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Thermodynamic phase transition and Joule-Thomson expansion of
a quantum corrected black hole in AdS spacetime
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Abstract: The thermodynamics in the extended phase space of a quantum corrected black hole (BH) proposed re-
cently is presented in this paper. Our study shows that the phase transition behavior of the BH is analogous to that of
a conventional Schwarzschild BH in anti-de Sitter (AdS) space; however, a critical temperature exists such that,
when the BH temperature exceeds this critical value, the small and large BH phases become separated, and no phase
transition occurs. Owing to the introduction of the quantum parameter & the BH equation of state splits into two
branches. One branch reduces to the Schwarzschild-AdS case as & — 0, with its phase transition pressure lower than
the critical pressure; the phase transition pressure in the other branch is greater than the critical pressure. This study
shows that the T —r; phase transition and heat capacity of the recently proposed BH are similar to those of the
Schwarzschild-AdS BH. The Joule-Thomson expansion is divided into two stages: in the earlier stage, the BH pres-
sure increases until it reaches a maximum; in the later stage, the pressure gradually decreases. In each stage, the BH
may undergo an inversion point, resulting in an inversion curve with two branches. In addition, each stage has a min-

imum inversion mass, below which any BH (in each respective stage) has no inversion point.
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I. INTRODUCTION

Owing to the inconsistency between general relativ-
ity (GR) and quantum theory, as well as issues such as
singularities [1—5], quantum gravity has long been a sub-
ject of extensive interest. One approach to achieve space-
time quantization is non-commutative geometry [6—13],
which is characterized by the commutation relation am-
ong spacetime coordinate operators [x*,x’] =i6*’, where
6" is an anti-symmetric constant matrix. Smailagic
showed that noncommutative effects eliminated the
point-like mass distribution [2, 3], a phenomenon that
may circumvent the black hole (BH) singularity problem.
Inspired by this, Nicolini and Nozari, respectively, pro-
posed that the point mass distribution model (represented
by the Dirac delta function) can be replaced by either a
Gaussian or Lorentzian distribution [14, 15]. In addition,
the effective field theory (EFT) and loop quantum grav-
ity (LQG) are candidate theories for quantum gravity. In
Ref. [16] the authors analyzed low-energy one-loop
quantum corrections to the Schwarzschild geometry. In
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their approach, GR is treated as a quantum field theory
(QFT) within the framework of the EFT, indicating that,
at low energies, the degrees of freedom organize them-
selves as quantum fields governed by a local Lagrangian
[17]. Similarly, LQG has received significant attention
[18—25]. In LQG, the minimal fundamental units of
spacetime are suggested as a series of discrete, element-
ary loops. One interesting result is that, by studying the
gravitational collapse of spherically symmetric dust mat-
ter in LQG, researchers have constructed a quantum cor-
rected Schwarzschild BH and found that it can be inter-
preted as the formation of a white hole [26—28].

The BH discussed in this paper was proposed in a re-
cent study that aimed to address the longstanding issue of
general covariance in quantum gravity models. It is sug-
gested that the classical GR could be modified by Hami-
Itonian constraint formulation [29—31]. In this approach,
an issue arose: how to keep the general diffeomorphism
covariance of spacetime theory [32]. Recently, this prob-
lem was effectively addressed in the framework of spher-
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ically symmetric vacuum gravity [33]. In the study of
Zhang et al. [33], general covariance is rigorously formu-
lated into a set of constraint equations. Based on this for-
mulation, the authors derived the equations of motion for
the effective Hamiltonian constraint, which depends on a
quantum parameter & Furthermore, they provided two
candidate forms for the effective Hamiltonian constraint,
each corresponding to a quantum corrected Schwarz-
schild spacetime. In this study, we investigate the thermo-
dynamics of one such static, spherically symmetric quan-
tum corrected BH.

The thermodynamics of anti-de Sitter (AdS) BHs in
the extended phase space is a novel and highly intriguing
subject. Within this framework, the cosmological con-
stant term in the Einstein equation is interpreted as the
energy-momentum tensor of a special "vacuum static
ideal fluid," and it is assumed that the BH achieves phase
equilibrium with the vacuum fluid, thereby acquiring
pressure [34]. To ensure that the BH exhibits a positive
pressure, the cosmological constant is required to be neg-
ative, indicating that the BH resides in an AdS spacetime.
Consequently, the AdS BH is effectively regarded as a
unique thermodynamic system, which has been extens-
ively discussed in the academic community. In 1983,
Hawking first investigated the thermodynamics of
Schwarzschild-AdS BHs, revealing the existence of phase
transitions within these systems [35]. This pioneering
work is widely regarded as the inception of the field of
AdS BH thermodynamics. Numerous studies have ex-
plored the thermodynamics of AdS BHs [36—49]. The
thermodynamic properties of BHs are influenced by sev-
eral additional parameters, such as electric charge
[50—53], nonlinear magnetic charge [54—56], dark matter
[57, 58], nonlinear electrodynamics models [59—65], non-
commutative geometry [66—69], lower or higher-dimen-
sional gravity theories [70—73], and various other modi-
fied gravity models [74]. Moreover, as a candidate the-
ory for reconciling gravity and quantum physics, the
AdS/CFT correspondence offers a novel perspective on
the thermodynamics of BHs in AdS spacetime [75, 76].
Several BHs exhibit thermodynamic properties analog-
ous to those of a van der Waals system, indicating a pro-
found connection among gravitational theory, quantum
physics, and thermodynamics, and thereby revealing a
richer array of physical properties for these enigmatic ob-
jects.

The remainder of this paper is organized as follows.
In Sect. II, we introduce the quantum corrected BH,
which is the focus of this study. Under the assumption
that this quantum gravity decouples from the cosmologic-
al constant, we derive the BH metric in AdS spacetime
and compute its thermodynamic functions as well as the
corrected first law. Sect. III provides a detailed investiga-
tion into the thermodynamic phase transitions and critic-
al phenomena of the BH. The isobaric heat capacity and

Gibbs free energy of the BH are described in Sect. IV and
Sect. V, respectively. In Sect. VI, we present a detailed
investigation of the constant mass expansion of the BH
and illustrate its inversion curve. Finally, the summary
and outlook of this study are presented in Sect. VII. Our
study will demonstrate the influence of the quantum cor-
rection parameter on the thermodynamics of the conven-
tional Schwarzschild-AdS BH, thereby enriching the res-
ults of research on quantum BH thermodynamics and
providing a valuable reference for subsequent investiga-
tions.

For computational convenience, natural units G = =
¢ =kp =1 are adopted throughout this paper.

II. THERMODYNAMIC FUNCTIONS AND THE
FIRST LAW

The BH considered in this study is a quantum correc-
ted BH, described by a static spherically symmetric
spacetime [33]

1
s =—f(r)dt’ + ——dr" +r°d6° +r°sin” 6d¢-,
d2 f()dz f()dZ 2d2 2'2d2 (1)
r

with f(r) being

ro=1-2 (5 (0-2) e

r

where ¢ is a quantum parameter, which is considered to
be on the order of the Planck length ¢,. This BH corres-
ponds to an equivalent energy distribution given by

2(r—=2M)(r—-6M
Ttt(BH) = _f v 87;2” )- 3)

Assuming that this quantum gravity decouples from the
cosmological constant A, the Einstein equation with A is
given by

VvV 1 4 v v
R~ g‘suR =87 (Tym + Tyn) » 4)

where T, = — 26, represents an equivalent energy-mo-
mentum tensor corresponding to the contribution of the
cosmological constant term. Thus, the metric of this
quantum corrected BH in AdS spacetime is obtained as

fo=1-2 (LB A )

The BH solution satisfies f(r,) =0, where r, is the event
horizon radius. The mass of BH could be solved
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M= 2r & +1 (1 + \/5)
4£2 ’

(6)

where
a=1+ gl\é-a. @)

Here, we discard the positive-sign branch because this
branch does not reduce to the Schwarzschild-AdS case as
& — 0, but instead diverges to infinity. It is required that
a > 0, which yields

3

A > Amin =——.
482

®)

On the other hand, the existence of the BH requires M > 0,
r. >0, A <0 (AdS spacetime), which reduces this para-
meter constraint to

r 1 r
2+<M<2(r++§;), 9
or
33t 13453
w <r,< ZM’ (10)
3B3

where 8 =9M + /81 M? +3&2. The condition of the exist-
ence of the BH is shown in Fig. 1.

The temperature of the BH is defined by its surface
gravity as follows:

4l ]
3 L No BH solutions 1
w | |
=
2r BHs B
1k ]
No BH solutios
0 T n I I L I I I I L I I I I L I I I I
0.0 0.5 1.0 1.5 2.0
/€
Fig. 1. (color online) Condition of the existence of the BH in

(r+,M) coordinates. The orange region signifies the parameter
range in which BH solutions exist, whereas the remaining
areas indicate the absence of BH solutions.

T_a,f _ Na +3r+(\/c_z—a/).

S dn |, 4nr, 8ne?

(11)

In the extended phase space, the energy-momentum
tensor T, contributed by the cosmological constant is
regarded as an equivalent “vacuum static ideal fluid.” It is
assumed that the BH reaches a phase equilibrium with
this fluid, acquiring its pressure. The pressure of the BH
is

A
P=—-——. 12
o (12)

Eq. (8) provides the maximum pressure of the BH as fol-
lows:

Amin _ 3
8t 327&%

Pmax =- (13)

According to the studies in references, when the energy-
momentum tensor outside the BH event horizon expli-
citly includes the mass M of the BH, the first law of BH
thermodynamics takes the corrected form [55, 77-79]

WdM = TdS + VdP, (14)

where the correction function W is

® oT!
W= 1+/ 4ﬂr261‘2dr= Va. (15)

The entropy of the BH is the Bekenstein-Hawking func-
tion [80, 81] given by

M
S :/Ksz/Ka dr, =nr’. (16)
T T or,
The thermodynamic volume of the BH is
oM > 4nr’
V=W|—] = . 17
( oP /g 3 {an

1. THERMODYNAMIC PHASE TRANSITION

The equation of state of the BH is solved from Eq.
an

p_ T 1 3 & +<L+L>
S 4r, 16m2  64n€2 48mrt T \3r2 28

y Vort + 122 (1-8rr, T) €2 +4€*
32712 '

(18)
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The P-r, diagram of the BH consists of two branches,
corresponding respectively to the positive-sign branch P,
(Fig. 2) and negative-sign branch P_ in the above func-
tion (Fig. 3).

In particular, there exists a critical temperature

1

T. Vo (19)
When T > T., the small BH phase (r, < r (T)) and large
BH phase (r, > r,(T)) become distinctly separated, and
no phase transition occurs. r;(T) and r,(T) are the smal-
ler and larger positive real roots of the equation with
parameter T

Ot + 121282 - 96nr TE* +4&£4 = 0, (20)

respectively.
When T =T, the small BH-large BH phase trans-
ition occurs at the critical radius

Fee = V2¢. (21)

At the critical point, BH reaches its critical pressure

5 5
Pz —— = 2P 22
967&2 9 @2)

Note that, in this case, the critical point cannot be determ-
ined using the conventional critical point condition
OP/dr, = 8*P/0r? = 0. As evident from Fig. 2 and Fig. 3,
the critical behavior of this type of BH is entirely differ-
ent from that of a Van der Waals fluid. At the critical
point, dP/ dhr’,:r #dP/dr.| . , indicating that dP/dr, does
not exist. Nevertheless, only when T < T., there exists a
solution of dP/dr, =0, which corresponds to the phase
transition.
This critical point yields a dimensionless constant

2Pr,. 5
=Sl 2 (23)

be="7 7%

So this quantum corrected BH shows a larger critical ra-

3
tio than Van der Waals system (g) [52]. Furthermore,

note that the equation of state P_ shown in Fig. 3 reduces
to the Schwarzschild-AdS case in the limit ¢ — 0. In Fig.
3, during an isothermal expansion process, the pressure of
the small BH increases rather than decreases, signifying
that it corresponds to an unstable phase. In contrast, the
pressure of the large BH decreases with increasing radius.
However, the situation in the BH phase diagram presen-
ted in Fig. 2 is opposite, where the small BH corresponds
to the stable phase, whereas the large BH corresponds to

—T=0.87,
----T=09T, 1
T=T,
——T=1.1T,
-=T=12T, |
i
i
0.5F : 4
0.0 L L L 1 L L L 1 L L L 1 L L L 1
0 2 4 6 8 10
r,
Fig. 2. (color online) P, —r, diagram of the BH. The black

point "critic" is the critical point. We set £ =1.

3.0¢ S
: _T=08TC :
25f T T=09Te ]
[ r=I. ]
[ —=T=1.1T, ]
L 1 i
2.01 1‘ : -=T=12T, |
o I critic § ]
g 15; \ ! ‘\‘.
_ [
1.0
0.5F
0.0t
0 2 4 6 8 10
ry
Fig. 3. (color online) P_ —r, diagram of the BH. The black

point "critic" is the critical point. We set £ =1.

the unstable phase. This characteristic arises owing to the
quantum parameter &, and this feature does not occur in
the ordinary Schwarzschild-AdS BH. The P_-r, dia-
gram of the BH for different quantum parameters ¢ is
shown in Fig. 4.

Specifically, when P_ =0, the horizon radius of the
BH is independent of the size of the quantum parameter &

1
Felpo = anT’ @4)
which is also the result of the Schwarzschild-AdS BH.
The phase transition occurs at

oP

=0 25)
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Fig. 4. (color online) P_-r, diagram of the BH for differ- Fig. 5.

ent quantum parameters ¢. The black line corresponds to the
Schwarzschild-AdS BH (¢=0). Weset T=T, (£=1).

The variation in the BH phase transition pressure P, with
respect to the phase transition temperature T, is illus-
trated in Fig. 5. Thus, the critical temperature represents
the maximum phase transition temperature. Moreover, if
we consider only the BH pressure as shown in Fig. 3,
then the critical pressure will also correspond to the max-
imum phase transition pressure. This characteristic is ana-
logous to that observed in the Van der Waals system.
The T —r, diagram of the BH is shown in Fig. 6 and
Fig. 7. It is evident that the BH exhibits a small BH-large
BH phase transition similar to that of the Schwarzschild-
AdS BH. The BH pressure initially increases with the ho-
rizon radius (corresponding to the small BH phase) and
subsequently decreases (corresponding to the large BH
phase). This phase transition, in contrast to that observed
in Van der Waals fluids, occurs instantaneously at the
maximum pressure point.
In particular, phase separation does not occur in the
T - r, diagram of the BH. It can be verified that T > 0 al-
ways holds. When P = P,,,x, the BH is an extremal BH,
consistently maintaining a zero temperature 7 =0. For
any given pressure, the BH temperature always under-
goes a small BH-large BH phase transition. The temperat-
ure of the small BH decreases as the horizon radius in-
creases, whereas the large BH exhibits the opposite beha-
vior.

The phase transition temperature T, satisfies

oT
—=0. 2
or. 0 (26)

Using this condition, one could prove that, at P =P, T),
has its maximum

O =T, 27)

(color online) Phase transition points in 7-P co-
ordinates. The point (T, P,.) is the critical point. We set ¢ = 1.

R —— ——
i (R ——P=0.1Ppax
“-P=0.3Ppay

XY S S S R = -P=0.5P ey
[N —— P=0.7P
S R U Y ] == P=0.9Pnay

S “I

Ty

Fig. 6. (color online) T -r, curve of the BH corresponding
to the isobaric process. We set £ = 1.

From the perspective of the T —r, diagram, this also
demonstrates that BHs with temperatures exceeding the
critical temperature cannot undergo phase transitions.

IV. HEAT CAPACITY
According to

2

3V\3

S: (7) ’
d ar

the isochoric heat capacity of the BH is zero

_ aS)
CV_T(@T

(28)

=0.

14

29

The isobaric heat capacity of the BH is
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— T
3.5

1“3 L
s
3k «
[ —Schwarzschild—AdS |
] g ]
2+ ——g=2 1
D §=3
[ ——g=4
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6
r./10
Fig. 7. (color online) T - r, diagram of the BH for different

quantum parameters £. The black line (¢£=0) represents the
Schwarzschild-AdS BH. We set A = -0.01.

c o7 (375> ~ 2nr? (24P7rrﬁ—§2+ri \/9-96Pr. 2)
PUONOT/ —3r2 +24Pnrt + &2 '
(30)

The heat capacity as a function of the horizon radius is
presented in Fig. 8 and Fig. 9. In comparison with Fig. 6,
it is evident that the small BH, satisfying o7 /dr, <0, ex-
hibits a negative heat capacity, corresponding to an un-
stable phase, whereas the large BH, described by
dT/or, > 0, displays a positive heat capacity, indicating a
stable phase. At the phase transition point, the heat capa-
city diverges to infinity. Moreover, when the horizon ra-
dius is sufficiently small, the heat capacity exhibits
asymptotic behavior as follows:

C,=-2nr2+0(r,)". (31

In the limit, as r, — oo, the isobaric heat capacity of the
BH exhibits a quadratic divergence

/9 _ 2
M +O(r+)’2. (32)

C,=2nr. + 2P

V. GIBBS FREE ENERGY
The Gibbs free energy of the BH is given by

G=M-TS = %—413”&— %m /9 -96Pr&2
53 (3- \/9-96Pr&2)
+ .

24¢2

(33)

10—
| -6.2860x10"°
[ -6.2865x10 |
5,
F-6.2870x10"°
- :76.2875x10’5 -
1<) 0.099999
5 o— —_—
_5-
-10————
0 2
r,
Fig. 8. (color online) Isobaric heat capacity for different

quantum parameters & The black line represents the Schwarz-
schild-AdS BH. We set P =0.001.

10

-6.5x10"
| 0099 0.0995 0.1

01005 “:)3‘017
2 3 4 5

re

Fig. 9.
pressures. We set £=1.

(color online) Isobaric heat capacity for different

The differential form of G can be calculated as
dG = (W'-1)TdS -SdT + W~ 'VdP, (34)
which yields

oG
(ar),, = s+ (W' -1)C, (35)

The phase transition satisfies C, = co; hence, in the G-T
diagram of the BH, the points at which 0G/dT = oo are
exactly the phase transition points.

Specifically, when P < P, there exists a point at which
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0G

o7 =0 (36)

shown as orange line (P=0.5P.) and lightblue line
(P=0.75P,) in Fig. 10. When P < P, the G—T curve of
the BH resembles a swallowtail diagram, indicating the
phase transition. However, it cannot be concluded that
phase transitions occur only when P < P.. As previously
analyzed, phase transitions can still occur even for
P > P., where the phase transition point is characterized
by the condition dG/dT = oo, or equivalently, C, = co.
Moreover, owing to the corrected first law, the swallow-
tail structure of the BH deviates from that of the Schwar-
zschild-AdS BH or Van der Waals fluid. Only when P is
sufficiently small, or equivalently, when ¢ is sufficiently
small, does the G—T curve of the BH closely resemble
the swallowtail behavior observed in the Schwarzschild-
AdS case.

Figure 11 shows the Gibbs free energy of the BH at a
fixed pressure for various values of the quantum paramet-
er & When £=0, the G—T curve of the BH reverts to
that of the Schwarzschild-AdS case. As & increases, the
G —T curve near the phase transition point becomes pro-
gressively smoother. Moreover, when ¢ is further in-
creased such that the pressure exceeds the critical pres-
sure, the G—T curve of the BH deviates significantly
from the Schwarzschild-AdS scenario.

VI. JOULE-THOMSON EXPANSION

The Joule-Thomson process of BHs refers to their
constant mass expansion process dM = 0. In several AdS
BHs, the Joule-Thomson process exhibits striking simil-
arities: during the constant mass expansion, the pressure

“3(P —4ME+2r.8)" + (37 +2r,8) |2 - 4ME + 21,2

1.O———— —
r P=0.5P, 1
----P=0.75P.]
0.8 P=P, A
-=P=1.5P, |
— --=P=1.75P,]
0.6 B

G
0.4 b
0.2 b
0,01 s £
0.00 0.25 0.30
T

Fig. 10. (color online) Gibbs free energy of the BH for dif-

ferent pressures. The black points in the figure are phase
transition points. We set £ = 1.

continuously decreases while the temperature changes ac-
cordingly. The inversion curve partitions the 7 — P plane
into distinct cooling and heating regions, and as the BH
mass increases, the BH traverses increasingly broader
ranges of pressure and temperature [53, 67, 69, 72, 73,
79, 82—89].

For the convenience of studying the constant mass ex-
pansion of the BH, we first rewrite the BH temperature
and pressure in terms of the horizon radius and BH mass
as parameters

p_ 3 =2M) (r}—2M& +r,8) 37)

6 b
8nrd

T= 38
8nr3 &2 %)
The Joule-Thomson coefficient is given by
3 (8T) e (3r§ - Sri (ry =3M)E*+4(8M =3r,) r, &4 -3 (rz +20M&* - 6r+§2) }ri +2(r, — 2M)§2|) (39)
tr=\apr/,~ 6(r, —3M)E| (1 —4ME +2r,8%) | '
By setting w7 = 0, one can obtain the inversion mass M;
3 £2 6 462 24
M = 972 + 2878 + /17170 + 2041 €2 + 64r2& s 2+ «/Zf’ (40)
60¢? 3
M = 3r} +20r8 + \/6962 + 60r{¢” +40r7¢" . %g, 1)
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T T
(d) £€=0.75 (f) £€=1.25
1.0 T 1.0 1.0 T
0.8+ 0.8+
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G G
0.4r 0.4
0.2 0.2
0.0 ‘ ‘ ‘ 0.0 ‘ ‘ ‘ . ‘ ‘ ‘
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
T T T
(8) §=1.5 (h) =175 (i) =2
Fig. 11. Gibbs free energy of the BH for different quantum parameters &. We set P = 5/216x (the critical pressure for & = 1.5).

where r; is the inversion radius. Thus, the inversion curve
of the BH is divided into two branches (Fig. 12): for a
given inversion radius, M induces the first branch (IC)),
whereas M? induces the second branch (IC,). IC, and
IC, are exactly tangent at their minimum points 7™, and
aside from the tangency point, 7} < T? is identically satis-
fied. The phenomenon of multiple branches emerging in
the inversion curve has also been observed in other types
of BHs. For AdS BHs in quasitopological electromagnet-
ism, the inversion curve may exhibit up to three branches
[90]. Moreover, the inversion pressure and inversion tem-
perature at this tangency point exactly coincide with the
critical pressure and critical temperature of the BH. That
is, Tmn = T,

In the limit, as ., — oo, IC, and IC, both exhibit a
maximum inversion pressure

3+6V19 .. 3
400m&2 1T 50mer

P[l max _

(42)

This results in two constants that are independent of the
quantum parameter ¢

P!max 6

_ pre 144
P, 125

P. 125

(3+6V19), (43)

Figure 13 depicts the constant-mass expansion process of
the BH. In the figure, the arrows indicate the direction of
increasing horizon radius r,, representing the expansion
process of the BH. The constant-mass expansion of the
BH can be divided into two distinct stages. In the earlier
stage, the pressure increases until reaching the maximum
pressure P, of the BH; in the later stage, the pressure
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Fig. 13.  (color online) Joule-Thomson expansion of the BH.
Weseté=1, M=5.

decreases. The black dots in the figure denote the inver-
sion points experienced by the BH in each stage.

Note that, as the BH pressure increases rather than de-
creases during the pre-expansion stage, using the sign of
wyr to differentiate between the cooling and heating pro-
cesses is no longer appropriate. More accurately, the sign
in (0T /0V),, (or equivalently, (0T /dr,),,) should be em-
ployed to distinguish between the cooling and heating
processes.

<0, cooling point,

(),
v/, =0,

>0, heating point.

inversion point, (44)

Thus, as depicted in Fig. 13, during both the earlier and
later stages, the BH initially undergoes a heating phase
before transitioning into a cooling phase at the inversion
point.

Moreover, considering that, for a given inversion ra-
dius r;, M!> M? always holds, and M/ (r;), M?(r;) are
both increasing functions, for a constant mass process,
the BH necessarily first passes through the inversion
point on IC;, followed by that on IC,. In other words,
IC, precisely corresponds to the inversion points experi-
enced by the BHs in the earlier stage, whereas IC, per-
tains to the inversion points attainable by BHs in the later
stage. In addition, since a given point in the (P, T) plane
may correspond to several distinct BH phases, the inver-
sion curve does not, by itself, partition the (P, T) plane in-
to separate cooling and heating regions. In other words, in
a constant- mass process, the intersection of the expan-
sion and inversion curves is not necessarily the inversion
point. This peculiar feature is also similar to that of the
BH discussed in Ref. [90].

The earlier and later stages of the BH are connected at
the point of maximum pressure Py, at which the hori-
zon radius r, 1S

JT _ 6%5% _6%5%7

=, 45
r+c 37% ( )

where y = /81M?+6£2-9M.

Fig. 14 and Fig. 15 depict the T — P diagrams for BHs
with varying masses during the earlier and later stages of
expansion, respectively. For sufficiently small BH mass-
es, no inversion point exists. By setting P; =0, the min-
imum inversion mass M™" for each case can be determ-
ined as follows:

V7704187 V22 . 1
A L bl N 46

2
3

min __
M" =

The minimum inversion mass can also be derived from
Eq. (40) and Eq. (41) directly:

My = (Wf) M;?i“=M?<f-f>. @)

In Fig. 14 and Fig. 15, the first constant mass curve does
not exhibit an inversion point, because

0.6 < M™ ~0.75, 0.3 <M ~0.35. (48)

As shown in Fig. 16 and Fig. 17, the BHs with M™n
reach their critical points at P = 0.
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Fig. 14. (color online) Earlier stage of constant mass expan-

sion of the BH. The points circled by small squares in the fig-
ure denote the inversion points. We set £ = 1.
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Fig. 15. (color online) Later stage of constant mass expan-

sion of the BH. The points circled by small squares in the fig-
ure denote the inversion points. We set ¢ = 1.

VII. CONCLUSION AND OUTLOOK

In this article, we investigated the thermodynamics in
the extended phase space of a quantum corrected BH pro-
posed recently. Our analysis demonstrates that the phase
transition behavior of the BH is analogous to that of con-
ventional Schwarzschild-AdS BH. In particular, there ex-
ists a critical temperature 7. such that, for any BH with a
temperature exceeding 7., the small and large BH phases
become separated, and no phase transition occurs. Owing

25—
| —IC, il
M:M:ﬂel n :
2.0 B
1.5 ]
T 1
= ]
1.0[;\/ ]
0.5 ]
00 [ co b e b e e b e e b e b ]
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
P/107
Fig. 16. (color online) Earlier stage of constant mass expan-

sion for BH with M%in. The points circled by small squares in
the figure denote the inversion points. We set & =1.

25—
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2.0r
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.L L
=
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0.07\\\\\\\\\\\\\\\\\\\\\\\\\\\\\I\\\\\

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
P/107?
Fig. 17. (color online) Later stage of constant mass expan-

sion for BH with MM, The points circled by small squares in
the figure denote the inversion points. We set £ = 1.

to the effect of the quantum parameter & the BH equa-
tion of state P(7,r.) bifurcates into two branches with
opposite stability properties. One branch converges to the
Schwarzschild-AdS BH as ¢ — 0, and it is associated
with a phase transition pressure lower than the critical
pressure P., whereas the other branch exhibits a phase
transition pressure greater than P, which is not observed
in conventional Schwarzschild-AdS BHs.

The temperature and heat capacity C, of the BH
closely resemble those of the Schwarzschild-AdS BH.
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Specifically, the small BH phase exhibits a negative heat
capacity, indicating an unstable configuration, whereas
the large BH phase shows a positive heat capacity, cor-
responding to a stable state. Moreover, the BH does not
exhibit any region of negative temperature. In addition,
owing to the corrected first law, the Gibbs free energy
curve G-T in the vicinity of the BH phase transition
point becomes smooth, thereby deviating from the beha-
vior observed in conventional Schwarzschild-AdS BHs.

In addition, we conducted a detailed study of the
Joule-Thomson expansion process of the BH. Our analys-
is reveals that the constant mass expansion process of the
BH has two stages. In the earlier stage, the BH pressure
increases with expansion until it reaches its maximum
value; subsequently, during the later stage, the pressure
gradually decreases. Consequently, the inversion curve of
the BH splits into two branches, corresponding to the in-
version points that may be experienced in the earlier and
later stages, respectively. Moreover, each expansion stage
is associated with a minimum inversion mass M™", be-
low which any BH undergoing a constant mass expan-
sion process (in either stage) will not exhibit an inversion
point.

We hope that these findings can offer novel insights
into the interplay between quantum corrections and clas-
sical BH thermodynamics, and serve as a valuable refer-
ence for future research.

Our study is based on the assumption that the
quantum gravity theory responsible for generating this
quantum corrected BH decouples from the cosmological
constant. This assumption, also adopted in Ref. [79], is
generally regarded as valid, as the cosmological constant,
being a constant, typically does not interact with other
fields. Nevertheless, some modified gravity models sug-
gest that the cosmological constant may be linked to oth-
er interactions. For instance, in Ref. [91], the authors con-

structed a gravastar in non-commutative BTZ geometry,
finding that the non-commutativity parameter plays the
role of the cosmological constant for gravastar formation
and stability. If this theory is correct, the cosmological
constant might be suggested as a non-commutative effect.
In the context of Lorentz symmetry breaking theories, re-
searchers have found that the choice of the self-interac-
tion potential in the Kalb-Ramond field differs between
the cases of zero and nonzero cosmological constants
[92]. It is foreseeable that the cosmological constant may
no longer be merely a constant term but instead could
couple with various modified gravity models. In addition,
although the quantum parameter ¢ is presumed to be ex-
tremely small, its precise value remains undetermined.
One approach is to estimate £ by comparing the observed
BH shadow radius with the theoretical value predicted for
a Schwarzschild BH [32, 93, 94]. However, this method
can only constrain ¢ to be on the order of the Schwarz-
schild radius, which is evidently much larger than the
Planck length ¢,. Therefore, seeking alternative methods
to constrain this quantum parameter more precisely rep-
resents an interesting and worthwhile topic for future re-
search.

Moreover, unlike most other AdS BHs, the phase
structure of the BH investigated in this study exhibits sig-
nificant deviations from that of the van der Waals system.
It remains an important issue for future investigations to
uncover the deeper physical mechanisms responsible for
this phenomenon, as well as to explore whether other
quantum effects could result in similar thermodynamic
properties.
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