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Abstract: In this study, the gravitational decoupling approach via extended geometric deformation is utilized to

generate analytical black hole solutions owing to its simplicity and effectiveness. Considering the external fields sur-

rounding Schwarzschild AdS black holes, we derive hairy black hole solutions in asymptotic AdS spacetime, satisfy-

ing the strong and dominant energy conditions. Moreover, we find that if the black hole spacetime is a fluid system,

the fluid under each of these conditions is anisotropic.
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I. INTRODUCTION

In general relativity (GR), there is a theorem for the
properties of black holes, known as the "no-hair theorem"
[1-4], which states that no more than three characteristic
parameters affect black holes: mass, angular momentum,
and charge. However, in recent years, with intensifying
exploration of the universe and black holes, it has been
discovered that there may be other physical quantities
that affect the properties of black holes. For example,
black holes may contain quantum hairs [5] when other
charges associated with inner gauge symmetries (and
fields) are present, and black holes with scalar hair have
also been discussed in scalar-tensor theories [6— 10],
where scalar fields play a pivotal role within particle
physics and early universe cosmology [11, 12]. With the
recent release of black hole images and the discovery of
gravitational waves, the scope to test the no-hair theorem
has been further enhanced [13]. Nevertheless, it is typic-
ally difficult (and impossible in many cases) to find ana-
lytical hairy solutions describing general matter configur-
ations.

It is worth noting that a new and elegant method
known as gravitational decoupling, which allows us to
obtain new exact solutions starting from a known solu-
tion, has recently received considerable attention. This
approach by means of minimal geometric deformation
(MGD) was developed to deform Schwarzschild space-
time in the context of the braneworld [14, 15]. Sub-

sequently, many applications of this method and its ex-
tension (hereafter referred to as EGD) have been studied
for stellar systems in the braneworld framework [16-23].
MGD is a highly successful theory that allows the study
of nonlinear gravity in braneworlds to obtain the effect-
ive action at low energies using the anti-de Sitter/con-
formal field theory (AdS/CFT) correspondence [24, 25].
Beyond the braneworld, this gravitational decoupling
approach has also been used to generate solutions of Ein-
stein field equations in GR and other modified gravita-
tional theories because it has following advantages: (a) it
can decouple a complex energy-momentum tensor into
various relatively simpler components, (b) it can be used
to extend some known seed solutions into more complex
solutions, and (c) it can be used to find the solutions of
gravitational theories other than GR. The procedure of the
gravitational decoupling approach can be described as
follows: "Suppose there are two non-interacting gravita-
tional sources in spacetime, a seed source7,, and an ex-
tra source 6,,. The standard Einstein equations are first
solved for T,,, and then another set of quasi-Einstein
equations are solved for 6,,. Subsequently, the two solu-
tions can be combined to derive the complete solution for
the total system." Mathematically, the total energy-mo-
mentum tensor of the gravitational system is given by

Ty = Tyy + 0. (1)

Here, 6, may be a scalar field, a vector field, etc. By ap-
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plying the algorithm to previously known seed solutions,
this method has been adopted to derive several new solu-
tions of gravitational systems in GR, such as stellar distri-
butions [26—28] and black holes [29]. Through the gravit-
ational decoupling approach, Ovalle derived the aniso-
tropic solutions of the Einstein field equations for self-
gravitating systems from perfect fluid solutions using the
MGD technique [30]. More recently, gravitational de-
coupling via MGD was used to investigate higher dimen-
sional compact structures [31] and was extended to the
context of the Horndeski [32], Lovelock (Gauss-Bonnet)
[33—36], Rastall [37], and f(R,T) [38] gravity theories
and the cosmological scenario [39].

However, the MGD technique has several limitations
because it only deforms the radial metric potential by
leaving the temporal coordinate as an invariant quantity.
As a result, the considered sources do not exchange en-
ergy in this scenario. Fortunately, EGD was presented in
[40], where Ovalle considered the decoupling of two
spherically symmetric and static gravitational sources in
GR and found the exchange of energy between de-
coupled sources. Moreover, the corresponding metrics
possessed a well-defined event horizon and reproduced
the Reissner-Nordstrom solution. Sharif et al. [41, 42] ob-
tained astrophysical and cosmological solutions in the
context of SBD theory using the MGD and EGD tech-
niques, respectively. Contreras et al. [43] successfully de-
coupled field equations in (1 +2)-dimensional gravity to
obtain the exterior charged BTZ model from the corres-
ponding vacuum solution through the EGD technique.

Now, let g, be any metric. After calculating its Ein-
stein tensor Gy, g,v can be regarded as the metric corres-

Guy .
ponding to the dynamic tensor 7, = 8—” The problem is
Vs

that such an arbitrary T, is not necessarily an excessive
amount of motion for some material fields. Therefore,
such a " solution " is not necessarily physically meaning-
ful. It is generally believed that the dynamic tensor of any
material field must satisfy a number of "reasonable" con-
ditions, collectively known as energy conditions [44].
The energy conditions imposed on the energy-mo-
mentum tensor can be generally considered sensible
guidelines to avoid classically unphysical configurations
and exotic matter sources apart from the Einstein field
equations in the context of a wide class of spacetime the-
ories [45]. Considering the deformation of seed Schwarz-
schild vacuum spacetime, Ovalle et al. [46] recently for-
mulated new hairy black holes through the EGD tech-
nique for the first time, where the additional source is de-
scribed by a conserved energy-momentum tensor 6,
which satisfies either the strong (SEC) or dominant en-
ergy condition (DEC) in the region outside the event hori-
zon. Subsequently, hairy black holes were discussed from
the perspective of conformal anomalies [47]. From a
spherically symmetric seed solution, the solutions of ro-

tating hairy black holes were also constructed using the
EGD technique [48, 49], including in studies of the strong
field gravitational lensing effects [50] and thermodynam-
ic properties [49] of these black holes. It is well known
that AdS/CFT duality generally states that weakly-
coupled gravity in (d+ 1)-dimensional AdS space is the
dual theory to strongly-coupled CFT. It is interesting to
explore the applications of the gravitational decoupling
approach in asymptotic AdS spacetimes. Note that sever-
al new solutions of the Einstein field equations in asymp-
totic (A-)dS spacetimes are also presented in Refs.
[51- 53] using the MGD technique. Moreover, the
AdS/CFT correspondence setup has been employed to
compute Bose-Einstein condensates (BCS) [54] and holo-
graphic entanglement entropy (HEE) corrections [55, 56]
for spherically symmetric spacetimes in the context of
MGD and EGD. Retaining the energy conditions, we ad-
opt the EGD technique to derive the solutions of hairy
black holes in asymptotic AdS spacetimes. We expect
that the obtained hairy AdS black holes can be investig-
ated to explore aspects of gravity in the strong nonlinear
regime and compare any deviation from the GR setup in
the gravitational wave astrophysical scenario.

The paper is organized as follows: In Sec. II, we re-
view the gravitational decoupling approach via EGD in
asymptotic AdS spacetime. In Sec. IlI, we separately ad-
opt the SEC and DEC to derive two new families of hairy
black hole solutions. Finally, we summarize the results of
our study in Sec. IV.

II. GRAVITATIONAL DECOUPLING APPROACH

We consider the Einstein field equations
1 )
Gpv =DRyy — Engv +Agyv =K Tyv’ (2)

and assume that the total energy-momentum tensor is giv-
en by

T/JV = Tyv + 0;11/’ (3)

where A is a negative cosmological constant, 7, is the
four-dimensional energy-momentum tensor of a perfect
fluid, T} = diag(-p, p, p, p), and 6,, describes an addition-
al source whose coupling to gravity is proportional to the
constant a. Because the Einstein tensor G, is divergence
free, the total energy-momentum tensor 7, satisfies the
conservation equation

v, T = 0. 4)

From the expression of the energy-momentum tensor
in Eq. (3), we define the effective density
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p=-Ty =p-0, )
effective radial pressure

pr=T=p +6], (6)
and effective tangential pressure

ﬁL:Tzsz_ +922- (7

In this study, we investigate the static and spherically
symmetric metric

ds? = —e"VdA +e'dr? + r2(d6* +sin20de?),  (8)

where v = v(r) and A = A(r) are functions of the areal radi-
us 7 only. Substituting the above metric into the Einstein
field equations (Eq. (2)), we get

2 r
2 1 -1 1 ’
K(pr+91)=——2+e r_2+7 +A,

1 200/ =X
K (pl + 92) =Ze’/l (—/l’v’ +20 + (V) + -4 . ))

+A. ©

We further consider the seed source for the perfect
fluid 7,,(i.e.,0,, =0 in Eq. (2)) and assume that the new
metric ansatz takes the following form:

ds? = —ef0de? + e dr? + 2dQ?, (10)

which implies new forms of the Einstein field equations,

1 1 &
szrz——2+e”(—2+§—)+/\,
r rror

*ll /_ ’
p. =—CT(2§”+§’2—//§’+2§—M)+A. (11)
r

To obtain information on the additional source 6y, we
must apply some distortion of this metric, namely [30],

§ov=Etaxg(n),

e set=eH+axf(r). (12)

With two Einstein field equations (Egs. (9) and (11))

and the metric deformation (Eq. (12)), the quasi-Einstein
field equations for 6, can be obtained as

4

200 f
K0y =a—= +a—,
0772 r

J

1
K2911 =cyf(—2 + V—) +ayi,
ror

f

2n2 _ ’” 72
K05 —QZ(ZV +vo+

2V / 2
d )+0/f—(v'+—)+ay2, (13)
r 4 r

with

e Mg’

e 2g’
ni=—s ya= e g % +28¢ 8.

-

Clearly, the two sources T}, and 6, are successfully
decoupled using the EGD method.

Considering the conservation equations for the total
energy-momentum tensor 7V, the tensors TH and 6%
satisfy

v, 7" =0, V,0"" =0, (14)
because the tensors 7}, and 6,, are non-interacting. Then,

we can obtain the conservation equation for the addition-
al energy-momentum tensor 6,

, vV 2 ag’
®) —3(93’—915—;(95—03)—7g<T0°—T11)=0. (15)

III. HAIRY BLACK HOLE SOLUTIONS

Now, we construct hairy black holes. For simplicity,
we can assume the energy-momentum 7, (seed source)
to satisty 7,/ =0, namely, p = p, = p, =0. From the Ein-
stein field equations (Eq. (11)), we can easily obtain the
analytical solutions for the seed metric,

2M A
efzet=]-m L

- 16

r 37 (16)
which are exactly Schwarzschild AdS black hole solu-
tions. Substituting the above metric solution into Eq. (12),
we can obtain

2
0 o [ 2M_TA) e,
r 3
2M A
e M) — e~ :(1____r3 )+a/f(r). (17)
r

In order to obtain black hole solutions with a well defined
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horizon structure, we set
e’ =e (18)

Then, the killing and causal horizons of the hairy black
hole will be in the same position,

Q") = o=An) (). (19)

From Egs. (12) and (18), the metric deformations f(r)
and g(r) can be rewritten as

2
af(r)= (1 _ZTM_%)*(e“W)— . (20)

The metric line element of the hairy black hole then be-
comes

2
ds? =_(1_ Z_M_%)*ewg(r)
r

-1

+ (1 - T) xe 0 42402 (21)
Therefore, the event horizon r, of this hairy black hole is
given by

1
(3MA2 + VOMZA* - A7)

Th == 173

(3MA% + VOAPAT—AY)
_ K . 22)

Note that the horizon radius r, > 0 of hairy black holes is
always satisfied on account of the positive mass (M > 0)
of black holes and the negative cosmological constant
(A <0).

According to the new metric ansatz of hairy black
holes (21) and the seed solutions (16), the quasi-Einstein
field equations (13) for 6, become

1 1 1 2M A
oo teemo(n- L safl- 2]l
r r r r

6, =6y,
1 M A
202 _ ag(r) = 7082 ’”
K0y =A+¢e [a(2 i )(ag(r) +g"(n)
1,
+a'(Ar— —)g (r)—A].
r
(23)
It is clear that the deformation metric g(r) is only de-

termined by the additional source 6;. We can then fur-
ther derive the quasi-Einstein system to obtain the solu-

tions of hairy black holes by assuming that the source 6,
satisfies some physically motivated equations of state.
We first consider the simple case of isotropic pressure,

05 =6/ =065 (24)

Eq. (23) then yields a differential equation,

6(h(r)— 1)+ 4 A=3M)N (r) + (6Mr +r*A=3r*)h" (r) = 0,
(25)

where the function h(r) denotes ¢*$"). Then, we have

Cy +F3C2

-_— (26)
6M =3r+r3A

h(r) =e®" =1+

where C; and C, are integration constants. Finally, we
obtain the solution of the hairy black hole,

2
i B AL )

Note that it takes the same form as the solution of a
Schwarzchild AdS black hole by adopting the redefini-
tion of the asymptotic mass M - M =M +C;/6 and cos-
mological constant A - A=A+ C,/3.

Moreover, considering the previous seed source
T, =0, the effective density, effective radial pressure,
and effective tangential pressure are obtained as

/5:‘900:?’ Pr=p.=-7% (28)

This implies that it is an exact isotropic fluid.
Now, let us consider the linear equation of state and
assume that the components of the source 6, satisfy

6y = ab] + b6}, (29)

where a and b are arbitrary constants. From the quasi-
Einstein field equations (Eq. (23)), we can easily obtain

6la—1—(a+b—1r*Al+6[1—a+(a+b-Dr*Alh(r)
+2[6(@a— DM =3(a+b—-Dr+(a+3b— DA ()
+br(6M =3r+r AN’ (r) = 0. (30)

Then, the solution can be written as

br%’MCQ
2-2a+b (3D
6M —3r+r3A '

“3r+r’A+Ci+
™) = p(r) =
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Here, C; and C, are constants with dimensions of length.
Considering the line element of the hairy black hole
(21), we obtain the solution of the hairy black hole,

~ briCy

v A

—e oA S orrta 32
e=c 3 3r 6-6a+3b 32)

Because T, =0 was defined previously, the correspond-
ing components of 6, are obtained as the effective dens-
ity

1 Cvath
p=—0)=—3Co 7, (33)
effective radial pressure
ﬁr — 011 — 9(;) =-p, (34)

and effective tangential pressure

_2-lsath)

(=1+a)Cor~ %

p =02 = (35)
P, 2 3b
The anisotropy is thus given by
_] b C _2(7I;a+bb
M=p—p = DO o G

¢ and C) =6M, this solution (36)
reduces to the Kiselev-AdS black hole with quintessence.
In addition, we check several other scenarios when the
additional source 6 satisfies the conformal equations of

. 2-
If setting n=

state @' =0 or the polytropic a6 = K (ae(?)r. However,
these hairy black hole solutions have already been stud-
ied in Refs. [57-60].

It is worth noting that the energy conditions are gen-
erally considered as sensible guidelines to avoid classic-
ally unphysical configurations. In Ref. [45], energy con-
ditions are usually imposed on the energy-momentum
tensor to avoid exotic matter sources in the context of a
wide class of spacetime theories. In the next sections, we
discuss black holes in asymptotic AdS spacetime when
energy conditions are imposed on the source 6, .

A. Strong energy condition

In energy condition theory, there is an important con-
dition known as the SEC, which arises from proving the
singularity theorem. It can be written as follows [44]:

p+pr+2p >0, 37)

P+ >0, (38)

p+p, 0. (39)

Considering the choice of metric ansatz, e’ =e™* (18),
Egs. (37)—(39) become

05 >0, (40)
0, < 65 (41)

According to the quasi-Einstein field equations for the
additional source 6, (Eq. (23)), conditions (40) and (41)
lead to the inequalities

G1(r) =6h' (r)— 6MhE" (r)+3rh” (r) - A( —6r + 6rh(r)

+ 612 (1) + 1 (1) 20,
(42)

Go(r) =6 —6h(r)+ 12MHN (r)— 6 Mrh” (r)
+3r70 (1) = NP () + 7 h" (1) 20, (43)

where the function 4(r) denotes e,

Let us first compute the corresponding boundary solu-
tion of the above two expressions. From G;(r)=0, we
can easily obtain

r3A+C11+I’C12

) (44)
6M —3r+r3A

h(r) =

Then, we can obtain the black hole solution from metric

(21),
eV:e_J:—_——<—+C12)- (45)

For the inequality of Gy(r) (43), the corresponding
boundary solution can also be obtained from G,(r) =0

1
Co + §r3C22

LCutircn (46)
6M —3r+r3A

h(r)=1+

and

To agree on Egs. (45) and (47), we can set
C11 =Cy1+6M, C1=-3, and Cy =0. The metric then
becomes

e=e =122 (48)
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This is actually the Schwarzschild AdS black hole. In
other words, the black hole solution derived from the
boundary conditions is mediocre.

Now let us look for a nontrivial solution of the function
h(r). From Eq. (42), we can choose a simple model, i.e.,

3
G1(r) = Golr) = A%(r—ZM—%)er, (49)

where A; and B; are pending parameters. The function
Go(r) clearly satisfies G;(r) =0 near the horizon r=ry
and at infinity r — co and also meets

Gi(r)>0, ry<r<oo, (50)

when A; > 0. After substituting Eq. (49) into Eq. (42), we
get

1
T 3A1(6M =3r+13A)
+18B2r + 6B, (r*A - 1)) +3A,(PA+C) + rCz)).

h(r) (Biae ™ (24B]A+6M =3r+ A

(62))

Then, the solution of the hairy black hole is obtained as

. PPN Ci+rCy _. (BH-2M+2B;+7)
e=e¢ "' =———-——F—+e ha
3 3r 3A1r
(24B + 18B}r+6Br* + Bir))A
B 9A]r ’

(52)

If setting A, = B}, Eq. (52) reduces to

v =e_ljrla(—2M+2B1 +r
3r

(24B3 + 18B1r+6B,r* + r3)A)

9r

Fig. 1.

(53)

Furthermore, if we continue to set By =M, C; =6M,
and C, = -3, Eq. (53) reduces to

v _ - 2M 1 (Q4AMP +18M?r+6Mr* + rP)A
CEerElms 50 3r
.

(54

In addition, we must check that the function A(r) sat-
isfies the inequality of Eq. (43). By substituting Eq. (51)
into Eq. (43), we can get

A=—6M*+37—(12M* + 12M3r + 6M* />

+2MP +rHA > 0. (55)

In AdS space-time (A <0), A is a monotonically increas-
ing function of r. Therefore, as long as the value of the
function is positive at the horizon, it must also be posit-
ive outside the horizon. Because the analytic solution of
the event horizon (22) of the black hole is complicated,
we use the numerical simulation method to analyze the
value of A. The behavior of this function at the event ho-
rizon of the black hole is plotted in Fig. 1. The figures
show that no matter how the values of A and M change, A
is always positive. Therefore, the inequality of Eq. (43) is
always true at r > ry,.

For the line element in Eq. (54), we can also find its
effective density,

=%(3M— 3r+6MPA + 6M2rA
=

+3MPA+1A), (56)

_[)zgoozpr

/ é

400000

300000

200000

H 100000
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(color online) Value of A at the horizon. The left graph is a surface diagram of A with respect to A and M, where the corres-

ponding values of A and M are -1 to 0 and 0 to 1, respectively. The right graph is a density map of A, and the value ranges of A and M

are —10 to 0 and 0 to 10, respectively.
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and the effective tangential pressure

e fa(-6M+3r- r3A)
18M2r '

(57)

p.=05=

Note that when A — 0, Egs. (54), (56), and (57) degener-
ate into the results in Ref. [29].

B. Dominant energy condition

Now let us consider another condition. The DEC re-
quires that the four-momentum density measured by any
instantaneous viewer is a time-like or light-like vector. Its
physical interpretation is that the energy flow rate of the
material field is less than or equal to the speed of light,
which is equivalent to [44]

pz1p, (58)
p=1pil, (59)
in the system of Eq. (21). These two inequalities reduce to
—0)-67>0, —6)+6; >0, (60)
which yield the differential inequalities
Hy(r) =2=20(r) + (4M = 4r) ' (r) + (2Mr = ) W (r)

8 I
+ A(4r2 ~4rh(r) + 3P () + §r4h"(r)) >0,
(61)

Hy(r) =2 = 2h(r) + 4MN (r) + (-2Mr + 7 ) I (r)

- A(gr3h’(r) + %r‘*h"(r)) >0, (62)

respectively, for which we use Eq. (23) again. Now,
choosing the same model as for the SEC (Eq. (49)),

3 —r
Hi(r) = Ho(r) = ﬁ(r—zM—ﬂ)em, (63)
Ay 3
we can solve Eq. (61) and obtain

e B

_ 2 3
T3 T A (CaBIOM =3r+rA

h(r)

+6(=1+1*A)B + 18rAB; +24AB)))

+ (=3 +r* A+ Cy +rC2)A1). (64)

Similarly, let us take the same approach as Eq. (53), that
is, A= B?,

e_é
r(6M =3r+r3A)
+6(=1+7r*A)B; + 18rAB?

+24AB) + (=377 +*A+C1 +1Co)).  (65)

h(r) = (—a(6M—3r+ PA

Furthermore, setting B=M, C;=-3Q?, and C, =6M,
the metric can finally be written as

(66)

As with the SEC, we must check whether A(r) (65) satis-
fies the other inequality for the DEC (62), and we get the
inequality

40? .1 607 38
%—e—m—z(iJri—(%M%%Mzr
r 3r2\M M2
2 3 P
+48Mr2 + 167 +V+W)A)20. (67)

The inequality of Eq. (67) is not guaranteed to be satis-
fied at any point. The necessary condition is that

120 61 373
Q L O 3" (9603 +96MPr + 48 M
1 M  M?
474 P
3
+ 16r +W+W)A (68)

On the premise that the above condition is satisfied, if
we treat QO as the electric charge, it is clear that this black
hole is a deformation of a charged black hole in asymp-
totic AdS spacetime. Moreover, the effective density can
be written as

1 . , ,
pr=6] =r—4( —(24e” W MPa+24e” v MPra + 12”7 Mr*a

_r o4 )

_r e vr'a e vr-a
+de i Pa+ A+

M M

- Qz),
(69)

and the effective tangential pressure is
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1(1 . ,
p. =0} = F(8(48ewM3a+48eMM2ra

+24e i MrPa+8e v ra

2eirta eTira , e nra
+ + Al+Q° - 70
M M2 ) Q 2M? ) (70)
Then, we can obtain
1 {euirr M+ a , 1 PR
pr—plzr—4 T—ZQ —6 48e" v M (2M+r)a
+24e i MrM +r)a+12e P 2M + ) a
e w3 “urt
N e wnr (2M+r)a/+e "M +r)a A
M M?
(71)

Therefore, the source 6, under the DEC is also aniso-
tropic.

IV. CONCLUSION AND DISCUSSION

For two non-interacting gravitational sources in the
gravitational system, we adopt the gravitational decoup-
ling approach via EGD to present how the Schwarzschild
AdS black hole is modified when the vacuum is filled by
the new fields 6,,. The EGD technique is devised for de-
scribing deformations of known solutions of GR induced
by adding extra sources. We first consider several scen-
arios, where the source term 6, satisfies the case of iso-
tropic pressure or the linear equation of state. Then, we
obtain the corresponding solutions of hairy black holes by
deriving quasi-Einstein field equations for an additional
source 6. However, these black hole solutions are me-
diocre and have already been extensively studied in many
papers.

The SEC and DEC are adopted as constraint condi-
tions for the construction of hairy black holes because the
energy conditions are generally considered as sensible
guidelines to avoid exotic matter sources in the context of
a wide class of spacetime theories. We find two new fam-
ilies of hairy black holes in the asymptotic AdS space-
time. In addition, if we regard the black hole spacetime as

afluid system, the fluid under each conditions is anisotropic.

Finally, let us comment on some concrete prospects
of this study. Currently, black hole thermodynamics in
the presence of a negative cosmological constant is be-
coming even more appealing because they allow a gauge
duality description through thermal field theory via the
AdS/CFT correspondence [61]. The gravitational decoup-
ling method has been applied to discuss the thermody-
namics of spherically symmetric black holes in asymptot-
ically flat spacetime [62], where the first law of thermo-
dynamics was decoupled into two sectors: the standard
first law of thermodynamics and the quasi first law of
thermodynamics. Therefore, it is interesting to investig-
ate the thermodynamics and phase transitions of hairy
black holes in asymptotically AdS spacetime.

On the other hand, entanglement entropy is a versat-
ile tool and may provide us with new insights into a rich
variety of physical phenomena, ranging from the confin-
ing phase of large-N gauge theories [63] to topological
phases in condensed matter systems [64] and tachyon
condensation [65] in light of the AdS/CFT correspond-
ence. Ryu and Takayanagi [66, 67] proposed a holo-
graphic description of entanglement entropy in quantum
(conformal) field theories via the AdS,.,/CFT,4,; corres-
pondence and computed entanglement entropy at finite
temperature employing AdS black hole geometry. It is
worth discussing HEE for the hairy AdS black holes ob-
tained using the EGD approach. In addition, the stability
and quasinormal modes (QNMs) of hairy black holes
caused by gravitational decoupling under various field
perturbations have been investigated in Refs. [68, 69].
QNMs play a fundamental role in characterizing gravita-
tional wave signals detected by LIGO and VIRGO [70,
71]. We will investigate the stability and QNMs of hairy
AdS black holes in future studies. The final results could
be expected to provide some direction for observing hairy
black holes caused by gravitational decoupling in future
experiments.
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