons and protons at freeze-out, nor-  the center of mass of the X system, the relative distance
malized to unity, ¢x(r,...,rs) is the light nucleus wave between two particles, and the distance between this

function, and s, sx stand for the nucleon spin and spin of ~ pair's center of mass and a third particle. Changing to
X, respectively. Many works on the coalescence model these variables, we write

1) The result V6R follows from the expression fdrr4 exp(—r*/(2R%))/ fdrrz exp(—r2/(2R%)) = 6R*.
0 0

-3
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3 3
D= (g ) o (R ra s 2 =57
ro I
X 6 (R— Cm_i_io
H T 3 3
2
X O (R_ Fem t+ ’;12 )’

(14

For the *H and *He wave function, we use the Gaussi-
an approximation in the same coordinates [19]

2 2 4\ =372 3
px(ri2, r312)” = (37°Ry) " exp T orz ) (15)
X

where Ry = 1.76 fm and Ry = 1.96 fim are the radii of °H
and *He nuclei, respectively. The function |¢x(r2, 312)I* is
normalized to unity. In Ref. [4] it was argued that relativ-
istic corrections can be neglected, and we continue this
approach in this article. We note that the wave function's
dependence on its arguments can be factorized, allowing
us to write

33 rp
%‘(R = 4R§R9 d3rcmd3r129H (R— Fem + 72 ))
2
2 LSV
X Oy (R— rcm——‘)exp(——)
2 2R§(

2

2r
X/d3r3129H(R—|"cm+"312|)3XP <— 313;2) (16)
X

The inner integral is invariant under rotation of r.,, so we
can set

rcm:(O,O,rcm) (17)
and change the variables to
Fem t 1312 = Rps = R(X5, Y5, 25)
Fem = Rpc’ (1 8)
ri2 = Rpyo,
which gives
33 P12
2 P2
-t )en(5)
X Oy (1 Pe > exp 2R§(
X / &*ps6 (1 - |psl)exp
2R?
X [——2 (x§+y§+<z§—|pc|>2)} : (19
3R%

The inner integral is equal to

3
1(pen) = é [ - 3exp(-¢%) +3exp(—x?)

+ Vorép.(erf ¢ +erf x)|, (20)

with

R 2 2
‘f = FX, ¢ = \/;é:(] _pc)s X = \/;é:(] +pc)- (21)

In the outer integral, we change the variables again to get
rid of the step functions

P12 P12
L -2 22
ESFa pm b, (22)
33 (b—-a)&?
A%, = IR d*ad’bexp {—T}
a,beB(1)
an (220, e3)

where B(1) denotes a ball of radius 1 centered at the ori-
gin. The values of the formation rate coefficient for dif-
ferent freeze-out scenarios are shown in Table 2. The *H
and *He wave functions are shown in Figs. 1 and 2.

Table 2.
and *He nuclei.

Values of the formation rate parameter Agg for *H

Parameter Value [MeV?¢]

AH 551x 10"
AjHe 5.03%10'!

[r12] ffm]

12 [fm—ﬁ]

0.028
0.025
0.022
0.019
0.016
0.013
0.010
0.007
0.004
0.001

10

12 |r312| [fm]

2 4 6 8 10

(color online) Nucleon space distribution integrated
over the center of mass coordinate in terms of the moduli of

Fig. 1.

the ri; and rsj; coordinates, D(riz.r312) =@ r3,rd, [drd,

D(rems1251312) -
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Fig. 2. (color online) Wave function space distribution in terms of the moduli of the 71, and r3;, coordinates (47) rf2r§12 lbx(ri2,r312)1

in the Jacobi coordinates of *H (left) and *He (right).

III. FREEZE-OUT MODELS

The freeze-out models specify the hydrodynamic con-
ditions for particle production at the latest stages of the
system's spacetime evolution. In the single-freeze-out
scenario [34, 35] adopted here, the freeze-out stage is
defined by a set of thermodynamic variables such as tem-
perature 7, the baryon chemical potential ug, and the
shape of the freeze-out hypersurface X. In addition, one
defines the form of the hydrodynamic flow u*(x) on Z.

A. Cooper-Frye formula

The standard starting point for quantitative calcula-
tions is the Cooper-Frye formula [36], which describes
the invariant momentum spectrum of particles

dN
E— =

gy = | TEOP TP (24)

Here f(x,p) is the phase-space distribution function of
particles, and p* = (E, p) is their four-momentum with the
mass-shell energy E = /m?+ p?.

The infinitesimal element of a three-dimensional
freeze-out hypersurface from which particles are emitted
d*%,(x) may be obtained from the formula (see, for ex-
ample, Ref. [37])

0x 9P Oy
€y % = 9 dadbde,

2 25)

&z, =

where €., is the Levi-Civita tensor with the convention
€123 =—1, and a,b,c are the three independent coordin-
ates introduced to parametrize the hypersurface. This al-
lows us to construct a six-dimensional, Lorentz-invariant
density of the produced particles

d3
dN = L &x.p fix, p). (26)

E

The independent variables in such a general parametriza-
tion are the three components of three-momentum and the
variables a, b, and c.

B. Local equilibrium distributions

In local equilibrium, the distribution function f(x,p)
has the following general form

LNCOR

where T is the freeze-out temperature, y = —1 (y = +1) for
Fermi-Dirac (Bose-Einstein) statistics, and g, =2s+1 is
the degeneracy factor connected with spin. In this work
we use such distributions of protons and neutrons only
(as input for the light nuclei coalescence formula), hence
we take y = —1 and s = 1/2. Since we use the same mass
for protons and neutrons, their equilibrium distributions
differ only by the values of thermodynamic potentials
that determine the fugacity factor

)

Here up and gy, are baryon and isospin chemical po-
tentials, respectively. The values of T, ug, and y, for the
considered expansions scenario are given in Table 1. In
the following, the distributions (27) will be used in the
coalescence formula (2).

8

flx,p) = 207

27

41
szexp<ﬂBTzﬂh

1 (28)
T, = exp <'uB 2t

T
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IV. SPHEROIDAL EXPANSION

A. Symmetry implementation

In the case of freeze-outs that are spheroidally sym-
metric with respect to the beam axis, it is expedient to use
the following parametrization of the spacetime points on
the freeze-out hypersurface

() = (). 1O VT=€e, i) VT+ecosh).  (29)

Here e,, = (cos¢sin6,singsind), and the parameter { con-
trols deformation from a spherical shape. For € > 0 the
hypersurface is stretched in the (beam) z-direction. The
resulting infinitesimal element of the spheroidally sym-
metric hypersurface has the form

+
&y, =1-e <r’ 1+er ee,l,t’ cos@) r*sinfdodgde,

Vi+e
Vl-€
(30)

where the prime denotes the derivatives taken with re-
spect to {. We also introduce the spheroidally symmetric
hydrodynamic flow

' =y.0) (LW VI =€, W) VT+5cosh), ~ (31)

where y(Z,0) is the Lorentz factor, which is given by the
formula

Y(£,0) = [1-(1+5cos ()] ™", (32)

resulting from the normalization condition u-u=1. The
four-momentum of a hadron is parameterized as

P = (E.p.cos¢,,p.sing,,py), (33)

with E =m, cosh(y), p, = \/m? —m? and p; = m, sinh(y).

Thus, we obtain

u-p=y(,0) [E- v(OK(©)] (34)

and

d3E-p =Vl-¢ <Er’ V1—-€2— t’K(—e)> P sinfdfd¢dl,
(35)

where «(¢) = VI+&pjcosf+ T—Ep, sinfcos(p—¢,).

Prior analyses of the spectra indicated that a satisfact-

ory description of the data can be obtained by assuming
t =0 (which allows putting £ =r), e=0, § # 0. The flow
profile is v(r) =tanh(Hr) [38], where the value of the
Hubble constant A is given in Table 1. In this case,

&’ p = ErAdrsinfdode, (36)

and the Cooper-Frye formula for fermions takes the form

dN

——— =coshy S(p,9,),
dyniam, coshy S(p,6,) (37)
where
R n 2r
Sp.on =2 [arr [aosine [ao[v-rexp("2) +1]
(p,6,)= @) rr sin (j)[ exp (T)+ } .
0 0 0 (38)

The scalar product u- p is given by Eq. (34), and spheric-
al'symmetry allows us to put ¢, = 0. Changing the vari-
ables from p and 6, to rapidity and transverse mass, we
write

dN ~
W =coshy § [ \/ m? coshzy—mz,ey(ml,y)} ,
(39)
where
inh
6y(m_,y) = arccos Y (40)

2 2 2
\/m?% cosh"y—m

Within our approximations, the angle (40) is the same for
nucleons and nuclei. In the zero-rapidity case,

dN ~ b
=3 (hu:3)-

dym?dm,

(41)

y=0

V. RESULTS

The model calculations of the spectra of °H
(A=3,Z=1) and *He (A =3,Z=2) nuclei are based on
Eq. (5) with the nucleon distributions defined by Eq. (39),
where for protons and neutrons we use different values of
the fugacity factor Y. Our results for the rapidity distribu-
tions and transverse-mass spectra are shown in Figs. 3
and 4.

Integrating the spectra, we find the total yields, which
we give and compare to the experimental results in Table
3. We observe that the model calculations underestimate
the experimental results by factors of 2.7 and 2.0 (for *H
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Fig. 3. (color online) Predicted transverse-mass spectra at

zero rapidity for *H (red solid line) and *He (blue dashed line).
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Fig. 4. (color online) Predicted rapidity spectra of *H (red
solid line) and *He (blue dashed line).

and *He, respectively). The main uncertainty of the theor-
etical results comes from the formation rate factors that
are calculated in a relatively simple way described in Sec.
IT B. More realistic calculations of the formation rate may
improve the agreement with the data (here we have in
mind, for example, more realistic forms of the wave func-
tions). We note that the values of the coefficients Agz are
very large (see Table 2), which means that our final res-
ults are products of very large and small numbers (all in
units of MeV). Therefore, it is quite intriguing that we
correctly reproduce the order of magnitude of the yields.
This is achieved by the assumption that the coalescence
takes place just after freeze-out within a sphere of the ra-
dius R. We note that other theoretical frameworks, for ex-
ample, IQMD + MST, also underestimate the yields; see
Ref. [39, 40].

Additional verification of the model can be obtained
from a comparison of the rapidity and transverse-mo-
mentum spectra. In fact, very often only the correct de-
scription of the shapes of the spectra of composite
particles is regarded as the indication that the coales-
cence mechanism is at work. To check whether we can
reproduce the rapidity profiles of the preliminary HADES
data [8, 9], we have varied the values of Agz by rescaling

Table 3.
yield at zero rapidity (dN/dy),-o compared to the experimental
results [8, 9].

Model predictions for the total yield NV and particle

Nucleus Quantity Model Experiment [8, 9]
‘H N 3.16 8.65 + (0.01)sar = (1.05)sys
(dN/dy)y=0 4.06 -
*He N 2.26 4.55 £ (0.01)stac £ (0.29)sys
(dN/dy)y=0 2.89 -

them by a factor a (compared to the original values de-
rived above). In the case of the rapidity distribution of *H,
the best description) is obtained for a =2.3, which is
slightly smaller than the factor 2.7 needed to reproduce
the experimental yield. For *He, the best adjustment is
obtained for a = 1.7, compared to the factor 2.0 found
above to fit the yield, see Fig. 5. " The corresponding
total multiplicities are given in Table 4, where we also
show the dependence on the integration range in rapidity.

On account of the uncertainty of the normalization of
the experimental transverse-mass spectra, we have re-
frained from making comparisons between theory and ex-
periment in this case. However, we observe that our mod-
el slopes of the m, -distributions are steeper than those
shown as preliminary results.

VI. SUMMARY AND CONCLUSIONS

In this work, we have used the previously construc-
ted model of hadron production in heavy-ion collisions in
the few-GeV energy regime [1, 2, 4] to determine the
yields and spectra of *H and *He. Our approach com-
bines the thermal framework with single freeze-out with
an idea of the coalescence of emitted nucleons. This ap-
proach turned out to be very successful in determining the
yield of H [4]. The present work extends the previous
framework to the next lightest nuclei. Our predictions for
the yields of *H and *He are smaller by factors of 2.7 and
2.0 than the experimental values. Despite this discrep-
ancy, it is noteworthy that our simple model correctly de-
scribes the order of magnitude of the multiplicities stud-
ied. We also note that the model yield values are con-
trolled by the formation rate factors Apzx Whose calcula-
tion can be improved in the future by using more realistic
wave functions of *H and *He. The comparison of the
preliminary HADES results on the spectra shows that we
are missing a factor of about 2 to reproduce the rapidity
spectra.

Since a similar factor is missing to reproduce the
yields of both *H and *He, our approach reproduces rather
well the experimental ratio of these two yields. The im-

N
1) The fit is performed by the minimization of the quantity Qz(ﬂ/) =(1/N) Z;:| (@R; model —Ri,exp)z/R%exp, where R;model and Rjexp are the model and experi-

mental results, respectively.
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Fig. 5.
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(color online) Rapidity spectra prediction for *H (left) and *He (right) for different scaling factors: exact model value (red sol-

id line, a = 1.0), fit to the experimental yield (blue dashed line, o = 2.7 for *H and o = 2.0 for *He), and best fit to data (teal dash-dotted
line, @ = 2.4 for *H and o = 1.9 for *He). The data shown are preliminary HADES results [8, 9].

Table 4. Model predictions for the total yield N calculated for different scaling factors a and different integration ranges compared to
the experimental results [8, 9].

Nucleus Scaling factor a f _O(f; f:; Experiment [8, 9]
*H 1.0 3.10 3.16 8.65 £ (0.0D)star = (1.05)sys
2.7 8.50 8.67 -
2.4 7.02 7.16 -
*He 1.0 221 226 4.55 £ (0.0D)star = (0.29)sys
2.0 4.44 4.55 -
1.9 3.75 3.85 -

portance of the studies of such ratios has been recently
stressed in [41]. Finally, we note that there might be oth-
er sources of the light nuclei production which enhance
their yields, for example, the break-up of spectator nuclei
[28, 42]. However, such a mechanism is not included in
our model, which describes the production of particles in

the participant zone only.
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