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Where does the tracing of cosmic rays in real atmosphere terminate?”
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Abstract: Backtracing simulations are widely employed to determine cosmic-ray particle trajectories in a geomag-
netic field; in these simulations, the atmosphere is approximated as an artificial sharp boundary at a low altitude
where the traced trajectory terminates. In this paper, we move beyond this simplified assumption and investigate two
realistic physical processes that terminate cosmic-ray particle propagation in the atmosphere: Bethe-Bloch energy
loss mechanisms and hard scattering interactions with atmospheric atoms using total cross-sections based on the
Glauber-Gribov formalism. The former mechanism dominates at low rigidities (for protons below ~ 0.57 GV), while
the latter becomes dominant at higher rigidities. Consequently, we introduce two dimensionless variables to estab-
lish detailed numerical criteria: the relative rigidity shift caused by Bethe-Bloch effects (AR/R) and the expected
number of hard scattering events ((N)). Using the corrected US Standard Atmosphere 1976 model, we demonstrate
that altitude dependence can be factorized as approximately exp(—0.14h/km). In addition, the effect of the local
curvature radius of the trajectory near perigee can be factorized in a similar manner. Our calculations demonstrate
that the simplified sharp-boundary altitude should be at least 50 km with AR/R +(N) < 1 for protons, increasing by

more than 15 km for heavy nuclei such as iron.
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I. INTRODUCTION

Majority of the human space activity remains confined
to the low-Earth orbit (LEO). Cosmic rays penetrating the
magnetosphere and overlying atmosphere create a com-
plex radiation environment [1, 2]. For high-energy instru-
ments operating in LEO such as AMS-02, theoretical mod-
els must be set based on whether an observed event be-
longs to the primary cosmic-ray population, i.e., if its ri-
gidity exceeds the directional geomagnetic cut-off [3, 4]
(the same technique is used for radiation-dose estimates).
This classification is performed numerically by backtra-
cing: a Runge-Kutta integrator propagates the charged-
particle trajectory backward from the measured arrival po-
sition and direction under the Lorentz force [5]. If the tra-
jectory escapes the magnetosphere and recedes to infinity,
the particle can be flagged as primary (usually of galactic
origin). The magnetic force is perpendicular to the velo-
city, and therefore, it does no work and the particle energy
remains constant along the backward path.

The possible termination of a backtraced trajectory
occurs near its perigee. Once the particle enters the dense
lower atmosphere, it must interact with air nuclei and the
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backward propagation must stop. The key challenge is
modeling such a termination. The present practice im-
poses a sharp boundary in altitude: 20 (radiation-expos-
ure studies [6]), 40 (space-based cosmic-ray experiments
[3]), or 100 km (Karman line, recently adopted by AMS-
02 for a conservative galactic-cosmic-ray selection [2, 7,
8]). However, these altitudes are ad hoc values. The actu-
al cessation of a particle trajectory is dictated by physical
processes, namely, microscopic interactions between the
cosmic-ray particle and atmospheric nuclei.

Two microscopic mechanisms can terminate the
backward extension of a trajectory. A single hard scatter-
ing that deflects the incident cosmic-ray particle out of
the path elastically or inelastically, and a Bethe-Bloch en-
ergy loss, wherein the continuous slowdown violates the
energy-conservation premise required for backtracing.
Hard scattering is routinely studied at high energies
through the air-shower signature recorded by ground-
based indirect detectors such as the large high altitude air
shower observatory [9], telescope array [10], and Pierre
Auger observatory [11]. However, to the best of our
knowledge, a quantitative treatment for backward track-
ing from LEO has not been presented; in such a treat-
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ment, the giga electronvolt range relevant for backtracing
the necessary cross-section data must be extracted from
accelerator measurements.

In this study, we illustrate the concept and estimate
the order-of-magnitude effect by performing a controlled
parametric study where the two physical processes are
evaluated along the designed trajectories that neglect geo-
magnetic bending. Further, we derive a simple, factor-
ized scaling result that can replace the ad-hoc sharp
boundary when a binary stop/no-stop criterion is satis-
fied. Although the same processes can be integrated along
the true curved trajectories produced by numerical back-
tracing and compared to the same criterion, we reserve
this fully consistent treatment for a future publication.

II. MODELS

Bethe-Bloch energy loss [12—14] can be attributed to
the cumulative effect of a continuous series of binary
Coulomb scatterings. The stopping power is expressed as

dE 6 pT(h) ZT II% max 2
ax SHmMBZZ ( <12 >_ﬁ>’ 1

T,min

where e, m,, and u represent the elementary charge, elec-
tron mass, and unified atomic mass unit, respectively.
The projectile velocity in units of ¢ is 8=v/c (we adopt
natural units 7i=1 and ¢ = 1), and Zp represents its atom-
ic number. For each target element T, pr(h) represents the
mass density contributed by that element at altitude 4,
and Zr and Ar are its atomic and mass numbers. Further,
Itmin represents the mean excitation energy that sets the
maximum impact parameter for individual collisions; we
use the values given in Table 1.1 of Ref. [13]. The max-
imum transferable energy corresponding to the minimum
impact parameter is given as

I _ 2m,v /
Pmax — l ﬂz

mp 18 the projectile mass.

In a magnetic field, the local gyroradius is r=R/B,
where the rigidity R =p/q=p/(Zpe) encodes both
particle species and kinematics and determines the tra-
jectory in backtracing. Using E? = p?>+m? (EdE = pdp)
and B = p/E, the integrated rigidity loss is given as

dR
AR = [ dx—
/ dx

dx dE
BZpe dx’
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Throughout the numerical work we treat f as con-
stant rather than decreasing along the path", i.e. the slow-
ing-down is included only perturbatively. Then the frac-
tional rigidity loss reads

AR e m(h)zT B \ o
? 8mm, MEB4 / Z ( <I%mm> _ﬁ .

4)

This crude estimate fails when AR/R > 1; however,
we see that the eventual interested AR/R < 1 can be ob-
tained by multiplying such results with additional small
factors from perigee altitude and curvature radius. In such
cases, this perturbative calculation holds conveniently.
The integrand depends on the projectile only through mp
inside the logarithm and via 8 =RZe/(RZe)* +m3)'/2. If
we evaluate the integral once for protons and neglect the
weak mp dependence, the result for any ion scales as
Z%/(EBY). In this approximation, a single backtracing per-
formed for protons suffices, and the fractional rigidity
shift for other species is obtained by scaling.

For single hard scattering, we use the Glauber-Gri-
bov formalism to obtain proton- and nucleus-nucleus
cross-sections from the underlying nucleon-nucleon data,
adopting the simplifications of Ref. [15]. The total (sub-
script "tot" omitted) hadron-nucleus and nucleus-nucleus
cross-sections are [15]

Ao ) ’ 5)
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Oap =21 (R/Z\A(AP) +R2AA(AT))

ApA
xln<1+ _CpCTINN ) 6)
271'(RAA(AP) +RAA(AT))
with the nuclear radii
roAl? (1+O.lexp( )) A <20,
RhA(A) =
2 A
roA'? (O.8+O.2exp( O )) A > 20,
20
(7
Reway = | 7ATA=ATE, A <50, )
AT a0 A > 50,

where r, = 1.1 fm. The nucleon-nucleon level cross sec-
tion is weighted from the proton-proton, neutron-neutron

1) In the limit AR — 0 we also have A8 — 0, so the approximation is self-consistent. For appreciable AR the particle is slowed to velocities near the Bragg peak
and the trajectory ends; only in a narrow band around this region is a finite-AS treatment required. Incorporating the full velocity decrease along each curved path will

be carried out in future work that goes beyond the present rescaling approximation.
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and proton-neutron” cross section

ApAroNN = ZpZnop, + (Ap — Zp) (A1 — Z1)O

+(Zp(Ar = Z1) + (Ap — Zp)Z1) Opns 9

For proton-nucleon scattering, we set Zp = Ap = 1.

The nucleon-nucleon cross-sections used in this work
are presented in Fig. 1. Proton-proton and proton-neutron
data are obtained directly from the 2022 PDG compila-
tion [16]. When several measurements exist at the same
beam momentum, we average them and apply a Savitzky-
Golay filter [17] (window length 5, polynomial order 1)
to reduce residual scatter. The lowest measured mo-
mentum is ~ 0.2 GeV. We do not extrapolate below this
value because hard scattering is already negligible com-
pared with the Bethe-Bloch energy loss in that regime.

Free neutron-neutron scattering cannot be measured
directly. Following standard practice [18, 19], o, is ex-
tracted by subtracting the neutron-proton cross-section
from neutron-deuteron data. For momenta <0.8 GeV,
multiple scattering inside the weakly-bound deuteron is
small and the simple subtraction is accurate [20]. At high
momenta (2 3 GeV), isospin symmetry implies o, = o
up to tiny electromagnetic corrections, and therefore, we
adopt the proton-proton values. The intermediate region
(0.8-3 GeV) is interpolated from the dedicated analysis of
Ref. [18], with corrections from Refs. [21-23]. This
piece-wise o, is displayed in the right-hand panel of
Fig. 1.

Eventually, the expected scattering number along the
path is

h
=3 [ dxran 2, (10)
T

We adopt the US Standard Atmosphere 1976 [24] for
the atmospheric density profile. This profile is independ-
ent of the geographic location and season and yields uni-
versal results, unlike the more recent MSISEOO model
[25]. The carbon dioxide level has risen from 0.0314% in
1976 to about 0.0425% in 2025 [26], and thus, we up-
dated the atmospheric composition accordingly. The mi-
croscopic interactions treated below are atomic, and
therefore, molecular species are decomposed into their
constituent atoms.

Figure 2 shows the partial densities of the updated US
Standard Atmosphere 1976. Below 86 km, the atmo-
sphere is considered homogeneously mixed. Thus, the re-
lative abundancies of nitrogen, oxygen, argon, carbon,
helium, and hydrogen reamin constant. Throughout this
region, each component follows an exponential profile,
pr oc e 014/km “reqlizing excellent accuracy.

III. RESULTS

A. Effect of perigee altitude

The exponential fall-off of atmospheric density guar-
antees that both AR/R and (N) receive their dominant
contributions from the segment closest to Earth. The nat-
ural control parameter is therefore the perigee altitude 4.

As a first baseline, we consider a straight-line traject-
ory tangential to the atmosphere at altitude / (impact
parameter b = rg + h, with ry = 6371.2 km); this is shown
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Fig. 1. (color online) Left: Proton-proton total cross-section from the 2022 PDG compilation (red points; averaged when multiple

measurements exist at the same beam momentum) with the Savitzky-Golay smoothed curve (blue) adopted in this work. Middle: Same

for the proton-neutron total cross-section. Right: Neutron-neutron total cross-section (blue curve) obtained from a Savitzky-Golay fit to

three data sets: low-momentum points (orange dashed) extracted as og —op, high-momentum points (purple) assumed equal to oy,

and intermediate-momentum data (red) taken directly from Ref. [18].

1) The difference between the neutron-proton cross section and the proton-neutron cross section is proportional to the relatively mass difference between proton and

neutron, and will be ignored.
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Fig. 2.  (color online) Partial densities pr of the six domin-
ant species, i.e., hydrogen (red), helium (orange), carbon
(green), nitrogen (cyan), oxygen (blue), and argon (violet), as
functions of altitude in the updated US Standard Atmosphere
1976 model. The simple exponential fit py oc e=0140/km (grey
dashed) is shown for comparison.

by the red curve in Fig. 3. Although this path ignores geo-
magnetic bending, it captures the correct order of mag-
nitude of the two stopping mechanisms.

Figure 4 shows the integrated fractional rigidity loss
AR/R (left), expected hard-scattering count (N) (middle),
and their sum (right) along an infinite straight-line traject-
ory tangential to the atmosphere for protons of five rigid-
ities. Although AR/R and (N) describe distinct physical
mechanisms, both are dimensionless measures of the
breakdown of energy-conserving backtracing. We heur-
istically add them to define a unified criterion for traject-
ory termination. All quantities exhibit the same
o g~0-14b/km - dependence on perigee altitude 4, and there-
fore, they can be factorized out. The altitude range of 30-
100 km is selected to highlight the variation around the
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Fig. 3. (color online) Two trajectory geometries considered:

a straight line tangential to the atmosphere (red) and an up-
ward-bent trajectory with a radius of curvature r (blue).

critical perigee altitude 4, where interactions become sig-
nificant. This is considerably lower than the altitude of
the observer (e.g., ~ 400 km for AMS-02).

B. Effect of perigee curvature radius

The straight-line tangent ignores bending by the
Lorentz force. The realistic trajectories must be obtained
by backtracing. However, near perigee, any path is char-
acterised by its local radius of curvature r = R/B, which
is almost independent of the remainder of the orbit.
Therefore, we replace the tangent line by an upward-
bending circular arc of radius r that reaches the same
perigee altitude % (blue curve in Fig. 3). Downward-bend-
ing geometries with r>re+h can yield perigee #;
however, they are not considered here. The limit r — oo
recovers the straight-line case. The parameterized integ-

AR/R
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Fig. 4.
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(color online) Cumulative fractional rigidity loss AR/® (left), expected hard-scattering count (N) (middle), and their sum

(right) versus perigee altitude / for a straight-line tangent trajectory. Proton rigidities: 0.2 GV (red), 0.5 GV (orange), 1 GV (green), 2
GV (blue), and 5 GV (black). The altitude dependence is well described by the common exponential factor exp(—0.14h/km) (grey

dashed) and can therefore be factorized out.
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rated trajectory is a circle with radius r, while we checked
that the arc around the perigee contributes to the integra-
tion. For simplicity, the arc is considered to lie in the
plane containing the centre of the Earth and its perigee
point.

Figure 5 compares the numerical integration of (N)
with its asymptotic and fitted forms. The behaviour of
AR/R is identical. The global fit is given by

0.47
I.12

g(r)=(é)0'47 (1+0.000042(é)1‘12)_ , ()

This is normalised to its » — oo limit, reproducing the cal-
culation effectively. Combining this curvature factor with
the altitude dependence yields compact factorized forms,
which work well if normalized with its r — co asymptot-
ic value. With this fitting for local curvature radius r
around perigee and the above fitting for perigee altitude
h, the two dimensionless variables can be factorized as

AR rR.Z) = AR /R(50 ki, 0o, %, Z) e~ 01450 80
g(r — )
(12)
(NY(h,r. R, Z) = (N)(50 km, 00, R, Z) ¢ 0 e 50— 80)__
g(r — o)
(13)

C. Particle type and rigidity dependence

Figure 6 shows the sum AR/R+(N) versus rigidity
curves for five cosmic-ray species on a straight-line tra-
jectory tangent to the atmosphere at s =50 km. Bethe-
Bloch energy loss, scaling approximately as 872, domin-
ates at low rigidities, whereas hard scattering, with its
nearly energy-independent cross-section, takes over at
high rigidities. The crossover occurs at ~0.57 GV for
protons and rises to ~ 1.4 GV for iron. These reference
values are inserted into Eq. 13 to obtain the full altitude-
and curvature-corrected estimates. Values AR/R > 1 ob-
tained from the perturbative calculation are rescaled by
Eq. 13 to the region AR/R <« 1.

For protons at 50 km, AR/R+(N) > 1 at rigidities in
the straight-line tangent geometry. Therefore, this alti-
tude may serve as a reasonable lower boundary when a
sharp boundary is imposed in backtracing. The selected
threshold of AR/R +(N) should be smaller yet close to
unity. However, the values in Fig. 6 neglect the finite-ra-
dius-of-curvature correction. For iron, the sum is roughly
ten times larger, and therefore, the same criterion re-
quires the altitude-curvature factor to be ~ 0.1, which is
equivalent to raising the tangent altitude by ~ 16 km.

rrgl
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Fig. 5.  (color online) Expected hard-scattering count (N)

versus the local radius of curvature » for an upward-bent tra-
jectory with perigee altitude 50 km. The black curve indicates
the full calculation; grey dashed curves represent the low-r fit
and high-r asymptote; and the red curve represents the global
fit.

200
100¢f — proton
—helium
oxygen
50 —silicon
0 h —iron
g
X
o
o
n
P A\ N W N
v
+
&
S
4
50
R [GV]
Fig. 6. (color online) Cumulative fractional rigidity loss

AR/R (dotted), expected hard-scattering count (N) (dashed),
and their sum (solid) versus the incident rigidity for proton
(black), helium (red), oxygen (orange), silicon (green), and
iron (blue) in a straight-line trajectory with aa perigee altitude
h of 50 km.

IV. DISCUSSION

The physics-based termination criterion improves ad
hoc backtracing boundaries. For a 1 GV proton in the
straight-line tangent geometry, we obtain AR/R+(N) =
0.93 at 50 km; however, this value is 3.4 at 40 km. Thus,
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primary charged cosmic rays cannot originate from a
perigee just above the formerly adopted 40 km cut-off
[3].

As a second illustration, we consider a vertical incid-
ence at 0° longitude, 0° latitude, and 400 km altitude. Us-
ing a conventional algorithm reported previously [2] (IG-
RF-13 field for epoch 2023 with the traditional 100 km
sharp boundary), the geomagnetic cut-off rigidity is 12.04
GV. A dedicated search shows that for %=
12.03809986288667 GV, the backtraced trajectory reaches
a perigee of 98.3 km before escaping to infinity. The old
sharp-boundary prescription can discard this event, while
the physics-based criterion developed accepts it.

The physics-based criterion AR/R +(N) is intrinsic-
ally probabilistic, and therefore, the very notion of a pen-
umbra becomes questionable. Penumbra represents the
narrow rigidity interval, which is usually around the ver-
tical cut-off, wherein the numerical backtracing switches
repeatedly between "allowed" and "forbidden" as the ri-
gidity is scanned in fine steps. The Bethe-Bloch energy
loss is deterministic; however, hard scattering supplies
only an expected number of collisions. Even when the
path integral yields (N) = 1, there remains a finite surviv-
al probability. Thus, the boundary between allowed and
forbidden rigidities is unavoidably smeared, irrespective
of whether the backtracing boundary is set at the physics-

based 50 km or any other fixed altitude.

The allowed cone (i.e., the set of permitted incident
directions for cosmic rays in LEOs) can be approximated
at high rigidities by the solid angle above the line of sight
tangential to the sharp boundary [2]. For an arrival alti-
tude of 400 km, the use of a 20 km boundary yields an al-
lowed cone 1.0% larger for protons (1.5% for iron) com-
pared to a 50 km (66 km for iron) boundary. Conversely,
a 100 km boundary yields a cone 1.7% smaller for pro-
tons (1.2% for iron). Consequently, space dosimetry [6] is
overestimated by ~1.0%—1.5%. The AMS-02 experiment
can utilize this additional 1.2%—1.7% of events, which
corresponds to billions of events given its 15 years of
data collection.

One practical limitation of the present study is that the
local radius of curvature around the perigee is known
only after a full backtracing calculation. In such a code,
the integrals for AR/R and (N) can be evaluated event-
by-event, without recourse to the parametric factor g(r) in
Eq. 11. This yields the exact energy-loss and scattering
probability for each trajectory and permit any desired nu-
merical threshold to be imposed a posteriori. This refine-
ment in backtracing removes uncertainties introduced by
the sharp-boundary altitude approximation, which en-
ables a single backtracing calculation to suffice for all
cases.
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