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Abstract: A phenomenological model is proposed for a systematic description of the spontaneous fission (SF) half-

lives Tsp of heavy and super-heavy nuclei. Based on the effective tunneling barrier (ETB), the proposed approach
reproduces the SF half-lives of 79 known nuclei with an average deviation of 0.8, which is 17% smaller than that of
the linear correlation approach recently proposed in [N. S. Moiseev, N. V. Antonenko and G. G. Adamian, Phys.
Rev. C 112, 034607 (2025)]. For superheavy nuclei with 45 < N—-Z < 61, the predicted SF half-lives from these two
different phenomenological models are in good agreement with each other. The ETB calculations implies that the f-

decay energy affects the SF half-lives of nuclei far from the f-stability line. For superheavy nuclei around the magic
number N = 184, the predicted Tsg of 304120 is much shorter than that of 298Fl. With predicted values of about
10 ~ 160 ms for Tsp, the unmeasured SHN 293119 could survive for long enough to reach the focal-plane detector

in detection systems like the gas-filled recoil separator SHANS in Lanzhou.
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I. INTRODUCTION

As one of the key and sensitive physical inputs, fis-
sion barriers and spontaneous fission half-lives of nuclei
are frequently used in the studies of nuclear physics
[1-5], reactor physics [6] and nuclear astrophysics [7, §].
Studies of nuclear fission are therefore of great interest
[9-15] and the process of spontaneous fission [16—24]
has been the subject of extensive investigations for nearly
eight decades. Accurate prediction of SF half-lives in
heavy and superheavy nuclei (SHN) is essential for syn-
thesizing new elements and understanding nuclear struc-
ture. SHN are typically produced via heavy-ion fusion re-
actions, forming excited compound nuclei that decay via
evaporation or fission. For successful identification in de-
tection systems like the gas-filled recoil separator
SHANS in Lanzhou [25, 26], the compound nucleus must
survive for longer than ~ 1 us to reach the focal-plane
detector. Consequently, accurate predictions of SF half-
lives are indispensable for guiding experiments aimed at
synthesizing new SHN and characterizing their decay
chains.

Compared to a-decay, where theoretical models
achieve relatively higher reliability [27—30], SF half-life
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predictions exhibit significant uncertainties, particularly
for odd-4 and odd-odd nuclei, where deviations from ex-
perimental data can span up to five orders of magnitude
[20—22]. This discrepancy stems from the complex,
multi-dimensional nature of fission dynamics, involving
uncertainties in fragment mass/charge distributions, neut-
ron emission, and energy release. While a-decay can be
effectively modeled as quantum tunneling through a one-
dimensional barrier, fission involves traversing along the
complicated potential energy surface (expressed in terms
of several deformation parameters, and influenced by
nuclear shell effects and pairing correlations) from the
ground state to the scission point [31]. To compute de-
formed mean-field configurations and collective inertias,
some microscopic approaches such as the constrained
Hartree-Fock-Bogoliubov (HFB) method together with
the Gogny energy density functional [32] and the multidi-
mensional constrained covariant density functional the-
ory [33] are developed. As a crude approximation, the
spontaneous fission half-lives (7sg) could be linked to the
static fission barrier height B; [34, 35]. However, as high-
lighted by HeBberger, Tsg is not uniquely determined by
B; alone. For example, the SF half-life of 2°U is up to 9
orders of magnitude longer than that of 2*Cm despite the
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fission barrier heights [11] of these two nuclei (B~ 6
MeV) are similar. This suggests additional dynamical
factors govern the fission process.

Drawing parallels to a-decay theory, Xu et al. pro-
posed the relative Coulomb barrier height between the
two fission fragments comparing to the Q-value in SF as
the key quantity for SF tunneling, and the penetration
probability P of SF is expressed as [18],

P = eXP[—ZF(Vmp - Qst)/hwt] (1)

Here, V,,, is the height of the Coulomb barrier between
fission fragments and Qy is the SF Q-value in the fission
process. With an empirical formula for describing the
Coulomb barrier,

Vmp =aA+ ClzZ2 + Cl3Z4 +as(N —Z)Z, (2)

the values of log,, T'sp for known even-even nuclei can be
reproduced reasonably well (with an average deviation of
0.98). In addition, very recently, Moiseev et al. find a lin-
ear correlation between log,,Tsr and the corresponding
a-decay energy Q, for even-even nuclei with the same
neutron excess N —Z,

log,o Tsp = by +bi(N = 2) + boy(N~Z)* + b3Q,,  (3)

with which a phenomenological approach is presented for
predicting the spontaneous fission half-lives of actinides
and superheavy nuclei. The calculated half-lives closely
match the experimental data for known nuclei with an av-
erage deviation of 1.0 order of magnitude.

As a competition between the nuclear force and the
Coulomb repulsion, the SF is strongly influenced by the
isospin effect and the microscopic structure effects (e.g.

shell and pairing effects). In Eq.(2) and Eq.(3), the
isospin effect is represented by the neutron excess (N —Z)
terms. The microscopic effects are partly considered
through Q, in Eq.(3). For super-heavy nuclei and nuclei
far from the fS-stability line, the uncertainties of these two
phenomenological formulas are quite large. For example,
Fig. 1 shows the predicted log,,Tsr for even-even nuclei
with Z =92 and 114 by using Eq.(2) and Eq.(3). One can
see that the prediction discrepancies between two models
are quite large for unknown nuclei. It is therefore neces-
sary to improve the accuracy of SF half-live predictions
for unstable heavy and superheavy nuclei.

In this work, two phenomenological models are used
to systematically investigate the trend of the SF half-lives
of heavy and super-heavy nuclei, considering that the mi-
croscopic calculations are time-consuming. In addition,
we also study the influence of the f-decay energy Qj, the
a-decay energy Q, and the shell gap A which contains in-
formation about the microscopic shell and pairing ener-
gies on the SF half-lives of nuclei far from the fS-stability
line.

II. THEORETICAL FRAMEWORKS

In this work, we firstly investigate the trend of the
measured SF half-lives for relatively stable nuclei. In Fig.
2(a), we show the measured maximum of log,, Ts¢ so far
in a certain isotopic chain as a function of neutron num-
ber. Simultaneously, we present in Fig. 2(b) the corres-
ponding relative barrier height Uy = Vi, — O + A and the
effective tunneling barrier U. Here, V,,, and Qy denote
the height of the Coulomb barrier between two fission
fragments and the corresponding SF O-value in symmet-
ric fission, respectively. The Coulomb barrier is written
as Viep = Z125€*/ (Rg) +R(CZ) +d) for symmetric fission, with
the charge number Z; ~ Z, of the fission fragments. The
corresponding charge radius R\ ~ R of the fission frag-
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(color online) Comparison of the predicted SF half-lives for even-even Uranium and Flerovium isotopes. The squares denote

the experimental data taken from NUBASE2020 [36]. The solid curve and the dot-dashed curve denote the results of XRG formula pro-

posed in [18] and those of MAA formula in [24], respectively.
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each isotopic chain with mass numbers from A =232 to

(Color online) (a) Measured maximum of log,, 7sg in

A =286. (b) The corresponding values of the effective tunnel-
ing barrier U. The red curve denotes the relative barrier height
Uy = Vmp - Ost +A.

ments at their ground state are given by the WS charge
radius formula [37],

5
R. =R, {1 +§(ﬂ§+ﬁi)} , C))

with which the 1014 measured charge radii can be repro-
duced with an rms error of only 0.021 fm [38]. In Eq.(4),
the nuclear charge radius R, at spherical shapes is given
by

Ry =1.226A"7 +2.86A723 -~ 1.09(1 — I*)+ 0.99AE /A.
©)

Here, nuclear quadrupole deformation B,, hexadecapole
deformation B, and shell correction AE are taken from
the WS4 model [39]. I=(N—-Z)/A denotes the isospin
asymmetry. In the calculations of the Coulomb barrier
Viep» We introduce a separation distance d between the fis-
sion fragments, considering that the fission fragments are
in elongated shapes at the scission point. In addition, to
consider the increase of the barrier height due to the ef-
fect of unpaired nucleons [10] (which will be discussed
later) we adopt different values for the separation dis-
tance. d =2.12 fm for even-even nuclei and d = 1.83 fm
for nuclei with unpaired nucleons. The difference of the
separation distance d results in about 2.1% change of the
Coulomb barrier height for even-even actinides compar-
ing to the neighboring odd-A nuclei, with RY + R? ~ 12
fm. We note that the average inner fission barrier heights
[11] for odd-A actinides is higher than that of even-even
actinides by about 2.5%, which indicates that adopting
different separation distance d is reasonable.

A denotes the shell gap in the parent nucleus, which is
to consider the influence of microscopic structure effects

on the barrier and obtained from the difference of nucle-
ar ground state energies [40],

A(N,Z) = E(N+2,2)+ E(N-2,Z)+ E(N,Z +2)

+E(N,Z-2)—4E(N,2). (6)

It is known that in addition to barrier height, the barrier
width can also affect the fission probability according to
WKB calculations. From the degree-of-freedom of elong-
ation, the fission barriers of nuclei with spherical shapes
could be thicker than those with prolate deformations.
The shell gaps in doubly-magic nuclei (with spherical
shapes) are generally larger than those in mid-shell nuc-
lei (with prolate deformations). To effectively consider
the influence of barrier width, we therefore add the shell
gap A in the calculations of the relative Coulomb barrier
height Uj.

The effective tunneling barrier (ETB) is defined as
U = Uy — Qp/x, in which the influence of isospin effects
on the barrier height is considered for nuclei far from the
p-stability line. Here, Qg denotes the total f-decay en-
ergy for a nucleus, which is obtained by calculating the
difference between the ground state energy of the parent
nucleus and the corresponding energy of the S-stability
nucleus (with the same mass number). X = 2EE denotes the
fissionability parameter [9], with the Coulomb energy
E.=a.Z?/A'? and the surface energy E, = a,A*3(1 —«I?)
of the nuclei in which the coefficients are taken from
WS4 [39].

From Fig. 2, one can see that the trend of the effect-
ive tunneling barrier U are in good agreement with that of
log,, Tse, including the abrupt falls of the half-lives for
2%No and %Hs, which implies that the effective tunnel-
ing barrier plays a role for the SF half-lives. Comparing
U with Uy, one notes that the abrupt falls of the half-lives
for neutron-deficient 2*No and *Hs could be due to the
p-decay energy Qp, which provides an additional energy
to overcome the barrier like in the process of f-delayed
fission. Considering the possible correlations between
ETB and log,, Tsk, the SF half-lives for heavy and super-
heavy nuclei are expressed as,

10g1o TSF(S) =C U+C2U2 + Ares~ (7)

The term A, is introduced to consider the influence of
the pairing effects and residual correlations,

A +sin(c;Q,) N and Z even
3 . 1
Aves = EA +sin(c;Q, + EA) A odd (8)
1
2A+sin(c;Q, + =A) N and Z odd.
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Where, the Q, termis an empirical correction to con-
sider the correlation between log,, Tsr and Q, [24], which
will be discussed later. By fitting the measured SF half-
lives for 79 known nuclei with certain branching ratios in
NUBASE2020 [36], the optimal model parameters
c1 =0.466, ¢, = 0.0088, c; = 1.98 are obtained.

For nuclei with odd proton and/or odd neutron num-
bers, the change of the energy of the fissioning state
along the fission path plays a decisive role. Due to spin
and parity conservation at crossing points of Nilsson
levels, the unpaired nucleon in general cannot change the
level as it is the case for nucleon pairs in even-even nuc-
lei, which leads to an effective increase of the fission bar-
rier [21]. It is therefore found that the half-lives of odd-
mass nuclei are systematically longer than its neighbor-
ing even-even nuclei due to the unpaired nucleons [41].
In this work, different values of A, are adopted to con-
sider the pairing effects.

For even-even parent nuclei, the unpaired nucleons of
fission fragments could lead to a relatively higher barrier
in symmetric fission due to the lower Q-value. To con-
sider the influence of the unpaired nucleons, in the calcu-
lations of U, we take the mean value of the Q; among
three cases: with completely symmetric fragments, with
one more neutron for a fragment, and with one more pro-
ton for a fragment. As an example, the three channels
254Fm _>I27 Sn+127 Sn’ 254Fm _>I28 Sn+126 Sn and 254Fm
—127Sb+1271n are considered in the calculations of U, for
“Fm. We note that taking the mean value for Qg can
obviously improve the model accuracy for even-even
nuclei. In addition, in the calculations of U, we intro-
duce a truncation, i.e. U, >0, to avoid negative barrier
height.

III. RESULTS AND DISCUSSIONS

In Fig. 3, we show the predicted spontaneous fission
half-lives of even-even actinides as a function of neutron
numbers. The curves denote the calculated results with
Eq.(7). Open symbols denote the experimental data taken
from NUBASE2020. From Fig. 3, one can see that the
measured SF half-lives can be reproduced reasonably
well. In addition, we also note that the SF half-lives of
neutron-deficient Cf and Fm isotopes are evidently short-
er than those of the corresponding nuclei around the /-
stability line, which also indicates that the f-decay en-
ergy Qs may play a role in the decreasing behavior of SF
half-lives for nuclei far from the S-stability line.

Fig. 4 shows the deviations between the measured SF
half-lives and model predictions. The circles and the
squares denote the results with the proposed ETB ap-
proach and those of MAA formula [24], respectively.
One sees that for almost all nuclei, the deviations
between the calculated half-lives and experimental data
are within three orders of magnitude. By using Eq.(9), the
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Fig. 3. (Color online) Spontaneous fission half-lives of

even-even actinides. The black curves denote the calculated
results with Eq.(7) and the red open symbols denote the exper-
imental data taken from NUBASE2020 [36].
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note the results with the proposed ETB approach and those of
the MAA formula [24], respectively.

average deviation between model predictions and experi-
mental data

)

l - i exp,i
(o) = 0 Z ‘10810(Té}; /Tsg™)
i=1

is only 0.800 for the 79 known nuclei. For *Fm, we note
that its SF half-life is significantly over-predicted by both
MAA and ETB calculations. In Table I, we list the calcu-
lated average deviations (o) with respect to the SF half-
lives of 79 nuclei (including 42 even-even nuclei), by us-
ing two phenomenological models (MAA and ETB). In
the calculations, the a-decay energy Q, are taken from
WS4 plus radial basis function (WS4+RBF) predictions
[39], with which the known a-decay energies of super-
heavy nuclei can be reproduced with an rms error of 0.22
MeV [28]. For 42 even-even nuclei, the average devi-
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ation is (o) =0.783 with the proposed ETB approach,
which is smaller than that with XRG formula [18] and
with MAA formula [24] by 28% and 13%, respectively.
It should be mentioned that in [24] the SF half-lives of
111 nuclei (including 58 even-even nuclei) are used for
analysis.

To investigate the residual correlations between
log,,Tsg and Q,, we show in Fig. 5 the deviations
between the measured half-lives and the predictions with
the ETB approach but neglecting the Q, term in the cal-
culations. It seems that there exists somewhat oscillatory
behavior in the deviations. In Eq.(8), we adopt a sine
function to describe the correlations between log,,Tsr
and Q, rather than a linear relationship, considering that
many properties of atomic nuclei (such as binding energy
and fission barrier) exhibit oscillatory behavior similar to
a sine wave with changes in nucleon number, particu-
larly when crossing shell closures. The shell correction
energy itself represents an oscillation around the smooth
values predicted by the liquid-drop model. The sine func-
tion captures the oscillatory shell corrections, similar to
its use in modeling the residual shell effects in nuclear
masses [42]. In addition, comparing to the linear correla-
tion, the sine function is a bounded function with a range
of [-1,1]. This means that no matter how large Q, be-
comes, the contribution of the correlation term always has
an upper and lower limit, indicating the existence of a sat-
uration mechanism with which the unphysical and infin-
ite contribution can be avoided. With the phenomenolo-
gical sine functions to describe the oscillatory behavior,
the average deviation (o) is significantly reduced by
about 20%.

In Fig. 6, we show the predicted spontaneous fission
half-lives for Am, Es, Db and Mc isotopes. The squares
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Fig. 5. (Color online) Deviations between the measured

half-lives and the predictions with Eq.(7) but neglecting the
Q. term. (a) for even-even nuclei and (b) for odd-A nuclei.

denote the data taken from NUBASE2020. One sees that
the SF half-lives can be reproduced well with both mod-
els for known nuclei. For Am and Es isotopes in the
range of 40 < N-Z <62, the predicted results from the
two models are in good agreement with each other gener-
ally. For Am and Es isotopes far from the f-stability line
the predicted SF half-lives with MAA formula are signi-
ficantly smaller than those with Eq.(7). For some ex-
tremely neutron-deficient nuclei such as 2'U [4], we note
that the predicted SF half-lives from the MAA formula
are unphysical and catastrophically short (see Fig. 1). In
MAA model, the authors emphasized that extrapolation
to nuclei well outside the range 40 < N —Z < 62 should be
treated with caution, since the linear correlation used in
the formulas is observed from the available experimental
SF half-lives in the following ranges: 90 <Z < 102 and
41<N=Z<60, as well as 103<Z<118 and
45 < N-Z<61. In the ETB calculations, we introduce a
truncation Qg < ay, for nuclei around driplines, with the
symmetry energy coefficient Gym = Csym [1 -5 +& i}}ﬁx]
taken from WS4. ay,, represents the upper energy limit
of neutron-proton asymmetry that a nuclear system can
sustain. The truncation for Qs ensures that the model's
predictions, even under extreme conditions, do not devi-
ate entirely from physical reality. For Db isotopes, the
results from the two models are quite close to each other
and the peaks at N = 162 and N = 178 are due to the shell
effects in the calculations of ETB. For Mc isotopes
around neutron magic number N = 184, the predicted SF
half-lives with the proposed method are significantly en-
hanced due to the strong shell effects.

Fig. 7 shows the predicted spontaneous fission half-
lives for Sg, Ds, Fl and Og isotopes. We note that the
available experimental data from NUBASE2020 can be
well reproduced by these two phenomenological models.
Simultaneously, the odd-even staggering due to the pair-
ing effects can be clearly observed from the results of
both models. For Fl and Og isotopes, the predicted SF
half-lives around N = 184 with ETB are significantly lar-
ger than those with MAA formula. In the region of
45< N-Z <61, the predicted results from these two
models are in good agreement with each other. From Fig.
7 and Fig. 8 in Ref. [40], we note that the uncertainties of
the predicted shell gaps from different mass models are
still large for super-heavy nuclei. The obtained shell gaps
from WS4 are A=3.40 MeV for ??Ds, 5.58 MeV for
2%8F], and 3.76 MeV for 3**120. The pronounced enhance-
ment of the SF half-lives for nuclei around ?®Fl is due to
the large shell gaps, since log,, Tsr is directly related to A
according to Eq.(8).

In Fig. 8, we present the predicted SF half-lives for
nuclei with Z =119 and Z = 120. The trends of the pre-
dicted SF half-lives for neutron-rich nuclei from the two
model are close to each other. At neutron-deficient side,
the results of ETB approach proposed in this work are
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(Color online) SF half-lives for Am, Es, Db and Mc isotopes. The red curves with solid circles denote the predictions with the

ETB approach proposed in this work. The blue curves with open circles denote the results of MAA [24]. The squares denote the experi-
mental data taken from NUBASE2020 [36].
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slightly higher than those of MAA. For SHN 23119,
the predicted value of Tsr is about 10 ~ 160 milliseconds
based on MAA and ETB calculations. Considering that
the average deviations between data and model predic-
tions from the two models are within one order of mag-
nitude, the SHN 2119 that might be synthesized in fu-
sion reaction >*Cr+2* Am after evaporating four neutrons,
can survive for much longer than ~1 us to reach the fo-
cal-plane detector.

IV. SUMMARY

In this study, we compared two phenomenological
models for systematically describing the spontaneous fis-
sion (SF) half-lives Tk of heavy and superheavy nuclei.
Based on the effective tunneling barrier (ETB) which
considers the relative Coulomb barrier between fission
fragments, the shell gap A and f-decay energy Qy of the
fissioning nuclei, the SF half-lives of 79 known nuclei
can be reproduced with an average deviation of 0.8,
which is smaller than those of two other phenomenolo-
gical models: XRG and MAA formulas. With a value of
U =28.8 MeV, the height of ETB for 226U is higher than
that of *Cm (U =19.5 MeV) by 9.3 MeV, which ex-
plains why the SF half-life of U is up to 9 orders of
magnitude longer than that of *Cm. The competition

between Coulomb and isospin effects, represented by the
p-decay energy Qg, significantly impacts SF half-lives of
nuclei far from the f-stability line. For superheavy nuclei
with 45< N-Z <61, the predicted SF half-lives from
two different phenomenological models (ETB and MAA)
are in good agreement with each other generally. For nuc-
lei around neutron magic numbers such as N =162 and
N =184, the predicted SF half-lives from ETB are larger
than those from MAA since the shell gaps are directly in-
volved in the ETB calculations. Both the proposed ETB
approach and the MAA formula predict remarkably short-
er SF half-life for superheavy nucleus 120 comparing
with 2°8FF1. For nuclei with Z =119 and N = 174, the pre-
dicted Tsr from ETB and MAA is about 10 ~ 160 ms,
which is longer than the corresponding a-decay half-life
[27] by two or three orders of magnitude. These results
provide helpful insights for future experiments aimed at
synthesizing new superheavy elements and understand-
ing their stability.
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