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Abstract: We demonstrate that the recently proposed soft gluon factorization (SGF) is equivalent to the nonrelativ-

istic QCD (NRQCD) factorization for heavy quarkonium production or decay, which means that, for any given pro-

cess, these two factorization theories are either both valid or both violated. We use two methods to arrive at this con-

clusion. In the first method, we apply the two factorization theories to the physical process J/iy — e*e™. Our expli-

cit calculation shows that both SGF and NRQCD can correctly reproduce the low energy physics of full QCD, and

the two factorizations are thus equivalent. In the second method, by using equations of motion, we successfully de-
duce SGF from NRQCD effective field theory. By identifying SGF with NRQCD factorization, we establish rela-
tions between the two factorization theories and prove the generalized Gremm-Kapustin relation as a byproduct.
Compared with the NRQCD factorization, the advantage of SGF is that it resums the series of relativistic corrections
originating from kinematic effects to all powers, yielding better convergence of the relativistic expansion.
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I. INTRODUCTION

The widely used nonrelativistic QCD (NRQCD) fac-
torization [1] has encountered notable difficulties in de-
scribing heavy quarkonium data. As the NRQCD factor-
ization is based on the NRQCD effective field theory [2],
it is likely rigorous, although for inclusive quarkonium
production, only two-loop verification is available at
present [3-5]. The main known problem of NRQCD fac-
torization is the bad convergence of its relativistic expan-
sion [6], which may be responsible for its deficiencies.
Recently, a new factorization approach called soft gluon
factorization (SGF) [7,8] was proposed to describe
quarkonium production and decay. The aim of SGF is to
resum the series of relativistic corrections originating
from the kinematic effects in NRQCD, which are the
main cause of the poor convergence of the relativistic ex-
pansion.

Nevertheless, SGF has not been well-established. In
SGF, the hadronization of intermediate quark-antiquark
pairs to physical quarkonium is described by nonperturb-

ative soft gluon distributions (SGDs), which are only
formally defined by QCD fields in a small loop mo-
mentum region [7]. Without an explicit definition of a
small region, it is hard to prove the validity of SGF for
physical processes. Furthermore, the unclear relation
between SGF and NRQCD factorization makes it im-
possible to verify whether the kinematic effects have
been correctly resummed.

In this paper, with the help of a new regulator, we
provide a rigorous definition of a small region in SGF.
We then present two strategies for exploring the relation-
ship between SGF and NRQCD factorization. In the first
strategy, we apply the two factorization theories to the
physical process of J/¢ — e*e™ and show that both SGF
and NRQCD factorization can correctly reproduce all the
low energy physics of full QCD in this process. In the
second strategy, we argue that the SGF formula can be
deduced from NRQCD at the operator level by using
equations of motion. Both strategies demonstrate that
SGF and NRQCD factorization are equivalent, which
means that, for any process, the two factorizations theor-
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ies are either both valid or both violated. By identifying
the two theories, we generate complete relations between
the nonperturbative matrix elements in SGF and NR-
QCD; this proves the generalized Gremm-Kapustin rela-
tion [9] as a byproduct.

The rest of this paper is organized as follows. In Sec.
II, we study the exclusive process J/y — e*e” in SGF.
We give a rigorous definition of nonperturbative matrix
elements in SGF and show that the low energy physics of
full QCD can be reproduced by SGF. In Sec. III, we dis-
cuss the equivalence between SGF and NRQCD factoriz-
ation and establish relations between the nonperturbative
matrix elements in SGF and NRQCD. In Sec. IV, we
show that SGF can be deduced from NRQCD at the oper-
ator level. We summarize our results in Sec. V. Some of
the technical details of our calculations are provided in
Appendix A.

IL J/¥ — e*e” IN THE SOFT GLUON FACTOR-
IZATION APPROACH

A. Factorization formula

According to Ref. [8], for the exclusive decay pro-
cess, we have the following SGF formula at the amp-
litude level:

A= ARy, (1)

where n denotes intermediate states. In general, n can
contain dynamical soft partons (gluons or light quarks) in
addition to a QQ pair. However, for simplicity, in this
work we only discuss intermediate states without dynam-
ical soft partons, which can nevertheless be treated simil-
arly. The nonperturbative matrix elements E"Q* are then
defined as

Ry = (O[PK, P10)IQs. )

where W stands for the Dirac field of a heavy quark, K,
is the projection operator defining the intermediate state
n, and the subscript "S" indicates that, to evaluate the
matrix elements, one only includes integration regions
where the off-shellness of all particles is much smaller
than the heavy-quark mass. From the point view of the
method of regions [10,11], the effect of "S" is to keep
only small regions, which include everything except the
hard regions.

For the process J/y — e*e™, the symmetries of QCD
tell us that only n= 35[1”,3D[11] are relevant, where the

spectroscopic notation, with the superscript "[1]", de-
notes a color singlet. We thus have

pagi—=3S s s pii="Dix

Al _ 1RJ/¢ +A 'RJ/w , (3)

with the projection operators defined explicitly as

g = (, 4
"= Mram am S o © (4a)
I = VM M_PE*Il VM+Pc[1]( 1)2304(5)3

DU T My2m 2M ST 2M

1 2d-1)
e S N e ey

where d =4-2¢ is the space-time dimension, D, is the
. o B =
gauge covariant derivative with WD ,¥=¥(D,¥)-

(4b)

(D, P)¥, P is the momentum of J/y, € is a polarization
vector with P-eg. =0, m is the heavy—quark mass, M is
the mass of J/y, the color projector is defined as
C"'=1/+/N,, and the spin projection operator P,s; is
defined as

P, Pg
J 220

Paﬁ = =8Bt 5)

The hard parts A" can be perturbatively calculated
according to the matching procedure discussed in [7,8].
To this end, we first replace J/i with an on-shell color-
singlet state cz(3S E”) with momenta”

pe=P[2+q, pz=P/2-q (6)
on both sides of Eq. (3). The on-shell conditions p? =
p2 =m? result in
P-g=0, ¢ =m?>—M?/4, @)
which fixes g and |q| in the rest frame of P. The remain-
ing degrees of freedom of ¢ are removed by partial wave

expansion, i.e., S-wave expansion in this case. After the
replacement, the Lh.s. of Eq. (3) becomes

2

2GS et e . —i d-Q
ACCS e =<—1eeq>WLﬂf T A ®

1) Note that the total momentum of the ¢ pair P is fixed to the momentum of the physical quarkonium during the matching procedure in SGF. This is significantly
different from the matching procedure in NRQCD factorization, where the total momentum of the pair is a free parameter.
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where Q is the solid angle of the relative momentum ¢ in
the c¢ rest frame, L, is the leptonic current with

L, = —ieu(ke yyuvike), )
and A’ is the hadronic part of the decay amplitude with

the spinors of c¢¢ removed. The c¢ pair is projected to
state 3S E” by replacing the spinors of the c¢¢ pair by

M-
Gorm Tl ey M -

I cth, 10

157 \/_(M/2+m) (10)

Similarly, we have

gl dQQ ‘S“]

RCE(I3S[,") =f TI'[H]S R G ], (113.)
sz —3plily
R s f—Tr[HlS R: 1. (11b)

. =3¢l + o
Based on these equations, one can calculate ACCS1)=¢'e

3 Ill* 1 IlI
Rcw sty > and RLE(; sty perturbatively.

Denoting the perturbative expansion of any quantity
W as W=WOO+a,Wh+a?W? +..., we have the fol-

lowing orthogonal relations [7]:

='51",(0)

ceesty = b (12a)
_SDIIH*’(O)
cesty =0 (12b)

Based on this, Eq. (3) results in the following matching
relations:

A0 = geECS e ) (13a)
ASD ZgeeCsthoee () _ fSIORS) e (1)
= st
mDm (0)—’D'”* 0
-A sy »
(13b)

By replacing J/y with cE(3D[1”), we can obtain similar re-
lations for &ZID” These relations enable us to calculate
AS" and AP perturbatively. For simplicity, we con-
centrate on the S-wave contribution A" in the rest of
the paper.

B. Perturbative calculation in full QCD
We first calculate A<CCS1)=¢'¢ according to Eq. (8).

The amplitude A, in full QCD can be decomposed as
A= Gy + H, (14)

and up to order «;, one has [9]

G=1+

dmyle )

Elora + %)) - 1](i +log T2
€, m

2
+652L(5) —4(1 + DK©B) -4+ (1+6H) ] +0(a?),

(152)
sCr2(1-6*)L
g = 2P 20O o2, (15b)
45 m
with
5= 4m?
= m ,
1+6
oo 1),
26 . 26
ko =gl 5) (-] 0o
where Li, is the Spence function:
. 0 log(1-1)
Liy(x) = dtf. (17)

In the above results, we have dropped imaginary parts
that are irrelevant for our purpose. By inserting Eqs. (14)
and (10) into Eq. (8), one gets

eeq (2(d-2)M +4m)G — (M 2 _4mPHH
M2 d-1)VM
X \NL-€s..

ﬂci(]S‘,”)He*e’ —

(18)

Note that in Ref. [9], M is a free parameter, but to use
these expressions for SGF, it needs to be the quarkonium
mass.

C. Perturbative calculation of matrix elements in SGF
. . =S
We now describe our method for calculating Rd‘('3 sty

As pointed out in Refs. [7,8], this quantity has been
defined to include only small loop momentum regions. In
what follows, we provide an explicit definition and
choose a UV renormalization scheme.

Up to order ay, the corresponding Feynman diagrams
are shown in Fig. 1, where the solid circle represents the
operator @%S\IHT. The calculation at the tree level is
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PN
*
"
(a) (b ) (d)

Fig. 1.
straightforward; the result is

7o $1)4,(0) d2Q
Lc(‘S“') f—TI'[(](zsmnls ] =1. (19)

—cc(*S! )*

Feynman diagrams for the 35 5” matrix element

Consider the vertex correction in Fig. 1(d) as an ex-
ample to explain the calculation at the one-loop level.
The amplitude reads

=g [42

where Ts is an operator that forces the loop momentum &
to be in a small region [7,8], which will be defined expli-
citly by using the method of regions [10,11].

Before continuing, we note that, although the full
QCD integral in Eq. (20) is well regularized by dimen-
sional regularization, the manipulation to define 75 gen-
erates unregularized integrals. Therefore, another regulat-
or is needed to make our manipulation mathematically
rigorous. We thus propose a new regularization at the full

R =(3
cc(S (27T)d S

ddk {Tr[y“(—IéE+l{+m)T“7C551|T“(]§C+l¢+m)yaH151]
[k% +10*][k2

—ct(CS M

VT Y (=P + K+ m)TKogin T*(P. + K+ m)yallis ]

: . , (20)
—2pe - k+10*][k2 +2p. - k+107]

[
QCD level by multiplying the power of all propagator de-
nominators by 1+ n; this can regularize all possible diver-
gences encountered in the derivation using the method of
regions, including both ultraviolet and non-ultraviolet di-
Vergences A similar regularization method has been
used in the light-cone ordered perturbation theory in Ref.
[12] to regularize rapidity divergences. For the integral of
interest, we obtain

Rcé(lsg”)

where v is introduced to compensate for the change in
mass dimension caused by the new regularization, and we
assume 7 < € to ensure that the theory can eventually be
regularized by dimensional regularization.

With the new regularization at hand, we decompose
the loop momentum k,, = (ko, k) into three domains:

the hard domain : Dy, = {k € D : |ko| > |q| V |k| > |ql},
the soft domain : Dy ={k € D : |k| < |ko| < |ql},
the potential domain : D, = {k € D : |ko| < |k| < |ql},
(22)

where the relation "<" is understood as the negation of
">." D=R? is the complete integration domain, and an

d’k
- 2 e
= (- bl T
s )f an ) @ny S{[k2+i0+]1+’7[k2—2pc-k+i0+]1+'7[k2+2pc-k+iO+]1+'7

} +0(n), 2

[
implicit cutoff scale exists to rigorously separate the three
domains. This division satisfies

DiﬂDj=®, i,je{h,s,p}andiij,
D,UD,UD, = D. (23)

Then, one can split any original integral F into the three
domains:

F= f dkI(k,P,q) = f d?kl + f d?kI + f d?kl.
keD, keD, keD,
(24)

A possible definition of Ts is {ke D;uD,}. However,

1) Non-ultravoilet divergences are necessarily caused by singularities in denominators, which are clearly regularized because we have a power of 7 for all denomin-
ators. The power of 1 also makes ultraviolet divergences caused by one or more components of loop momentum going to infinity well regularized. Because effective
field theories and factorization theories can be derived from the method of regions, our regularization method is so general that it can regularize all possible divergences

in factorization theories and effective field theories.

013118-4



Theory for quarkonium: from NRQCD factorization to soft gluon factorization

Chin. Phys. C 45, 013118 (2021)

this definition involves a hard cutoff, which makes high
order perturbative calculations inconvenient.

To obtain a more convenient definition, we introduce
the operators T® (i € {h,s,p}) , which expand the integ

rand to a convergent power series of small quantities in each domain. We also define 7¢/) = TOTU) We then have

f dkI + f d%I = f d%TO1 + f dkTP1
keD; keD, keD, keD,

= f AT - f d%T®]1 - f d%TOT + f d%T P - f d%T P - f d%TP ]
keD, keD, keD, keD;

= f dkTO1 - f dkT "o — f dkT PO + f dkT V[ - f dkT"P | — f d%kTP I
keD, keD, keD, keD,

= fddk{T(s) +TW® _ T(S,P)}I _ f ddk{T(h,s) +T7"hp) _ T(h,s,p)}l’
keD,

where the property 7¢:) = TU) has been used [11]. It is
clear that the Lh.s. and the first term on the r.h.s. of this
equation are equivalent in the low energy domain and that
their difference is an integration in the hard domain,
which is infrared safe but may be ultraviolet divergent.
The difference can be interpreted as a different choice of
renormalization scheme. Therefore, we arrive at our final
definition:

Tg = 76 7P _ T(S,P)’

(26)

dkod® 'k

(25)

with the UV divergences removed by an MS renormaliza-
tion scheme. 7 and T are conventionally respect-
ively called the soft region and potential region, while the
overlap region T compensates for the double count-

ing between T and 7.

st
For the soft region contribution ﬁcizs n; ©

, we apply
the operator T to expand the integrand in Eq. (21) for

small quantities. This results in the following integrals:

k’on‘ (k-q)™ (_kg)jl-w (K?)7s (2k - q)7»

Q) [k -

where the term kg"(k~q)’”2 comes from the numerator in
Eq. (21), and

jaﬁ~~~ Eja+jﬁ+"' B (28)

dkod? 'k

K2 +10+]1+1[ Pokg +10*] 11+ )m [— Poko +i0+ | 1+

27

[
where j; are non-negative integers. As scaleless and in-
frared-finite integrals can be set to zero (which is another
choice of scheme), we find that only integrals with

my =my = j1 = jo = js = j5s =0 are relevant:

2k - q)7»

P

These integrals have pinch poles around ky =0 that

can be regularized by the new regulator r. As integrals in

—ceCS\,(s.p)
ce(s™)

the denominator in Eq. (29), it is clear that they cancel

exactly with the contribution of the pinch poles around

Sy . .
ko=0 i RCE(ES“]; o . This cancellation demonstrates that

can be obtained by expanding the k} term in

the overlap region is conceptually important even though
it contains only scaleless integrals that are usually set to
zero in dimensional regularization. In fact, such overlap
contributions have also been introduced as "zero-bin sub-
traction" in effective-theory treatments [13,14]; this re-

K2 10711 Pokg + 10+ ] #7145 [— Poko +i0*] 1+

29

solves a number of problems in effective theories (NR-
QCD and soft-collinear effective theory) [13], including
the pinch singularity problem discussed above. By com-
bining the soft region and the overlap region, we only
need to consider the contribution from the gluon pole,
and we can safely take the limit 7 — 0 , which results in

- "‘SCF 21 +52)L(5)(— - L)
d €IR (S9a%

30)

—1SI|”*,(S)
L‘E‘(}Sll”) -

=SV (s.p)
L.E(zslll])

We emphasize that, if one wants to calculate R . S.l(])) sep-
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arately, the correct order is to first integrate over ky with
fixed k. Otherwise, the poles around ko = 0 will be regu-
larized by different regulators between the soft region and
overlap region, which necessarily breaks the symmetries

of the theory and makes the cancellation between the two

regions impossible.
—ceCS{x(p)

For R _,

i Sm) , the terms in the expansion are propor-

tional to

dkod? 'k koml (k.q)m:(_k(Q))jm o
Qm)d  [—k2 +i0+ 11+ [—k2 + Poko — 2k - ¢ + 10+ |1+ [—k2 — Poko — 2k - ¢ +10+] 1471+
[
where we can take n — 0 as all divergences are well regu- Ei?(‘i:‘.}(};) - 0. (36)

larized by dimensional regularization. Then because kg
and k-q can be expressed as linear combinations of the
denominators, if any of my,my, ji, j», Oor j3 is nonzero, the
integral can be decomposed to either scaleless and in-
frared-finite integrals or to integrals with pure virtual
value. By keeping only the real part, we get

S| _ CF

ce(3s™M) e

(1+ 52>— (32)

Similarly, for the self-energy diagrams, one can derive

—lSllll*,(s) —ESl,”*,(S,p) _a'SCF 1 1
ceesih = Reeesh " 2n \epy  ew)
_Jslll*i(P)
ceCsi |, . =0. (33)

Summing these contributions, we obtain the matrix ele-
ment at NLO before renormalization:

S| S 2SsUsp) | S0
A3 - A3Qlly T A3 QM A3 Q]
cc(3S) b cc(3S) cc(®S ) cc(®S ) bictd
@ C
_&s F[(———)(z(i +6)LG)-2)
dr W\egr ey
2
T
+(1+52)3]. (34)

Ultraviolet divergences in the above result can be re-
moved by the MS renormalization procedure, yielding the
renormalized matrix element

gl a,Crp [(

sy =1F —+ln(47re_7F))[2(1+62)L(5) 2]

€

+(1+6HT ]+O(a2)
(35)

Similarly, because we find that the real part of

=5 D) . Di'«,(0)

R zesm is proportional to R ceshy » We have

D. Matching the short-distance hard part up to the

one-loop order

Substituting Egs. (18), (35), and (36) into Eq. (13),
we obtain

Ao _ 4(M+m) N

7 (37a)
’ _ 2 _ 2 ’
j(ls‘.”,(l) _ %4(M+m)§3 \jg 4m )7‘{ \/FCL 6 .
(37b)
where
, (07 CF 2 2

g == |21 +6)L0) - l)log( )

+66%L([S) —4(1 + 6H)K(S) - 4], (38a)
2

g = %Cr 20 =LE) (38b)

¥ d m

We find that the matrix element defined in SGF repro-
duces all infrared and Coulomb divergences in full QCD
and that the obtained hard part is free of divergences. We
therefore conclude that the SGF factorization holds at
least at the one-loop level.

E. Validity of SGF

The correctness of SGF at the one-loop order can be
understood in the following way. The full QCD results in
Eq. (18) can also be reproduced by the method of regions
(see Appendix A for details), in which ACCS)=e'¢ s ex-
pressed as

ACECS—ere (1) :{ AN _ gt _ qhp) 4 ﬂm,s,p)}

A0+ a0 - A0, (39)
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Here, the first term on the r.h.s has nonzero support only
in the hard domain and is thus infrared safe. It is straight-
forward to check that the low energy part of ACCSH—ee
has been correctly reproduced by the matrix element in
SGF, i.e.,

(s) (p) (s.p) _ MS'”,(O)—JS[[”*,(I)
AW + AP — AP = A5V OR .

cesm
ceCs1) bare

which leaves the corresponding short-distance hard part
defined by the high energy part of A<CS)=¢"¢" and thus,
it is infrared safe. More precisely, we have

(41)

A { AD _ g _ ghp) ﬂm,s,p)}
MS

where MS denotes the removal of UV divergences by the
MS subtraction scheme".

The above one-loop argument can be generalized to
all orders. By definition, the low energy part (the "small"
region of loop momenta) in full QCD can be reproduced
by the matrix element in SGF at any order in the «; ex-
pansion, with a proper definition of Ts at the multi-loop
level as discussed in Ref. [11]. Therefore, the short-dis-
tance hard part is perturbatively infrared-safe, which
means that the SGF formula for the decay width of
J/w — e*e” holds for all orders in ;.

III. RELATION BETWEEN SGF AND NRQCD
FACTORIZATION FOR J /¢ — e*e™

A. NRQCD result

Ignoring operators involving gauge fields, the NR-
QCD factorization for the decay amplitude J/y — e*e™ is
given by [9,15,16]

AN =35, CS 00 1)

+ > b COIY00p ), (42)
with”

R i 2n .
OOslIw) = O (-3 F) oo ulim, @

00ulaj =i (-1 F) (- 1¥ 6 )~ 1¥ o)

1 IR T
- (=53] o o,

(43b)
where ¢ and y' are the two-component heavy quark
fields in NRQCD, V is defined as )(+<V¢/= ¥ (V)
(VxMy, and s,CS [1”) and bn(3D[1”) are short-distance
hard parts that can be perturbatively calculated. The first
two orders in the a; expansion for sn(3S[1”) are given by
[9,15,16]

1 (i)n(z «/E(M+m))]

0) 3 ¢[1]
SUN = ee L. [_ VM +m)
S =eedkes | og 3IM2 VM

=0

(44a)
sﬁll)(3S [11]) =—ee,L-€s. [%
X(i)"(z 2M +m)G -2 \V2¢*H' )]
g 3IM2VM 7=0
(44b)

with G, H’ given in Eq. (38).

In Ref. [9], the S-wave contributions in Egs. (42) and
(44) are further resummed by using the generalized
Gremm-Kapustin relation [9,17,18]

@0 =@ (45)
with
oy _{010anl /0
@010 =000 70"
(@) 1y =m(M = 2m)(1 + O(?)). (46)

These relations are obtained by computing the matrix ele-
ment {0|O4,|J/y) in the potential-model [17].

B. Equivalence between SGF and NRQCD
factorization

The basic justification for the validity of SGF in this
process is that the SGF matrix elements reproduce the
low energy part of full QCD. As the NRQCD matrix ele-
ments also correctly reproduce the low energy part of full
QCD, SGF is equivalent to NRQCD factorization. This

1) Because overlap regions are scaleless which can be set to zero in dimensional regularization, a simpler way to obtain short-distance hard part is to use ﬂ(”)lm.
But keep in mind that MS means to remove IR divergences by MS subtraction scheme.

2) Note that here the normal derivative is used instead of gauge covariant derivative. They are equivalent for our discussion because operators involving gauge fields

are ignored.
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means that for any process, the two factorization formu-
las are either both valid or both broken.

Because the amplitude of J/y — e*e™ can be factor-
ized in both SGF and NRQCD factorization, we have (D-
wave contributions are suppressed)

A SRS (1+007)
= saCS 00 +00%),  (47)

which can generate relations between the SGF matrix ele-
ments and NRQCD matrix elements, with O(v?) denoting
contributions from operators with explicit gauge fields. In
fact, we can generate more relations by applying the two
factorization formulas to any well defined QCD quantity W

W =WR,), (1+002)
= SO0/ +00Y).  (48)

For example, if we choose W= %(M +2m)(M —2m)

gy,

Ry, »wehave W= {(M +2m)(M —2m). To determine the
corresponding w,, we replace J/y by a c¢ pair with in-
. 1y . C . .
variant mass M . Using the nonrelativistic expansion

formulas given in [19], we have

M-pP .. M+pP

RS0 _ 1 VM

e VN M +2mV(Pz-) S o u(pe)
1 et g
=————n 0" €6,
2VM VN, 5

010lce)” =¢*"n" o - € £.
(49)

Here, we use nonrelativistic normalization for the spinors
u and vand thus obtain

wrest Lol (i)
T n\ag? I\ oMy M=o
1
== ——"0ul, 50
o (50)

where the extra factor V2M in the first line appears be-
cause the NRQCD matrix elements have nonrelativistic
normalization, whereas SGF matrix elements have re-
lativistic normalization. As both the SGF matrix ele-
ments and NRQCD matrix elements maintain the same
low energy physics and are renormalized in the same
way, the coefficients w,(*S [1”) should vanish at higher or-

ders in ay, i.e.,

wPesihy=0, ix1 (51)
Thus, we get the relation
LM+ 2m) (M - 2mR " = ——— 01001 +002))
- m)(M —2m = V).
4 JIy \/2_Nc Al
(52)

Similarly, by choosing W =[§(M +2m)(M -2m)]"

xR, ,we can obtain

1 gy 1
S (M+2m)(M=2m)| Ry, = =010l 914007,

V2N,
(53)

which provides complete relations between the SGF mat-
rix elements and NRQCD matrix elements. Using these
relations, we obtain

0OMIw _[1 R
m_ 4(M+2m)(M 2m)| (1+007)), (54)

which agrees with Eq. (45). We have thus proved the
generalized Gremm-Kapustin relation by using the equi-
valence between SGF and NRQCD factorization. Based
on our proof, it is clear that the O(»?) terms in the rela-
tions are contributions from operators with explicit gauge
fields.

We see that the equivalence between SGF and NR-
QCD factorization gives rise to the generalized Gremm-
Kapustin relation. Moreover, by assuming these relations,
the introduction of nonperturbative quantities (0|O4,|J/¥)
with n>1 is unnecessary for exclusive processes. The
dominant contributions of these quantities are purely kin-
ematic and can be accounted for by the coefficients of
(0|0 40l /). Thus, the NRQCD factorization formula can
be resummed to obtain

Fllv—ee :(ﬁ‘sg”,(m + A +)
-1

m<0|0A0|J/¢><1+0<v2)>, (55)

X

which is exactly the SGF formula: note Eq. (53), which

3q

relates (0|00l J/y) to ﬁJS/JI/*'

IV. DEDUCING SGF FROM NRQCD

1) Note that M is exactly the mass of J/i . This is very important, or else M is W needs to be expanded.
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FACTORIZATION

A. Exclusive processes

We now show that, in general, SGF can be deduced
from NRQCD at the operator level. The equations of mo-
tion of heavy quark fields in NRQCD are given by [2]

2
(iDO—ZD—m+---)¢=O, (56)

with a similar equation for y fields. Because we are not
interested in gluon fields, we can replace Dy by V, and D
by V. The equations of motion are usually used to re-
place operators involving V, by operators involving V7 in
NRQCD. Then, only spatial components V appear in the
NRQCD operators, which can be decomposed to a relat-
ive derivative and total derivative when acting on quark-
antiquark bilinear operators. For example, beginning
from the bilinear operator y i, in NRQCD, one can con-
struct more operators by adding the relative derivative to
obtain X“V’%p, the total derivative to obtain V2(y y), or a
combination of the derivatives.

However, the equations of mgion car<1_a)1150 be used to
replace the relative derivatives V2 and V, by total de-
rivatives', which results in the following matrix ele-
ments for exclusive processes:

OV V" (' )IQ), (57)

where n; and n, are non-negative integers. As we are
working in the rest frame of @, by using integration by
parts, we find that V, gives rise to quarkonium mass M,
and V vanishes. Therefore, in the factorization formula,
the matrix element with n; =n; =0 is enough to handle
all the contributions in this series of matrix elements, al-
though short-distance hard parts depend on the heavy
quark massmas well as the quarkonium mass M. This is
simply the SGF formula. It is also clear that the SGF re-
sums a series of power corrections originating from the
kinematic effects in NRQCD.

B. Inclusive processes

For inclusive quarkonium processes, we can also use
equations of motion to decompose the NRQCD matrix
elements by

@Q+XIVy V" p)l0). (58)

Using integration by parts, we can eliminate all the mat-
rix elements except n; = n; =0, with the short-distance

hard parts depending on P2, P-Pyx, and P%, where Py is
the momentum of unobserved particles X. The final res-
ultis the SGF formula for inclusive quarkonium pro-
cesses. It again resums a series of power corrections ori-
ginating from the kinematic effects in NRQCD.

Because the short-distance hard parts depend on Py,
nonperturbative matrix elements and soft gluon distribu-
tions must be also functions of Px [7]. Note the differ-
ence between the soft gluon distributions and shape func-
tions introduced in the endpoint region [20-23]. The pur-
pose of the shape functions is to resum large logarithms
in the endpoint region in the NRQCD factorization
framework, which are defined at a fixed power in the re-
lativistic expansion (usually leading power). The SGF
with soft gluon distributions is designed to resum a power
series of the relativistic expansion and can be applied at
both the endpoint region and other regions. If SGF is ap-
plied at the endpoint region, the large logarithms can be
naturally resummed by the renormalization group equa-
tions of the soft gluon distribution. A detailed discussion
of this topic will be presented in a separate work [24].

V. SUMMARY

In summary, taking T'(J/¥ — e*e™) as an example, we
have demonstrated that the SGF is equivalent to the NR-
QCD factorization for heavy quarkonium production or
decay. We have also shown that SGF can be deduced
from NRQCD effective field theory at the operator level
by using equations of motion. To arrive at this conclu-
sion, we introduced a new regulator and defined the SGF
matrix elements rigorously. Based on the equivalence
between the two factorizations, we derived explicit rela-
tions between the SGF matrix elements and NRQCD
matrix elements and proved the generalized Gremm-
Kapustin relation.

The results obtained in this paper imply that, for any
given process, SGF and NRQCD factorization are either
both valid or both violated. Therefore, SGF is valid for all
orders in perturbation theories for many processes in
which NRQCD factorization has been proved. This
provides a solid theoretical foundation for SGF. Com-
pared with NRQCD factorization, SGF effectively re-
sums a subset of relativistic correction terms originating
from kinematic effects; this can reduce theoretical uncer-
tainties and may thus provide a better description of ex-
perimental data.
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1) During the matching procedure in SGF, We indeed using onshell conditions to fix relative momentum. See discussion after Eq. (7).
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APPENDIX A. FULL QCD RESULTS CALCU-

culate the amplitude ACS)=¢'¢ at the one-loop order.

LATED BY REGION According to Egs. (24) and (25), for the original integral
In this appendix, we use the method of regions to cal- F, we have
F= | aidi=r0osrom_poen iy f a7 -1y
keD,

= f ddk{T<h>_T<’w>_T<h~P> +T(h,s,p>} I+ f d"k{T“)+T(”)—T“”’)} I (AT)
Defining As the first term on the r.h.s can be defined by integrals

in the hard domain, it is infrared safe.
Fi) = f d%kT 0], (A2) We now apply Eq. (A3) to calculate the QCD correc-
tion to A, .. We first consider the vertex correction. As

we have

Fe { FO) _ ps) _ pup) F(lz,s,m} + { FO 4 F0) _ F(s,m}.

showed in Ref. [9], the vertex correction can be ex-
pressed in terms of elementary integrals [I11,/11,

1_111,1010 , and 1110, with Iabc defined as

(A3)
d?k 1
Lupe = %€ ) A4
abe = H f(27r)d (K2 + 107 J9[k2 + 2pe - k+107 [P [k2 — 2pg -k +107 ] (A4)
(s) (s,p) _ y(h,s) (h,s,p) _
Ilylo_llyl(!)j =1L _Illgp =0. (Abe)

According to Eq. (A3), ;. can be expressed as

— [y (h,s) _ y(hp) | y(h.s,p) (s) () _ y(s.p)
Labe = {[abc - [abc - Iabc + Iabc } + {Iabc + Iabc - Iabc EAS)

The overlap contributions 77 AP [sp) and [P and
abc °"abc abc abc

I(?)

abc

the soft region contribution are scaleless integrals and

can be set to zero if there is no infrared divergence. The

calculation of I —1? and %9 — ["5P) i similar to
abc abc abc abc
=81 (9) =SS (s.p)

cees™y ~ Regeshy , WE have

(s) (s.p) _ y(h,s) (h,s,p)
1111_1111 —1111 _1111

=@# [2L(6)($ - é)], (A6a)
Ioh =157 = Iy = 1o = 0, (A6b)
19, =157 = 157 - 1537 =0, (Ate)
oo =Toi = Toto' = oty =0 (A6d)

Then, we consider the contributions I‘(f;’c’_’ ). Consider

Ii'}’f’ )as an example. The expanded integral reads

thp) _ e
Illl -

Z Ji2!j34! d’k

gt s @2n)?

" (=k3)/(2q - k)P
[—K2]*55[~k? + kopol "+ [—k? — kopo] "7+

(A7)

These integrals are scaleless and infrared safe and thus
vanish. Similarly, we have

(hp) _ y(hp) _ y(hp) _ y(hp) _ y(hp) _
1111 _[011 _1—111_1010 _1110 =0. (A8)

The remaining contributions IU'), and 1 ), are given by
abc abc

o _ 1 1
11]_(471')2M2

2 ,~Ye
[—2L(5) (é +log ‘W;—iy)%l{(é)} . (A9)

1 25~ Ys
— [1 +log T (A9b)

2
0“_(47r)2 p og - +2-20 L(6)},
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1 2 2 —Ye
) 1 M a1 4ru‘e
=———|(1-36")|-+log————+1
-1 T g2 4 [( )(e+ g— 57—+
—26? +464L(6)], (A9¢)
my _ 1 2|1 4”#26_75
1010 - (47T)2m |:E +10g mz +1 ’ (Agd)
1 2 —Ye
) _ 1 1 471'/1 e
110 = (471_)2 [z +10g7 +2], (A9e)
2
(p) 1 1 T
= —\-—=1 A9f
111 (47[)2 MZ( 6 ) ( )
) _ 1p) _ 4P _ 4p) _
I =10 = Iy = I, = 0. (A92)

It should be noted that the ultraviolet and infrared diver-
gences in It(lhb)C are not well distinguished. However, when

the overlap contributions Igl‘;cs) ,I;Z’C”), and I;Zf’s) are sub-

tracted from I((IZ)C, the infrared divergent parts in the hard
region can be removed. Then, the 1/e divergences in
Ig;)c —ILZ’CX)—I;Z’C{’) +I§Zf’p ) are converted to 1/eyy diver-
gences. Inserting Egs. (A6), (A8), and (A9) into (AS5), we
find that the results for the elementary integrals are con-
sistent with those in Refs. [9,25].

We also need to calculate the heavy-quark wave-func-
tion renormalization Zy, which is given by

P a5(po)

Zo=1+45m ¢4_=m+0(“?)’ (A10)
where
Pe 9Z(pe) == igCr| ~dT1 42T~ 20 T2)
moplt y=m
- %(T?l ~Tg, +2m°T},)
-© ;d)q(Tlll ~Top +2m°T}y)| (All)

Here, we have introduced integrals Tab,TS,,, and T;b,
which are defined by

d‘k 1
Tap =4 . (A2
ab =H Q2m)e [k2 +i0+]9[k2 +2p, - k +i0*]° ( a)
= [ - (A12b)
o = 2m)d P2 [k2 +i0+]9[k2 +2p, - k +i0*]0’

d% 1 -k
Ty =1 -1 . (Al120)
@m)? q* [k +i0719[K2 + 2p, - k +i0*1?
Similarly, we can derive
aw w1 |1 dmp’er
Tll - Ill() - (472,)2 |:E + 0og m2 +2 5 (A13a)
a1 1 47T,uz€_75
Ty, = an? [; +log —a2 | (A13Db)
(h) i 1 1 471.#28—3/5
= |z tlog——=—|. Al13
127 a2 2m2 [e 2 (Al3e)
1 i [1 dmle
0,(h) _ 1.(h) _ M
T =T e 1] o
2 ~Ye
0,(h) _ pl,(h) _ 1|1 dru-e
Ty =Ty = " any [Z + OgT]’ (Al3e)
i1
700 _ plin _ ! (AI3D)

2 12 _(471)2%'

For the remaining contributions, only Tl(;) —Tl(;”’) and
T](Z’S) - ng’s’p ) are non-vanishing; they read

; ; i 1 1 1
T(;) _ T(s,p) _ T(h,;) _ T(h,s,p) - _ 1 _ .
12 12 12 12 (471.)2 2m2 eyv €IR
(A14)

Making use of Egs. (A10), (A11), (A13), and (A14), we
obtain

This agrees with the result in Ref. [26].

Based on the above results, one can reproduce the full
QCD result in Eq. (15) by summing the contributions
from the different domains:

M) _ [ _ s _ oDihp) | o(D.(hs.p)
G =g G G +G

+HG1® 4 g0 _ gD}, (Al6a)
HO = {HOD D09 _q (D) 4 D5
HHOW L qOD gD,
(A16b)
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with

sC 1 drple
G =B 01 4 62)L(6) - 2)(— +log ﬂ)

4r € m?

+66%L(S) —4(1 + 6K () — 4],
(A17a)
2

G = BCF () +52)%, (A17b)
Gt o, (A17¢)

g(l),(S) _ g(l),(s,p) :g(l),(h’s‘) _ g(l),(h,s,P)

(ISCF
4r

1 1
e )
€yy  €IR

(1 +8>)L(5)-2)

(A17d)

sCr1-62

gy _ BEF 2L(5), (A17¢)
TT

HOP) — 0, (A17f)

HDEP =0, (Al7g)

D) _ qqg(Di(s:p) = gg(Di(hes) _ qy(Dhsip) — (.
(A17h)

Substituting Eq. (A16) into Eq. (18), ACCSiI=¢'e-() can
be expressed as

A e (1) :{ AW _ At _ o) 4 ﬂ<h,s,p>}

. { AW 7P _ ﬂ(S’P)}, (A18)

with A determined by G- and H D),
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